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Preface

o] AL EAH o Zmeo] et wAolr] At HPRPL makste] o Zo AL EL 7| EA) A 2o
2 A M5 249 PHAA AFFUT. G A AS B3 A%, nFe A%s
ol o] diste] thaA gt

1 Note

o] Aol 4 AHgE 7]

foi
=
N,
ok
=
il
|
)
lo
41
»
i
%
jui<s
ro
)
oo
I3
My
of>
i
Ko

o 2R E71%
o, 7+ d Ao AFRE R T2 1o FT ARE 9 et

ZFelo] R 274 and §@E (2016) & g

o] WMo A o]-§3t= R 7| A= th=3 Et.

library (here) # file pathways

library(tidyverse) # data management, summary, and visualization
library (MASS)

library(knitr)

library(kableExtra)

library(agricolae)
library(emmeans)

library(car)

library(olsrr)

library(leaps)

library(plotly)
library(plot3D)

library(mvtnorm)

library(nlstools)



Preface

library(faraway)

# 2l0|E2{2| ElemStatLearn ™= O|&R 2t0|E2{2|0f| gi2E = CIZ AIO|EO0||M CH2EE BHOLA 21 3t U = HX|SHOF SFTh**
# CIREE AIO|E: https://cran.r-project.org/src/contrib/Archive/ElemStatLearn/
# install.packages("~/Downloads/ElemStatLearn_2015.6.26.2.tar.gz", repos = NULL, type = "sourc

library(ElemStatLearn)

# 123 "RS % MHZHEM . 1st ed. WRA" 0 Lt2E= H|O0|E= regbook O|2t=
# 7|2 & Hx|a0F BILICE. CHS ALO|E0] QLS B o= Hx|FL|Ct.

# https://github.com/regbook/regbook
library(regbook)

# Of2l 3 242 ot=2S ZE%t ggplot 10| Z8tE HTML, PDFE UEE= FR ALE
library(showtext)
font_add_google("Nanum Pen Script", "gl")

showtext_auto()

#29| Fuf A2 S e Ij7 (2] 22
install.packages("remotes")

remotes: :install_github("regbook/regbook")
library(regbook)



1. M 3|2l &Y

1.1. ofjA-Ete 2| =Y

Example 1.1 (AFs2+e] Al-sA). 527 Eef= S % (speed, &9+ mph; mile per hour) 2} Al-5A 2
(dist, T91= ft;feet) o] BAE Foti 7] fl6to] 50t ] AHaat2 AP e A1ke] A= cars + th2 % 2oH(A &
10709] At Ent HolZrh), Zt2= R 9] data.frame @402 A4 5 o] gt}

oteff A7 E HH AHoA 22| AH52= 7 mph 2 E|th7t Bjo]| 25 ¥ral HR|st= 4 242 4, 22 feet
ol A=A Qg Ao 2 Yepdth 3k 3019 = 10 mph 2 28t} ZH2F 18, 26, 34 feet 2] Al5A 7}t
g3t Ao =2 yepydet,

cars %>% head(n=10)

speed dist
1 4 2
2 4 10
3 7 4
4 T 22
5 8 16
6 9 10
7 10 18
8 10 26
9 10 34
10 11 17

A2 Seof AlE 7 o et A== ofefof Zrt.

ggplot(cars, aes(x=speed, y=dist)) + geom_point() + labs(x = "&&", y = "Hg|") +
labs(title="AtF2t2| £t A|lSH2|Q| A ")
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Example 1.2 (oPE wuf712), oh3 AW E 2tm= 20199 A E A& obtE S AA lolg F 4719 4
(FHET, Az, T, g oAA AE oFE F 1000719 oFES oz &7 AAmoltt,

apart_2019 <- read.csv(here("data", "seoul_apartment_2019_sample.csv"), header = T)
head (apart_2019,10)

gu year area price
f91 1974 65.09 450

o

1 o

2 et3l 1978 56.86 276
3 2ef1 1982 91.24 599
4  2obil 1982 91.24 560
5 et3l 1984 60.27 425
6 &et3l 1984 60.27 420
7 &t 1985 38.92 217
8 2ot 1988 61.74 485
9 &et31 1991 71.90 328
10 et 1991 84.44 438

otutE 0] HA (area; Al &0 E) o the A 7H (price; WiThel) o] Mot= thg I Lot

ggplot (apart_2019, aes(x=area, y=price)) + geom_point() + labs(x = "HZH (HZOIE)", y = "H2j7t=
labs(title = "OMItEQ| HA W} Ha7t2 ol 2tA ")
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grof ot o] w4 (o v A7 (y) Al 22e] 21 Log(x), ‘log(y) & AGaHH theat e AHEET}
tpehde}.

# log scale for y

ggplot (apart_2019, aes(x=area, y=price)) + geom_point() + labs(x = "HH(AHZOED", y = "H2H7H
scale_y_logl0() +

scale_x_logl0() +

labs(title = "OHIIEQ| &1} He{7tZo| ZtAH (ZIAHY) ")
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1.2, 49 3|2 Y

3] AR (regression model) = HE459] &424 BAE EYot= A4 oo}, Aty o= st/ &=

7l o] A 4= (explanatory variables, x)©] T4 Q)= ¥H-3-¥<4=(response variable, y)ofl o]® FJej2 JFS
= e}
= o

T a
n A= o] wotsta A wSoh Lo g4 1

H
N
fu

_O'L

rr

pouy

o,

ol

=)

ML

1

lo

Ja

2

o

=

AoA A 7 Al M AHEA] S (x)7F S7HHE Als A9 (y) 7 S71oke el vte A & 4 e,

oftE O] WA (x) 1 A7 (y) = AR BAIYS & 5 QAT
oj2|et F WMo PAIE th2 it &2 WSy oF Ao AY o 54] (linear predictor) & &2 LeRo] HAf,
ol A= HhgH 40 Zhe] HetE AP o2 Ao APA o7 of| &% 4= gl oln|ojt},

y~ By + b
ot 22 AR TAE ° AAS}ste] a3 2ol Hh-g o] Patgto] Aol AgAlo s Yehb= A
7 4= glor o]E Ay 8 (linear regression model) 02kl gt} o]

E(ylz) = By + pyx (1.1)

1 2 8hgHa y o] Wato] Al ¢ o A9 54 o= yehths BAE 7% el 249 5, ¢k 71271

3] AAI4 (regression coefficient) 2t F 2= B4 (parameter) 24 F435}|oF et

e =

Ed93] slto] AHE AHE5tE 97 RES deAd 3R (simple linear regression model) ©]2tal
gttt

oA &2 T AA L} Zol n Y A= (21, y1), (T2, Y2), - (2, Y,) = SHALE FESIAHT 2= o] B4
S 20 22 deAd 2R g or yehd 4 Qo W g, = A HS o, A AP E 23 A
A=A 1.1 7 Fej9] 221 (random error) e; o] 22 Wbl Rtk 7Hg SR},

yi - 60 + ﬁll'i + €i7 7/ - 172, 1) (12)

o
i
o
1
Eis
2
Q
[\&]
H1
N
o
%
0]
o
st
k1
o)
=)
V]
=
o9}
=
K
@
2
o
=
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oA gt A Zo] AFIARY 1.2 ol A B 5,9 B, & SAAG=L 5 =S o]-§5to] FA4sfof
gtk n7fe ARE o&dto] 2 AAS B, 8, E FE5kL & o AREE ¢ e HHE oA M
485 -8 A A FH (east square method) ]t}

S ARY 1.2 oA Byt B, 9 #hol ol et AW o, oA ¥HHg9] &3y, ofl 7S Fe A<l 532
FAL7? 71 EE AR ASE2 FolR o, ol A ¥R Bl E(y;|z;) = By + Brx; oItk AA71A4
AA TEsto] AolRl gLy, 2F A5k 5y + Bix; Atelolls @&fof| QoA Zfo|7F S 4= ot 11 2ol & XA}

(residual) 2kl 5t r, 2tal E7|3Hct

r, =y, — E(y;lz;) =y, — (By + Byy)
& & ol WEAA A4S T ASEke] ApolE YERH Aolth, IeH AR E MY F

7 A W, B O A AR Aol Ak BHES HAE ohe

(2]
M S| Alude AR st oA B, < 8, € F5hs WHelth a2
=

S(Bos B1) = Z r} = Zn:[yz — (B + Byz;))? (1.3)

1 Note

1.3 & A2 A F e (residus] sum of square)©|2til FEtt, ARPH O oA 2f gro] A4 A
AAR S ARYE 5= = ¢ AAARE ol FEH. ol 2ARA A = FAAE S-S SSE(sum
of square error)2tal FErc},

WA EGE LR st DA G2 Fe H Aot SRE A STl AAE 1 o5 AAET

(error sum of square)©|2tal F-E2c},

919 QAABE S(By, ;) & HABGHE 5,9 B, O S Foke B OAAFEo] 5,9 B, O W% 7Hs 2

2} Shg=o0] 11 o} 2 E-E 5t &= (convex function) Y-S o]-&stc},

gridnum <- 60

sizing <- 5

extrascale <- 10

extrascale2 <- 0.7

b0 <- seq(-17.6-sizing*extrascale, -17.6+sizing+*extrascale, length=gridnum )

bl <- seq(4-sizing*extrascale2, 4+sizing*extrascale2, length=gridnum )

SSE <- matrix(0, gridnum, gridnum )
for (i in 1:gridnum ) {
for (j in 1:gridnum ){
r <- cars$dist- bO[i] -bl[jl*cars$speed
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SSE[i,j] <- (sum(r~2))/1000

persp3D(b0, bl, SSE, theta =10, phi = 20, expand = 1)

## Interactive 3d graph

#fig <- plot_ly(z = ~SSE)
#fig <- fig ¥>% add_surface()
#fig

500

— 400

— 300

— 200

100

— N

a9 11 L AAEEe B

ofl

Hf

90 Tge BE B2 Bopo] U WHste] AAlEe] Ak H 5,9t B, ©f 9147t BketA) gl

oA RE WSS BESSIL 2Eohd Hapso] el R0l it A Al EE By o B, O g EA Y-S
229 offiet Z

v; =B+ Bw;+e, i=1,2...n (1.4)

1714



# HaS2 BESH

std_cars <- as.data.frame(scale(cars))

gridnum <- 60

sizing <- 1

b0 <- seq(0O-sizing, O+sizing, length=gridnum )

bl <- seq(l-sizing, 1+sizing, length=gridnum )

SSE <- matrix(0, gridnum, gridnum )
for (i in 1:gridnum ) {
for (j in 1:gridnum ){
r <- std_cars$dist- bO[i] -b1l[jl*std_cars$speed
SSE[i,j] <- sum(r~2)

persp3D(b0, bl, SSE, theta =40, phi = 15, expand = 1)

## Interactive 3d graph

#fig <- plot_ly(z = ~SSE)
#fig <- fig %>’ add_surface()
#fig
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S )y — )

A FHAA DX A9 4= BAOJ_'Jr 51 <= o] &3t BFgH S g, of tiet AEFFk g, = o= Eol
Aolx 1
Y = EA(ZM!L‘Z) = Bo + 51171'
O Fx3 AR5
T 7R AL A 1.2 3 1.4 oA 242 | AaAFH o2 3 7]&7]9] =4 A 51 o] FdstA HEt=
A= olH H9-Ld7t Yzt Eat

%43} 7, = The T} o] AAtgt

- (Bo + lez) =Y, — U (1.5)

3

Ollﬂ %’401]*1 2 cars ARE 7ML AL EE 1.2 o HEhd S| AA+E FAS| AL ofgfl= R 22 A

lm_car <- 1lm(dist~speed, data=cars)

summary (1m_car)

Call:

lm(formula = dist ~ speed, data = cars)
Residuals:
Min 1Q Median 3Q Max

-29.069 -9.525 -2.272 9.215 43.201

Coefficients:

11



1. A%

-

oflh
ol

e

ofl

of 274

Estimate Std. Error t value Pr(>lt|)

(Intercept) -17.5791 6.7584 -2.601 0.0123 =*
speed 3.9324 0.4155 9.464 1.49e-12 *xx
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 15.38 on 48 degrees of freedom
Multiple R-squared: 0.6511, Adjusted R-squared: 0.6438
F-statistic: 89.57 on 1 and 48 DF, p-value: 1.49e-12

SlofA] Fol 2l 41931919 1.2 o] Tt $4 23S o §5He A5 Ae] S (2 = speed) 9t A5 A2 (y = dist)
o PAL thet e BfiAl0 ekl 4 glek.

E(y|lz) = —17.58 + 3.93z
ggplot(cars, aes(x=speed, y=dist)) + geom_point() + labs(x = "&&", y = "Hg|") +

labs(title="AtSt2| £t H|lSH2(2| A ") +

geom_abline(intercept = -17.58, slope = 3.93, color = '"red")

ASAS S 2t MSAHEIQ A
125-

100 -

)

Y

919 4 ol gt Fol A AFA HEolA ATANE ST 4 Utk AE Sol AFAY S5} 25
mphl 7ol A5 A o Bto] 80.73 mph P& & 2 ek,

E(y|z = 25) = —17.58 + 3.93(25) = 80.73

12
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newcars <- data.frame(speed = c(25))

predict(lm_car, newdata=newcars)

1
80.73112

1719 A B, = 3.93 & A=A H% ()7} 1 mph 2748 o] B A5AE (E(y|r) 7t 3.93 ft 278
th ojmjolr},

ol A ofakE Aol HAo] et T NP S AR BL Ao, o] A AT AANA ZF2te] 2 17hS AFko]
SRS Aotsll HAt ofgfl= ofutE S| AN ArA | digt G 2R AT Ayfolnt.
apart_2019_log <- apart_2019 7>%

mutate(log_area = loglO(area), log_price = loglO(price)) %>%

dplyr: :select(log_area, log_price)

head(apart_2019_log,10)

log_area log_price

1 1.813514 2.653213
2 1.754807 2.440909
3 1.960185 2.777427
4 1.960185 2.748188
5 1.780101 2.628389
6 1.780101 2.623249
7 1.590173 2.336460
8 1.790567 2.685742
9 1.856729 2.515874
10 1.926548 2.641474

lm_apart <- 1m( log_price~ log_area, data=apart_2019_log)

summary (1lm_apart)

Call:
Im(formula = log_price ~ log_area, data = apart_2019_log)

Residuals:

Min 1Q Median 3Q Max
-0.45348 -0.12132 -0.04075 0.07531 0.62358
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Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 0.76902 0.05217 14.74  <2e-16 ***
log_area 1.08797 0.02843 38.27 <2e-16 *x*x

Signif. codes: O 'x*x*' 0.001 '*x' 0.01 'x' 0.05 '.' 0.1 ' ' 1
Residual standard error: 0.1894 on 998 degrees of freedom

Multiple R-squared: 0.5948, Adjusted R-squared: 0.5944
F-statistic: 1465 on 1 and 998 DF, p-value: < 2.2e-16

SEEE

rr

o=k gof vrebd 4= gl

E(log 10y|z) = 0.769 + 1.0797 log 10(x)

ggplot (apart_2019_log, aes(x=log_area, y=log_price)) + geom_point() + labs(x = "2 HH (X|Z0|H
labs(title = "OHIIEQ| HA M HalvtAel 2 (ZOAAAY) ") +
geom_abline(intercept = 0.769, slope = 1.0797, color = "red")

OtZtE Q| HA L Aef 719 A (ZILAHY)

3.5-

)

2 0}9)

3.0-

23 Hel7h(

2.0-

1.5 2.0
20 HEE Z0/E)

olA| $19] ke S-E5HH okwtEL] W] 100 AIFIE|Sl 99| okwtES] W AerFAL 8R0(HTY) O
o 2l

newapart <- data.frame(log_area = c(logl0(100)))

pred_y <- 10"predict(lm_apart, newdata=newapart)
pred_y

14
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ofefo] 172 @] oA cars AR Hhotol AH4TE g B BP @t )T AR5} Qe 317
S

(71 40)& Vheb Tglolct, RAbs A A4 WHE W4 k9] Aol g olnjs}e] Ajo]o]
=2 23olth

ggplot(cars, aes(x=speed, y=dist)) +
geom_point () +
labs(x = "&&E", y = "H2|") +
geom_smooth(method = 1lm, color='red', se = FALSE) +

geom_hline(yintercept = mean(cars$dist), color='blue')

120 - )
]
80 -
1)
F'\_
40-
0 -
5 10 15 20 25
=0
ko] Ariztet A ol Bherl7t ASDR (why?) BF 2T 517 B0 AYES ¥Rele oA
et 2e 7A7te] mRolA e TAe] AARTE A7 4 9
A2 Hat BYL oSl AR Hp7t e A=A ojuf o] b= ZF eEghell g dlSgtol ¥E4ke] Batoltt
el A3 WAL WAL AN} AT A AEOZ AT 4 e, olela BRmIA 1 Ei
B=3gro] 7FA| L Qe HES FA 5 (Total Sum of Squares ; SST)o|th
n n
i = Z(yz —7)?
i—1 i=1
= Residual Sum of Squares from mean model
= Variation of response variables
= Total Sum of Squares
=SST
oA Aurt Qk SARPAA AEA §;, = B, + Sz, S Tt o] Ao S0 AFFE 374
AFZ

A (Residual Sum of Squares; SSE)©|2tal B2 ofgfjef o] A oty
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al

(y; — Bo - Bl%)

i=1

S
Il
—_

Residual Sum of Squares from linear regression model
= Residual Sum of Squares

=SSE

goF 5] 7]41e] A4 egt ST} v
B2 7o 50 AT A
olslistiz Zlo] Fastet.

T AER SST ¢ SSE S BAE 7] flote] W] F 22} 1) o} r, o] 2to] 5 vl s B2}

y; — y A5 Bt T Aol=A I Arjigro] 21 oA de] WS AT

=, (BHrg o =@ ARg o] FA))+ (B ARF ] APFRE) o2 Box= Aoz o]sfd &= Q). o]
Baolq SRR F0) A7 4245 99 2Y0) 65 52, 2 AR ARE AL D 5 9k
oA FA|FES th31t Zo] ol 4= St
(i =02 =) [(y; — 7))+ @ — 9))?
=1 =1
=S Wi =02+ G, —0*+2> (y—3) @ — 1)
=1 =1 1=1

|
<

|
=
o
+
)
+
]
~~
z
<
=

watA e 2L AEEel Hels @A Ht.

o] 7] 4 RPAF T (regression sum of square; SSR)E th21 o] A olstH

n

SSR = Z(@z - gi>2

i=1
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SST = SSE + SSR a.7)
DES0] HOFE £ NFA FABHESDNA HARG o2 YT 5 Ik W5, = RAABLESRO
2}2)5h= H]-&-2 AAA S (coefficient of determination) 2} 5t R?2 02 FA T}

p2_ SSR_SSE_ XL, (wi—i)
Aol AFolE R? & Bt 2] HAAFE SST 3 3| A 2P o] A G SSEQ vlE&2 HoHE Aoz
N4 5 et &
B2 _1_ SSE _ Residual SS from regression model
- SST Residual SS from mean model

goE HH AR o] IAAFHSSE) 7 Bt BP0 FAAEH(SST) ol tiste] B oz
ARAG7F AR ZRAS R? = AAU 0 o4 1 o]ste] ghe Zteth s mgo] dolgdf ofF

ARFA o 2 3| AR Gol A RE-FH 9] = Shtel 97 WA gk 4
23] 29 (multiple linear regression)-< ‘ﬂr%ﬂ' Zo
(xy, 29, x, ) B2 27 nl A=7F FojAH A4

ke
> el

Y; = 60 + leil + 62-751‘2 + -+ 5;0'%.1'71) + €, = .’L'f,B + €; (18)
91o] 412 thA) TmaAshE b o] & 4 nk,
_ﬁo_
By
Yy =z +e = [1 Tip Ty o xi,p] By | +e
L5,

oAl n7H el T=A] y

L Yr s Y O 017017 BETL WE y & TS 7)) BEAo] T 517142 P24
o chgat gl HaT
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0—2X'y + 2X'XB
X'XB

B=(X'X) X'y

0
B

95(B)
B
o] ofd ¢ HaAERl 2

E(y|X) o] #4224 th=3 2t

L

1

y

2t e

=

whek X'X 7} 43

o



—~
o
oflh
ol
)
Ho
ofl
1o
Q’
e =

B=(X'X) X'y

1.5.1.2. @ 2

78 o4 o oapueE HlstT e = (y — XB) LAUHE RouE S ulBah STt e AT

et

de  Oy—XP) 0XpB _8ﬁtXt:

o8~ 0B B oB

oA QAABH S(B) = e'e T RAME R n] st o]k Aol m BB FATS N BB A2 2§t

et

1.6. ojA-Z3|H=2Y

Example 1.3 (522} 71A2t5). 3o Hu A 9] usedcars AHRE ©|-85t] S2ARY-S Ao} ARE
Aot MiaeE o3 2k

e price ! AFA}F 714
e yesr :914]

e mileage : YA
. cc: oA 7]

e automatic ! AF H&ET| o

usedcars %>% head(n=10)

price year mileage cc automatic
790 78 133462 1998 1
1380 39 33000 2000 1
270 109 120000 1800 0
1190 20 69727 1999 1
590 70 112000 2000 0
1120 58 39106 1998 1

D O W N

21



—~
o
oflh
ol
)
Ho
ofl
1o
Q’
e =

815 53 95935 1800 1
450 68 120000 1800 0
9 1290 15 20215 1798 1
10 420 96 140000 1800 0
AEA] A S MGHAE B A WSS AR NSE QAT S8 Bdol tha Bae] #4 2t et

Zrt.

usedcars_lm <- Im(price ~ year + mileage + cc + automatic, data=usedcars)

summary (usedcars_1lm)

Call:

Im(formula = price ~ year + mileage + cc + automatic, data = usedcars)

Residuals:
Min 1Q Median 3Q Max
-177.35 -63.91 -0.99 70.34 212.69

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 5.253e+02 3.998e+02 1.314 0.200823
year -5.800e+00 9.283e-01 -6.247 1.55e-06 **x*
mileage -2.263e-03 7.211e-04 -3.138 0.004324 x*x*
cc 3.888e-01 2.022e-01 1.923 0.065958 .
automatic 1.653e+02 3.986e+01 4.147 0.000339 **x*

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 101.1 on 25 degrees of freedom
Multiple R-squared: 0.9045, Adjusted R-squared: 0.8892
F-statistic: 59.21 on 4 and 25 DF, p-value: 2.184e-12

B=h
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19 Wgtolc}. 8l AAS: 247 B2 /dAE
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E(B) = E(My) = E(X'X)"'X'y)
= (X'X)"'X"E(y)

webd HaAlg 4% e fo BuFAgolth. HaAF F4F fo] TR FPL AR A

Var(B) = Var((X'X) 1 Xty)
= (X'X)1X! Var(y) X(XtX)™
= (X'X)1Xto?, ) X (Xt X) !
— g2 (XtX)_lXtX(XtX)_l
— g2 (XtX)*l

i1

o

ru

QoA FHaAF 29T PRot FRAS 7 golls P74 2P0l BastAeleh vl yrt JHER
thel yo] Agwigho e o7l fo] R HEuo|n] cheat ey,

1.8. 7}IA-013H AHe|

Theorem 1.1 (7}¢-2-ut3H Ha]), AP ALY y = XB +eollA E(e) = 0,Var(e) = o?I°] AHsH
HALAE =A%

B=(X'X)"'X'y
E Bo] HaRi Ay Bxsggolrt,

ol AYE 7I-A-nt7 B A (Gauss-Markov Theorem)2H1l 51 o= 3| AA|¢+ o] RE A EH FHFE

Zo] 2B =HFB = (X1X)"1Xtyol 71 2Fe BAE 7S F=3ttt (Best Linear Unbiased Estimator;

sho}A) £ B(Ly) = B2 BESHE BE 0 x o A9 4D LI} 0]9] ¥ o

R EEEEEE:
dheto] chgol Tret.
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B=Ly=M+L—-M)y=(M+A)y

A7 M = (X'X) ' X! o] A= L— M olth. 999] A9 24 g7} 21 24F 2738 Fefuz

E(B") = E[(M + A)y|

= (M +A)E(y)

— (M +A)XB

— (X'X)"'X'XB + AXB

— B+ AXB
ol7|4 BFALo| 57| s E(B) = B 271 W shobs|m waba] AX = 0o||ojofith (o] 2L
A=0% oujshe 22 o),

o
>
e
2%
Mo
2
filo
N
B
N
do
el
>
S
><:

= 02 WSt P ASNA Var(B*) S HA2ct= FE AE FoloF

V(B") = (M +A)V(y)(M + A)
= (M + A)o?I,(M + A)!
=o?(MM' + AM! + MA' + AAY)
= ?[(X'X) XX (XIX) "+ AX(XPX) ! + (XPX) I XA + AAY
_ 0'2[(XtX)71 + AAt]
= V(B) + 02AA!

oAl Y ele] HE cof tistod

V(') =c'V(B)e
= 'V (B)e + 0%c'AAle
— V(c'B) + o2’ AA'e

thgol HYstez

dejo] el cof st

1A V(c!B7) ©1 V(c'f) Tt oo™ thg x710] 4P sfof oful
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1.9. zopotse 23

v

BEL e y 7} 023} Zol MY RYo|v] AFLEE uherh JHgat,

y~ N(XB,0%I,) (1.15)

0,(8;y) = — log(2m) — g logo? — ¥~ Xﬁ2>;(2y —XB)

o RV EZIE T 4 ol ATeFE 5(0:y) o Do) et BE AR T, (Bry) & e 2ol
Zofict

(y—XB)' (y—XPB)
—p 4 =AYl

_ [ Xt(y—XB)/r ]
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82
J,(0:y) = —mgn(a;y)

- lﬁggﬁgn(o Y) 8ﬁ87€n(0 y)]

525800 0:Y)  525:0,(6:9)
_ X'X/r ~X'(y— XB)/7?
T |- XB)yx ) g 4 LXE X

T T

w ZH ARG FAAS fol the A/t 243 A4 He Qo7 B4 5(0;y) = 0
HE JojAH org} 2L FeE k.

5 =7=(@y—XB)'(y—XB)/n =

A71A ol Fe SAAS B o AdrbsE ST AaATHoR 78 FAFI SAsit weby fe
2B B 20|t ST 0Age] B4t o2 o tf@ AjrbsE FATE

F12 0AF B 020 fat BHEAFL SSE/(n — p)olth. 9AFge] BAto] fat BHEHFL 02
Aol 4] =0l Aolct.

o 7] A
X'x 0
I,(0)=E[J(6;y)] = [ Ot/T N ]
P
k]
- r(X'X)t 0 2(X'X) 0

wtelA FAAS 24 fo] R o] B ol FEAo] 02X — X)) ¢l AFEEE wpEr}
A7NA FEE e e E@Lo] A s EFgSE didahd 1 3ol SSE(F) © @42 vehdt.
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ln(é) = ln(,B, 02) = constant — n log SSEB)

(1.16)
n
ntebd] AA BT SSE(B) Aot W T r g

rr
N
™
£

oF Aol A AFe WE B 1.6 oA ArisE

A

—

2 1.15 o gk 271 7Fe e

(1.17)
e 9 = (B, 7)" ol

ko

K
2~
e

[¢)

B4 7 = o2 2 uhRo] AHgSH

)
s(0;y) = @&(0;1;)

_ [agoenw;y)]
=l (8:y)

1(y — Bol)/7 ]

_n 4 Pl fel)

272
=0
RS 2Y e e A SR £4%e 7 4 9t
n 2
5"0 =7, 52 — Zizl(yz B y) _ SST
n n
280 s EEe] A Hs ERAEE dYshe 1 gle] chet 2ot

(1.18)
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2. dez|oMel 22

2.1, AHZge| &x

&g FAH 2P 19 A w5 WE yrh b AFEE N(XB, 021 1E o) A9 FHY
B= (X'X)'X'y & ohe} 22 RS w2t 51g B,

UG W 42 0] 2 7S F5h= Alof| A the it 28 B8 E (hat matrix) H = X (X' X)) 'X! & A oJsHA}. o7]A
g He madde tiAel H5dd (HH = H)olH ole At do] At g ou|giet,

7=XB=XX'X)"'Xty = Hy 2.1)

2.1.1. ZkapA|Seel 22

tolH 7] 2 5hat, WA ZhxpAllEet SSEE o|af @A o2 HAISHAL

ojA AlEdEe] wEE

mO

S19] Ae|4 I — H 58 80] 1 thgol Jyae.

(I-H)X=X—-X(X'X)"1X!X =0

w4

p'I—Hp=pXI-HX3=0
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o|RE HFH Ba= 00]H.
EJF

r(l —H)=tr(I—H)
=tr(I,) —tr [X(X'X) X
=n—tr[(X'X)'X'X]
=n—tr(l,)

=n-—p
olme BEo] Halo] ofste] SSBLE et 2ol F4 FolAF RnS merh

SSE
o?

~x*(n —p) (2.2)

2.1.2. 3|HAMIBEe B2

= (XB —y1)"(XB — 1)
— (XB—1'y)/n) (XB—1(1'y)/n)
= (Hy — 111ty)" (Hy — 111%y)

n

—y' (H-1J) (H-21J)y
=y (H—3J)(H-3J)y
=y (H—3J)y
910 fEAA T F 7k 4L o] gatet 3 HA) 4L mAg o] Ao m BAgYo] Fgshe
F7re dvlE 12 EF F7kolnh, o) AE B X o A WA Qo] Awo| thg grog B 191 2 whRo|ct
atebA
HJ = H11!
= [H1]1!
= [X(X'X)'X'1] 1
=11t
—J

S w2 g7} o] JJ = nJolnE 1 Jx 5ol
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2. Ags|elM 9 &

JJ =11111"
=1[1"11"
= 1[n]1*
= nll?
=nd

1 Note

0% BFRY 1.6 4 X = 1082 o] 49 mAgHe] thgut 2k,

pt(H—L1J)p=B'X" (H—1J)XB
— B (X'HX — LX'JX)B
— B (X'X — 1xtJX)8
—B'Xt (I-L7)X8
= 3(8)

1A
rok

T‘(H— lJ) =tr(H)—tr [%J]
=p— 2tr(11%)
=p—Lir(1'1)
=p—1n
—p—1

SoI4 1FA Bt ohew 2.
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Bt = REE oL o BE .
o 3 ) my & o = =1
ol > o No = fr 0 | do J|J N =
&0 2 oF ol iy om n © X I
s Py T =
PR PRI S -1
] B -
oy B3 ML T g5 wls :
o|J . B X =z )
o i _Ab U g o s g ! o
= A ~1 %0 N mjn = = o
n = g Ty oy © N %0
2 Gl oW o ¥ SE % w
" ~ wm gmm.h,v mm L mc E nﬂa
in i 5
B ol RO W 5o W e 2 2
= ) TR K s R
T < T B ® o F s
w1 ™ 2 wrE W — g ol
Mo ! W_.._ oy or RO W 2 2 &2
i Nlo wm e N T e e
wﬂc = N mwop = oom =
T T K T N S
o = N g e o GG N
o o ~ Moot R X F = «
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2. AR O] Z &

o« BAAFTH(SSE) T AAAFH(SSR) A2 Eoltt,
w2t
.« (B—B)'(X'X)(B—B)/o? £ AFETL pQl FHolAFRIES et

. SSE/o?E AFET n—pd FolAE BE

i

3|42 ARk b AA weslord Age AFE 874 0] §o g 7HH A dopr olck. 8
o] 74A] 31 gl ofmliz 0] Msto] npebA] W W47L HakThs Aloltk. whebA 819 Bao] fofstohs AL
0 Sh ool 49us} IS0l WSk S std] S0l e A% Stk RE ARl gto

o
>
=2
>
i
ol
)
a1
o
Jo
lo
e
)
<
4
=
o
ox
Flo
i
o
i)
iy
Tlo
r
N
N
nx
ofn
ol
el
T
f
2o)
u)
ol
el
rlr
P
o
o

H, : mean model ws. H;: not H,

919 7S ulFo] 47 A B ARFY GO B HFE S P Hdo] Ak,

Hy:py=py=-=p8,,=0 wvs. H;: At least one of j; is not equal to 0 (2.7

919 714 2.7 & AAHE WHo] BARAEE o) 8¢ F-ARolT,

7Hd 2.7 oA AF7HE Hy7t A A=
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2. Ags|elM 9 &

o] skl 4] 2.4 of thERd HZA] B4} 00] Bk,

= LAX (I- L)) Xp="21"(1-L1)1=0

whebd] AR AL SAABEC] AGET p— 19 FA0 stoldg LR w2 B3 A4 BT 55
o|BE th& o] EAF Fy 7t G p— 17k n—pE JHAE F-REES BEc

_ SSR/(p—1) MSR
- SSE/(n—p) MSE

F, ~F(p—1,n—p) under H, (2.8)

webd §10) A4 BA p-gkol GolfEHTH AW AT Aol e 1A 2.7 o AR J 2k,
AR ] A)2he SR o] A4 F Aol shb 0o] ol B2 3] o] §olshrhs ofujo]c,

Yol A etF F-AAS Y3 SAFEL th27 &2 EAHEA (Analysis of Variance; ANOVA) 25 AH-85HH
A ALt S Sl

B 2.1 A%E A4S A8 B4R
2 AE  ARE  wRARY  FEAY -
A} SSE n—p MSE

A SST n—1
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o7} 28 2700] AWHE(zy, o) SF HHSHS y B 714 A (Fo] 8 mel|e) o] ek 5},

x1 <= c(1, 1,1, 1, -1, -1, -1, -1)
x2 <- c(1, -1, 1, -1, 1, -1, 1, -1)

y <-c(2, 5, 3, 4, 6, 9, 5, 10)

df <- data.frame(xl, x2, y)

df

x1 x2

O N O o W N
|
[N =
SN [
a O O P W O N <

|
e

|
[y
—
o

oAl ¢ Atm 2 AP ARG S Aetsl At

Y; = Bo + b1z + Baxin t e 3.1)

fml <- Im(y ~ x1 + x2, data=df)

summary (fm1) $coefficients

Estimate Std. Error t value Pr(>|tl)
(Intercept) 5.5 0.3162278 17.392527 0.0000115141
x1 -2.0 0.3162278 -6.324555 0.0014565818
x2 -1.5 0.3162278 -4.743416 0.0051344617
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3. g9 v

ol B 3.1 oA k2t 2, 3} 1, & AAT ZaH REL AR

Y, = Bo + B + e, Y; = By + Bain + € (3.2

fm21 <- 1lm(y ~ x1 , data=df)

summary (fm21) $coefficients

Estimate Std. Error t value Pr(>ltl|)
(Intercept) 5.5 0.6770032 8.124038 0.0001867963
x1 -2.0 0.6770032 -2.954196 0.0254739283

fm22 <- 1Im(y ~ x2 , data=df)

summary (fm22) $coefficients

Estimate Std. Error t value Pr(>ltl)
(Intercept) 5.5 0.8660254 6.350853 0.0007143845
X2 -1.5 0.8660254 -1.732051 0.1339745962

Ao n

= R HY W7 Gl B 3.1 oA SRt SUMSE AANE ot A = °
2 =Yt

9

S H «

317 Z2 AS G 5 Ao olFA o4 ] ST e BRolA skt M
F40 d&E vIAA de e ol BL7H

9] slAA =
£ AASN = o

=
=
=

g

1o o

oA =g 3.1 o] AAIPA (X, design matrix) & FaflA XX E Fal|HA}

X <- model .matrix(fml)
X

(Intercept) x1 x2

1 1 1 1
2 1 1-1
3 1 1 1
4 1 1-1
5 1 -1 1
6 1-1-1
7 1 -1 1
8 1 -1 -1
attr(,"assign")

[1] 012

t(X) %% X
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(Intercept) x1 x2

(Intercept) 8 0 0

x1 0 8 O

x2 0O 0 8

29319 449 X9 4 A5 Az Am=AS & 4 Aok

greF of 2] 7o) ZH WS 7R AR RPN Be A Hpso] 50 BF A= 2wttt (FHo tigh A

EEA) sﬂﬂﬂlTJ A SHRRT} OIS o RPolHE Aele] BT 2 AL & 4 9tk

AR RPolA AARE X of ZF AW EE 22 x4, ...,z 2t sPAL HHeF = dEo] Mz Audgd (%
J Ske3

zix,; = 0 for i # j) AF 3] LPoNA AAG2 FHA = A A9 7ol wAgle] A4 stA vrehdt.

ol S mPA o ThA MR}, whef thgo] A7

- ziz, 0 0 0
h 0 azbz, 0 0
T
XX 2 [:1:1 zy xp] =10 0 ziz, 0
ot o0
P 0 0 0 ziz
L p p_
S AAS0 F4FE that Zol Yehd
. I t
s 00 0 7 Taty aly
1 Tz
(X'X) X'y=| 0 0 = 0 | |zty| = |7
: : : 0 : zly
0 0 e 0 m{; | _xéy_ zhe,
9ol 2t 25 o dutsteiEat gter ALY X & of27 22 prle] FE ALYE X, X,, . X, 2
[ s
p
y=XB+e=) Xiby+e
k=1
HE A EEe] tha 22 44 7Hx] 2 Qo skat
X=[X,X,..X,] and X X;=0,i#j (3.3)

olelg 24 Sol A SFAL] FH o] theat Zol Lhehtey.
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[(X1X,)! 0 0 0 ] [Xi]
0 (X5X,)™! 0 0 Xy

= 0 0 (X5X;)~! 0 Xy
: 0 :

0 0 0 (X, X, '] [ Xy

y=X,;B;+e
ofl A Al F78 A B] = (XzX])_ley © e AT M-S e &l By o SR g2 As & 4 vt
AglapEo] Ar Aushs £ 3.3 & WESHH stuto] SRl ditt 47 = Auste & AgHss9
&= LA =t

SSR=y' (H—1J)y
=y'Hy — 1y'Jy
=y’ X(X'X)"' X'y —n(y)*
=y X(X'X) (X' X)(X'X) ' Xy —n(y)?

~t ~

= B (X'X)B — n(y)?

k=1
Eot S| AAl e FATE] 2AtS B 51 2T £ B, 52 AR S1olH S4 oA e 24t e
oF A o]r,].
2 T M
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(X'X)) 0 0 0
0 (X.X,) 0 0
= 0 0 2(X5X,) 0
: : : : 0
.0 0 0 o?(X,X,)"
[Cov(B,) 0 0 0 ]
0 Cou(B,) 0 0
= 0 Cov(/3’3) 0
: 0
L0 0 0 Cov(B,)
3.2. dEHo| 27}
HA ALY X, & et AP RS desiat
y=XB, te (3.4)
o A% FAAG] H2AFEATL B, = (XX )" X'y oIt
olA] 919 BE 3.4 o] AYHFE F7ke BAS AZte) Bt F7HR AWESE o) 2old APAL X, et
shel chg} o] 4 ik,
y=X 8, +X,8,+e
= [X; X, ['31 +e (3.5)
B,
=XB+e
919] Aol A
_ _ |8
X=[X,X,] and B=
B,
Agsg 271 st 2 3.5 oA A0 HAAFEYFE B = (X' X)X 'yolh,
o714 FoJ H2 3.4 o A Al B, o FAFH 3.5 9] 2 AlF B, o FAFL dutH oz A oF
Sy 3.5 9 B AAG FHFS ot A HAaAEH-S oA R of] A-&ofjoF shAIRt o] 1y 3.4 oA
Tl FE%F B, = (X1X,) ' Xly & ol gste] &g 4 9loh.

o|A o] B3 3.4 oA RAAES
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3. By v

H =X,(XX,)'X}

e s} st 2 3.5 of ojste] chgwt Lol MY ThA) B RA.

y=X 8, +X,8,+e
=X, +H, +1-H|)X,B8,+e
=XB, +H X,B8,+(I—-H)X,p,+e
=[X,8, +H X8, + (I -H,)X,B, +e
=X, (B, + (X1 X)X X,8,) + X,B, +e
:X131+X2ﬂ2+e

oA vh=3t Z2 HehE Rege 15t

y=XB, +X.,8,+e (3.6)

812514‘(X§X1>71X§X2527 X2 I—-H)X, 3.7

oA MghE B 3.6 oA F AL X, 7} X, 7t A= Jasts AL & 5 ek

XX, =X{(I-H)X,=X(I-X,(X1X)"'X))X,=0

AW X, 7 X, 7t A Axstnz ol A e A wsks Agado] dg 51717
e %

WA 3.6 oA B, ol het 4% B, = wheds y = Aed A PF X, = ([ — H)X, = 49T 9
A Ao,
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El

3. B9 ]

ﬁ (th(> X2y
= [Xz(I_H1><I_H1)X2]71XE(I_H1>IU
= (X5 —H,)(I — H))X,| 'X5(I —H))(I—H,)y

= (X, X,) 1 X, [(I — H, )y

j=X.By+e — ([I—H)y=[I-H)X,)B,+e

E35} 3.6 9 3| FAS B, o AT AwA oste] (X1X,) Xy 0 Folxn ol B 3.4 oA 7t
3|7 A 5] Ak} 2o},

~ ~

B =8, = (Xin)*lXiy

B
ok

tlo
>
30,
v

Ot o] ¢

o|A] 3.7 o TAE o]-&stH 2 3.5 o|A yehd 2| A B, o FAF
B, =B, — (X1X,) X' X,8,

=B, — (X1X)) ' X1 X,B, 3.9
= (X1X,) ' Xi(y — X,B,)

set.seed(23123)

xl <- c(1,2,3,4,5,6,7,8,9,9)

x2 <- c(1,4,2,5,3,2,4,3,1,2)

x3 <- c(6,3,2,3,1,4,5,3,2,1)

y <= 2 + 3*xl + 4*xx2 + 5%x3 + rnorm(10)

df <- data.frame(x1,x2,x3,y)
df
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i
[E
4
N
™
w

y
38.99584

38.17609
27.13590
49.86576
32.88329
48.43808
63.30271
53.54604
41.86736
43.30445

[N
[N

© 0 N o O d W N e
© © 0 N O g N W N
N WS N W o
RN WO R, W N W O

[y
o

A 271 9]

it
i)
rE
4>
B

1)

1, 7F Sl BPL A 1A

Y = Bos + BTy + Bouwy + e

lmls <- 1m(y ~ x1 + x2, data=df)

Imls$coefficients

(Intercept) x1 x2
22.964557 1.948430 3.802026

ES EY 3.10 oA AR AR E X & e EA

X1 <- model.matrix(lmis)
X1

(Intercept) x1 x2

1 1 1 1
2 1 2 4
3 1 3 2
4 1 4 5
5 1 5 3
6 1 6 2
7 1 7 4
8 1 8 3
9 1 9 1
10 1 9 2
attr(,"assign")

[11 012
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Yy =Py + By + Boxy + PByrz + e

1mAll <- Im(y ~ x1 + x2 + x3, data=df)
1mAll$coefficients

(Intercept) x1 x2 x3
-0.057356613 3.15491311 4.16172306 ©5.17857500

EE 29 311 o4 RE SYNSES AHET A5 A X o 79 W
X, & FaEzt

X <- model .matrix(1mAll)

X

(Intercept) x1 x2 x3
1 1 1 1 6
2 1 2 4 3
3 1 3 2 2
4 1 4 5 3
5 1 5 3 1
6 1 6 2 4
7 1 7 4 5
8 1 8 3 3
9 1 9 1 2
10 1 9 2 1
attr(,"assign")
(11 0123
X2 <- X[,4]
X2

1 2 3 4 5 6 7 8 910
6 3 2 3 1 4 5 3 2 1

014 3.7 o] 7017 X, & AATe}iL o] olgsto B, & FoEA,

H1 <- X1 %% solve(t(X1) %x*% X1) %*% t(X1)
X2t <- (diag(10) - H1) %x% X2
X2t
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[,1]
1.8568267
-0.7018216
-1.6077630
-0.1664113
.07235627
1.0911645
2.4630575
0.6265747

-0.2793667
10 -1.2099081

© 0 N O O b W NN -
|
N

beta2 <- solve(t(X2t) %x*% X2t) Ux% t(X2t) U*% y
beta2

[,1]
[1,] 5.178575

QoA £t S AAS beta2 = RE 59 M7 Qs BP0NA 9] xy of] et S| AAS FHF} 2ot

oAl W, zq, vy T A= BPFOMAM & AATE AN 77t beta2E o]85to] HAS| Hab off HAH
AAS FAFS LE SHHLE LAt ZJ0AM 9 SAAS F=F Lot

betal <- 1mis$coefficients - solve(t(X1) %x*% X1) %x*% t(X1) %x*% X2 %x*% beta2
betal

[,1]
(Intercept) -0.05735613
x1 3.15491311
x2 4.16172306
O[A gfoll A & cfAlel Zo] B 1719 AR5 F71ohs 48 ¢otial o] A-¢& F7hd Hpo] uidt
AYBE X, =z, = shte] wlEolch. watA
y:X1ﬂ1+X2ﬂ2:Xlﬂ+xpo+e (312)
9121 3.8 ©flA

~

X,=(I-H)z,=%,

2 o5t 714 3.12 A stk 27bE ARGl it SAASY S cheat 2k,
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3. o] H]

M T 7 o
Wﬂ 1D| ™~ o ol iny U
N < — ER o =
% XN o T
(] % B T 3 o
o w Ao = oy
) W T H T = ofy
2 TN T A = 80
ﬂWO 1) E E ﬂ ”IU\ mu__m
o Lol — | 8o
i+ o o O H W
~ I~ o
& FalE T iy - 0B
T E e P
= 0 + .
‘_U_H .@_ X B ﬂl E_E O_E o q
ot Ty 7 oAk s r =
Al 0 W o b B o SR
=3 1)) pr 7\} O (== L_O ‘_u_m
T SIS SRS R R M ol + =
> Io- RN - o T :
- a 2 8 1y EK ,._mﬂ — mt : o
H [ + = To- q rva ~
_ &R oy < N .AT Sy
| N X oos & o W g - s o®
22 = L N8 I ] &R
oo L= T ) T o X g o a <F
! ! ! B X2 WA\ tvM 8 ay NOR o T 5 Gl
S T P ofl _ _ S e _W %nﬁﬂ. - L
WON W W ] ENE T = TeEr oE < X
LT T T < N © LT )
L NG N N1 G AT S LI® o R
ERRCRC I TR w S =R o T ML T g+
T T | A N R o T VR 0 o ® oW T &
—_ + — + .H AT Q..._ Q_OI.._ q 1 AT E_I
7P /Vm\ V(A\ /vm\ Q. o ol ,ol_m No 1H W_m oju o H
- s [ [ LH T o= N R =
CR . o o HEFwm o %
> B ‘_ ~ of e = o
s of! —_ L) w .b. T W A G3
T = E3 T R R o
X0 = BB B = =)
> 5 7__”_ _1_% o i Wﬁ M ol o
) M ﬂ
- LR Mg 2l
=z u_n o % % B8 _wn_ ol
X . i T — 9|
R T XBIL o= <
< 0w M o omaiodm e o
a Ex w BT R 5o o
& ™ ™ on X

(3.13)

Full model
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3. By v

oAl HaH HYor RGN upxte} ¢/ o] ARSI Hgo 2eE A o2 -5 AL

O

Y, = 50 + 51%‘1 + .. 5;;71331',1; + Bpmi,p te;

y=X,B8, +e,, e~N(0,0%I,) Reduced Model (3.14)

Fuz AR 313 JALFE X = (X, X,] AL nx (p+q+1)°l2L 4 2 3.14 o] AEPA X
ol 2+ n x (p+ 1) olth.

o714 §o18 Fe A RFL 4P S EFTTHE Zoleh. wof AR npHe} g7h o] A HsSo]
g SAAGE] BF 001, % 8, = - f,,, = 0 o[ 40| 5

WA= FIHAEES o] 8% F7 F-HAs Adsteh. &, v=3 22 7Hde AAstaAt et
et g2 7S AR A B2 F-dA Y A4 SAIF F € thad Eo] Folint (A 4] 4.4).,

[SSE(R) — SSE(F)/(dfg — dfF)
SSE(F)/dfp

FO —
Wk H, 7h &olw A% BAF By £ AT A7 dfy — dfp o dfp B AL F-EES B2DE oS
ol g3fo] mado] AR E WS /oM AR L SASHE RE F-AEE AN 4 ook

AR 0 Gl Al dfp 3 dfps BT EO] FolRi

dfp=n—(@+q+1), dfp=n—(p+1)

FRYP Ht 2 7Fe = F4R2 Chapter 1 oA 2Agstalnt. $19] Ao R} SR Gl tigt iz

Argstr] g1ste] thgat 22 A AHER Sl
Aol we voll thate] B ] & theTt 2ot A ojdt,

I ex
oZ:‘, oflh

NIO odll

o] = v'v

ol et AR YL X of tiet RAFES 0|85t A9 E P o Q& that 2ol Fefrth

tH
<
A
B>
H
ofl
10
)
ic]
ogl
e
e
=2
)
_?L
H
)
ol
i
o
o
oo
_O|L
2
>,
of
o
)
o
1o
O
i
i
o
i)
My
o
o
1o
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4 o
o 1o

whebA Hof AP

=
=

n n 1
L, 0p;y) = —=log(2m) — — logT — —(y

2 2 2T

1
= —glog(%r) — glogT— oy |

—XB)' (y — XB)

vy — X8|’

n n 1 2
= —5 log(2m) — S logT — — lly —
.

2 2

1
= —g log(2m) — glogr ~ 3

1
= —g log(2m) — glogT 5

1
= —g log(27) — glogT ~ 5

2
ly — Py + Py — p
2 2
ly — Pyl + [Py — "]

[lQul” + 1Py — ul*]

el 2ol tiet 212 7= &= £,(0;y) oA p = XBol Hiet 7t FA4Z 2

o bt 2o

=
e

A5 3.14 o A= & HH

o] Xt (Chapter 1 &%)

~ -~ N 1 1
i=XB=Py, ir=_|Qyl" = SSE(F)

2R 9 7, B 2 7PSE o] doul the T} 2 At Fof At

maxL,, (0p;y) = (2re) "/2[SSE(F)/n] /2

“71'

2 #v) Ve E 24EL

bl et ol ol o]

olt

.ZFL

~ = . 1 2 1
Hy = Xlﬁl = P1y7 7—R - E ||Q1yH == ﬁSSE(R)
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mﬂaXLn(ﬂR;y) = (2me)™2[SSE(R)/n]™"/? (3.18)

N

Hdf 7Fe e Aol wref 2o B9 F 7 SARY R & Zshd 7HE 3.15 o tigk HA o] 7Hesti

1] 7 AAol A F BP9 7He ke 94 3.17 94 3.18 9] H], = 715 & H| (Likelihood Ratio) A = th=1 Zo]
Folzl.

maxL, (0r;y) n/2
= &7 [SSE(F)} (3.19)
maxL, (05;y) SSE(R)
KT

S19] 7Hs e ] AV} 2o w ARAHA H) & 7|2,

if A < ¢, then reject H,
A13.19 of Yehd 71k v S ThAl E@e] Bat

—n/2
= (14 F*) /2

SSE(R) SSE(F)
919 42 BE A7} Frof Welelstng chgwt 2ol Fok AW HyE 128 4
ol BB P-4 SAE 919 Al et F* 2 BASIRE that go] &

n—(p+q+l),, _ [SSE(R)—SSE(F)|/q

A [SSE(F)]”/Q [1 SSE(R) — SSE(F)

if = = > ¢, then reject H, (3.20)
q SSE(F)/In—(p+q+1)] ’
2191 3.20 ol Sl= 7HEHA Y] AAb= F7HAlE RS o] &8 2 F-AA (WA p.158-161) 1} A7 HA ot

wheb B8 FaRe JPs ] Adeltt

3.3.1. 22 F-2% SAzo 2=

3 AR SAF Fob e Hy : By =071 FLQ ) A= 42 gk n— (p+qg+ 1)
F-2ug et A5 e B8 N2 vl o]}y 4le] B o]2 02 ] KA,

AEAF 3.16 oA B SSE(R)— SSE(F) 9] B2E 57 3.15 stoll A Lol B}, 5 ZhApA 32
SSE(R)— SSE(F) =y'"(I - P,)y—y'(I-P)y

=y (P—P)y

ol W] P— P, & tiHols] BERRYL B 5 k.
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(P—P,)>?=P>—-PP,—P,P+P?
=P—-P,—P +P,
=P—-P,
9le] A= BE Section B.9 oA ARt mt@A o gl F FF3to] Aol thieh A4S o]-goto] Kt
Zolct,
w2bx] SSE(R) — SSE(F) 9 #3X= tha3t 22 |54l 7Ho|AlF B22 Foiitt,
SSE(R) — SSE(F
( ) 2 ( ) ~ (Qa )‘%)
g
AZ|A ARE tr(P — Py) = q ol H[SA RS A, & oha3 Zo] Folzith

TFeF Hy 7t 2ol B,y

w2t A

whebA H]E Al E
e

AE0

S SSE(F)=A4=7tn—(p+q+1) &

ol |t}. Z H,7} Gold SSE(R) —

= =B'X' (P—P,)Xp

=00°]l2=2

XB =X, +Xs8,=X,8,+0=X,5,

(P_Pl)Xﬂ: (P_Pl)X151
=PX,8, - P, X8,
=X.8, — X5
=0

A 7HoAlE 225

SSE(F)E 2457} ¢ 9

X

Z4 FlolAE BEE e SSE(R) — SSE(F) & 5o
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= otr((I - X (X, X,)"'X,)

y,)]

=0%(n—p)+ SSB,

S1] AT - X,(XLX,) X, = I — H,7} 5588l A4t ofele] 42 ol gateict.

p

n,=E@,)=E(X,B,)=X,X,X,) ' X,E(y) = H,E(y)
qhoF 0% o] B AL 622} sl 4] 6.2 9} 6.2 F o] gslo] The Tt e e Pt
E[SSE, — (n—2p)o*] = 0*(n—p) + SSB, — (n — 2p)E(5?)

=po? + SSB,

et BRAF A A2O] 2O SSEp—(n—Zp) 2 A4§8 % 9tk Mallow(1973)7} AI2HE Mallow's
2 34

G, BTAFLAE B4 FHFCR Ut A) /o ol o] & Hashs BYS AT 2E Mallow 7k Al
st
SSE

A 6.2 oA Fo11 C) oA 622 Aot BE AFE Zeote B3 (full model) oA 3 2248 2419
Z=A o}, Mallow(1973)“ AZo] SSB,7H 0L W, & E(y,) = E(y) € o &3k po® S T+ Ao
ejAste] €, o poll gt 18-S 1211 €, 9] Ftol sidohs patell 7P AY 242 BYg Addots &4 IS
A|orst et

o714 Z58 He Mallow's C, 4 AEWH50] 4% p ol 45 27 3k SSE, = HokA e G 2p — n-e
Sobelol ek, Webd SSE, ofl Al 7 2 — n £ AgRe] Z710] e H2]ekpenalty term) &2 % 4
olct

6.2.4. PRESS
PRESS+ prediction error sum of square®] ¢F22 Cross-validation©] 2]t @ A H-S ]9 2 ol

AZEANA BFE A i RA) BEA (y,,2,) 5 ALY HSHS W], ALY, B AASE Ay X,
B_, 8k zo] BAstT T sigshe AEHE §;, ;2 oFH RESSE thg} o] Aejdrt,
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1 -
PRESS, = n Z(yz - yip,fz’)z (6.3)

7)1 A AR A et AA |

Yi = Yip—i =

£ o5t PRESSE the} 2o] @ 4 itk

2

PRESSp n ; [ 1—hy, ] - n(l —p/n)?

S10] &) whAs} AR BE hy, 7 1 BREE p/n ol METHE 7P stol 41913 Aol

6.3. AIC ¢ BIC

ALY Aest= L2 A 7hedtgol 2o 24 AIC(Akaike information criteria) 2} Ho]Z| 9t 7 o]

=
o o pu
2] 7|23t BIC(bayesian or schwartz information criteria)”} 1t

ATCS} BICE S|91%4% ofuet Qutajel 574 mgol A 215 AHgsh Ba o] elo] tigt Hwolch. AICS

AIC = —21og ((6) + 2k (6.4)

BIC = —2log ((8) + (logn)k (6.5)

714 ke Bl EEE B40] F S ofth £(0) 2 A Fe A 0014 AL 21 JVsgksoltt,

APl ot 7Hsk 2AoA] 4] 1.16 o)A HoF=o] AFEE 714 oA sl mado] tat 21 7P rakis
e goeng
0 3 SSE,
1,0)=1,08,6%) = — log(27r) _ g _ glog

uteba] A5 sl ol AICS BIC+ th&a 2ol S0zt

SSE,
AIC =nlog(2m) +n+ nlog +2(p+1)

(6.6)

SSE
BIC = nlog(2m) +n + nlog L+ (logn)(p+1)
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6. 2] AE

0

1714 pi= 1915 q o] HEE AL Agoln] 0Aao] BAbA] Estel BAo] F A4 p+ 1 oleh,

oA ZHAAIE SSE, 7F Aot AIC 9 BICS] SSE, Fato] Zfopx| A1t 2F S o] M2t F7sh7] ddt.
of2] 7He] Hgs wwst uf AIC, BIC ©f gho] 22 Reo] 2 Rgol=tal & &= Qlrt. Eet
BIC o] @& g}o] tt20 53| BIC o] B2|go] BES] 4 pn o] 2IAADE EFHE| o] Qirt,

AIC ¢} BIC of thet o] 2431 472 Appendix I off AA= oY 9Ly HalsiAt,

N
2
R
X
o,
rE
»
il
o
<,
rU.'.
olo
rE
P
2
do
lo
o ol
of
O odl
o
=)
FTF
rE
i
il
il
i
Ny
)
lo
il
2o
)
oL
rr
oL
EE
5
)
=3
@
&
3
o
=t

o Forward selection: Forward selection W& 3] 2o =HHLE S} A S2716H= "o ok, A WA
Z7Vol= e Ay oF 9l Y So] ZAAS R2(FE U2 E5)o] 71 & HeE Adsiy
T REE 271E S ) R?2 9] SV 7P 2 e AEsH gk Mo 2o ias 2148 r1d

A7t Fo1 30 Aol A folohA] eta mieldt.

e Backward elimination: Backward elimination % A HLE Tkst 71 2 SRS (full
model) oA AHHSE st A A ASHs Wi o|t}h, A|ASH=s W40 A W4T A AL S ) R?9)
ek 7V 2e e Aesi) Het,

L
Mo
!
il
%,
i)

o Stepwise: Stepwiser= Forward selection¥} Backward elimination& Z g5t H=9] F71e} A A7}t
B Fhs g ol

AL o] o] AP YA g §85 WMo o AR Te waAEN o) Ree dE 5
o) 7tx| HHER QIste] ZAINA AHgafof Stk Zlo] @Aje] FFH ooty WA ol gt 1
Foltate themt Zol ok 4 et

o Ul ol gl ofah d-gE 4 ek,

. TFEBAAC] £AT ) Bergsiet.

o Stepwise= F01% F7et A A A AME= {0l wet 2|2 9] o] thE 4 Qlrt.
o ZE 7F53F 3] ¥ (All possible regressions)= AR&5l= Zlo] tQto] & 4= Qltt.
o A3t (overfitting) & §&4go] At

o W50 APt AAC BAH AL A ol hA) @] AT (2t A
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7.1. M2

A g oA AA P (design matrix) X 7F HA|I4=(full rank) B E L o 3] HAG=2] FH 2= 2 LA FHAA
TR g Al o] FUg sl 2 Aot
B=(X'X)"'X'y

(X'X)B=X'y = pB
7} &HA51A] &2 wWi7b 212 ™ (Jess than full

T of g 7ha) Aol Az el Geel ] AARY X o A%

rank)
rank(X) = r < p = number of columns in X
olelgt 7-folli= A Aol A et a7t EAek] =t o] Aol A= ol =t A9 ofd W& Yot B
A vz ol o B A H-GE = AE dokdrt
7.2, LHUHR|'H
1A ez ol theh A Rl A Hapof theh 782 A2l B}
Yy =pto;+ey =120, j=1,2,..,1 (7.1)
Fojore Rt BA BE uot 7t 18] A2 @ ay, 0.0, 12T B oY 0lch BA] HE 18
A= LAAIEE (Sum of Square Error; SSE)2 AR st B4E F45t= HAA ¥ (Least Square
method; LS) .2 3 4= It}
a T
min (yij — 1 — a;)? min SSE (7.2)
22105 ERRIC P =1 =1 L
J
9] A Ego] BE R4l tisto] nlErEet o)Al e B g A4y FAFE Aude 2ol tisto]
& ol A AlS EolA &= & Qo
ot g

25kl 0 o

QZA|
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mmo

%o
el

=Y
Il

i=1%i

M+Z

3

Bt o =y

(7.3)

Mt g = Yo

13t 2o, whebA B o+ 17Ho] ARk

17 ol A7) ereh. whatd &

9|

SER

sheld shtel 4

g7

3

o

—

[e)
=

5

Al FZA L e aZlolBR £

Al
=

7.2.1. set-to-zero condition

Fol M che} 22 3ol

]

= 0). set-to-zero =71

2742 5 Aol (o,

e

S

(7.4)

7.2.2. sum-to-zero condition

L a; = 0). sum-to-zero £ A5 FAHA|7}

a
1=

Aotk (3

(7.5)

g, i=1,2, ..

I
Il

=

Eis

B

LSS
—

A B4Ee] F4%e 270 eb] FebAA e FeHo] Ba-g ek

< A 2t

ol
gl
oW
o
o

o174

o
_z_l

%

ﬁo

grefo]l 2= & otz ot
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mmo

Bo

ife)

ol
Ho

[a\]
-
Nel
_
=
NN
NS
3
Al
Il
R
()

160

160

3 (linear model, regression model) JEj 2 YEFY 1 2;

%

i

,_.__.o_.o
H
=
=
jant .
F T
N Tl

(7.6)

~—~

~

I~

N~—
1
— [a\] = — N = — N 1
— — — N N N 3 ] 3
v Q VU QO S} [SIEE) O

+

— [a\l

< 3 3
=) o o o o — —
o O S~ — o O o
— — O O ) o O o
— — = o~ o — —

Il
— [a\] ~ — [a\l ~ — N T_
— — — N N N . 3 3 3
S D S DD > S D y_

<}
ol
)
o2l

(7.8)

f| (solution) @]t}

S

4] (normal equation) 2]

H

A5t
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mmo

(7.9)

X'XpB

3} 2},

sfol et ohg

25

IR P2 10.15 o Yetd y, X 2 ]

A

d

7.9 = LA ]

(7.10)

Y.

Y.

L7Ya. ]

ay

Qg

Qg

ar v T

=d A

[e]
T

F2AE R A

5

A 7.10 = YoM

Hc}_%] Al

3t

A

d X9

%

5
o] ohc}. wetA

& (full rank) ¥ Eo] ot} A

X 7t A

%

10.15 9] AlE

o Agn g4

]
=

ol

=]
=

A

oA

!
Ton

o

A

ol m=of tf

&

ol

<
iy
oy
<

7.3.1. Set-to-zero RZ0MQ| 2

ook Set-to-zero =74

o M=

3

HE B oA , = W1 g

2~
e

Q7 glomg @

T o
=2

(7.11)

_ear‘_

S O

e O

L e A e B e B o B o B |
L

]

Y11

Y12

Yir

Ya1

Yoo

Yor

Yal

Ya2

LYar

ol

olJ
=

FRE B 711 o HAaA

—_—

LS
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ar r r - - r I ary
ror 0 Yo
r 0 r - -0 05 Y3

= ' (7.12)

\3
o
o
=
Q

L v 4 L%ad L"Yq.

A A 7.12 & E9 HollA AF7 sum-to-zero AN A= B0 FAHF 7.4 E D& 5 ATk

7.3.2. Sum-to-zero RZA0|A2Q] By} 2|AXS 242

[e]

—_

Al Sum-to-zero ZAA B40] FAo] tfal oAl 24 Y0 a; = 0 20L wHAEF B4 a, of tfsto]
Astel theat 2t

=]

urebA opleh 22 o, o g B5gkel tiet 92 =3 Zot & 5

Yoj =B+ g teg;=p+(—ay —ag——a, 1) +e,
olgfgt AME R Ao HtPtt. F, R B oA o, & AASHE AZEe] $19] npAE A2 of gt
A e o 22 AR A e deth
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11 0]
1 1 0
1 :
Y11 ] 1 0 0 ey ]
Y12 Lo 0 €12
: 1 1 0
Yir 1 5 €1r
Ya1 Lo 1 0[ »] €21
Yoo - P oy €99
=11 0 0 . . 1 a, |+ (7.13)
Yor 1 1 ' Car
. 1 | Loy .
Ya1 1 1 €a1
Ya2 1 1 €a2
: 1 -1 -1 —1
[ Yar ] I =1 -1 —1 L€ar ]
1 :
1 -1 -1 —1
11 -1 -1 —1]

oAl #AHE P4 7.13 o HaAEHE A8t S okl va 22 WS deTh

ar 0 0 0 H ary
0 2r r ay TY1. = TYa
0 r 2r r | _ | Y2~ "V (7.14)
L 0 r r CE 27"_ L1 _rgafl,. - 'I"ga__
9] A 7.14 € E9 HollA AFT sum-to-zero 2ANA Hof A= B4 FHTF 7.5 E -2 4 Aok
7.3.3. o4 7.3
WA oA 7.3 & 4dA] istae] s oA F M4 Aroleh o] Ar 4749 shdel tiste] 17} 65 <]
SISOl tit Gl Holtt. o] AAmE o]-§5to] LAu A2 A-85tal 2 shd o Bt ol it FAF=
ol H At
head(englishl)

score grade
1 81 1
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75
69
90
72
83

(o) NG 2 BT~ NN GV I (V]
= = e

englishl$grade <- factor(englishil$grade)

summary (englishl)
score grade
Min. :62.00 1:6

1st Qu.:72.00 2:6
Median :79.00 3:5
Mean :77.33 4:4
3rd Qu.:81.00
Max. :94.00

oA th-e ) Zho] A2 B

ofl
filo

Z
S|

o

stal Axg 2Aak

fit_anova_setO <- Ilm(score ~ grade, data=englishl)

summary (fit_anova_set0)

Call:

Im(formula = score ~ grade, data = englishl)

Residuals:
Min 1Q Median 3Q Max
-9.500 -5.500 0.600 4.667 11.667

Coefficients:

Estimate Std. Error t value Pr(>lt])

(Intercept) 78.333 2.868 27.312 1.75e-15 *x*x*
grade2 -3.833 4.056 -0.945 0.3579
grade3 -6.933 4.254 -1.630 0.1215
grade4 9.167 4.535 2.021 0.0593 .

Signif. codes: O 'x*x' 0.001 'xx' 0.01 'x' 0.05 '.

' 0.1

Residual standard error: 7.025 on 17 degrees of freedom

Multiple R-squared: 0.4341, Adjusted R-squared:

0.3342

F-statistic: 4.347 on 3 and 17 DF, p-value: 0.01905

81
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A &

2
Mo

7%

ol

T4 1m() = o]-8ote] U] BYS A3t A5 HH default 2 grade o thote] 1809 87} gradel +=
5 Z¥7}y -3.83, - 6.933, 9.167 2 FAHT. &, HFH

2 1A= grade?, grade3, grade4 of thst 44
p3Ne)

0o= =7
B0 A WA 252 022 A4Sk o8 7€ R v eEo i 2 4 Aol

=178333, a; =0, a,=-383, a3=-6.933, a,=09.167

model .matrix(fit_anova_set0)

(Intercept) grade2 grade3 grade4

1 1 0 0] 0]
2 1 0 0 0
3 1 0] 0 0
4 1 0 0 0
5 1 0] 0 0
6 1 0 0 0
7 1 1 0 0
8 1 1 0 0
9 1 1 0 0
10 1 1 0 0
11 1 1 0 0
12 1 1 0 0
13 1 0 1 0
14 1 0 1 0
15 1 0 1 0
16 1 0 1 0
17 1 0 1 0
18 1 0] 0 1
19 1 0 0 1
20 1 0] 0] 1
21 1 0 0 1
attr(,"assign")

(1] o111

attr(,"contrasts")
attr(,"contrasts")$grade

[1] "contr.treatment"
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7. At

Mo
1%
Ho
odll

emmeans: : emmeans (fit_anova_set0, "grade")

grade emmean SE df lower.CL upper.CL

78.3 2.87 17 72.3 84.4
2 74.5 2.87 17 68.4 80.6
3 71.4 3.14 17 64.8 78.0
4 87.5 3.51 17 80.1 94.9

Confidence level used: 0.95

i Note

St 1m of| A default 2= AAEE set-to-zero 7L o231 g o]z2 2 S 4= 9t}

options(contrasts=c("contr.treatment", "contr.poly"))

Al A x] 2o A sum-to-zero THE AL35l] B4E =AF B2} sum-to-zero
S L o] & g of gt}

oA sum-to-zero £ A-§5to] LLuA] LS Agtstal AyE HAf

fit_anova_sumO <- Ilm(score ~ grade, data=englishl)

summary (fit_anova_sum0)

Call:

Im(formula = score ~ grade, data = englishl)

Residuals:
Min 1Q Median 3Q Max
-9.500 -5.500 0.600 4.667 11.667

Coefficients:

Estimate Std. Error t value Pr(>lt])

(Intercept)  77.933 1.5564 50.135 <2e-16 **x*

gradel 0.400 2.555 0.157 0.8775

grade?2 -3.433 2.555 -1.344 0.1967

grade3 -6.533 2.711 -2.410 0.0276 *

Signif. codes: O 'x**' 0.001 'sx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
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Residual standard error: 7.025 on 17 degrees of freedom
Multiple R-squared: 0.4341, Adjusted R-squared: 0.3342
F-statistic: 4.347 on 3 and 17 DF, p-value: 0.01905

sum-to-zero £7A5to| A A2l E-2 ohZ3} Lt

model .matrix(fit_anova_sumO)

(Intercept) gradel grade2 grade3

1 1 1 0 0
2 1 1 0 0
3 1 1 0 0
4 1 1 0 0
5 1 1 0 0
6 1 1 0 0
7 1 0 1 0
8 1 0 1 0
9 1 0 1 0
10 1 0 1 0
11 1 0 1 0
12 1 0 1 0
13 1 0 0 1
14 1 0 0 1
15 1 0 0 1
16 1 0 0 1
17 1 0 0 1
18 1 -1 -1 -1
19 1 -1 -1 -1
20 1 -1 -1 -1
21 1 -1 -1 -1
attr(,"assign")

[11 0111

attr(,"contrasts")
attr(,"contrasts")$grade

[1] "contr.sum"

sum-to-zero 5t LHj %] S Aot A5 B vh=3 2

i=77.933, @& =0.400, @&,=—3.433, a3=—6533, a,=—(a;+d,+ az) = 9.566
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o]Z 7 set_to_zero £} sum-to-zero & A8t A= thE X9t 7} ShA O] Htof] ek

st

o2
HF
of

emmeans: :emmeans (fit_anova_sumO, "grade")

grade emmean SE df lower.CL upper.CL

1 78.3 2.87 17 72.3 84.4
2 74.5 2.87 17 68.4 80.6
3 71.4 3.14 17 64.8 78.0
4 87.5 3.51 17 80.1 94.9

Confidence level used: 0.95

1 Note

A1 DAHNA 48 L 7] %0 2 ThE S ST vl o))
A v oheat ol 45hd e A WA 4202 A4 |

4= grade °] = (level) o] <A E

L
_O|L
2
%

options(contrasts=c("contr.treatment", "contr.poly"))
englishl$grade <- factor(englishl$grade, levels = c(4,1,2,3))
str(englishl)

'data.frame': 21 obs. of 2 variables:
$ score: int 81 75 69 90 72 83 65 80 73 79 ...
$ grade: Factor w/ 4 levels "4", "i" ,"2" "3": 2 222223333 ...

fit_anova_setO_1 <- 1lm(score ~ grade, data=englishl)

summary (fit_anova_setO_1)

Call:

lm(formula = score ~ grade, data = englishl)

Residuals:
Min 1Q Median 3Q Max
-9.500 -5.500 0.600 4.667 11.667

Coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept)  87.500 3.513 24.910 8.06e-15 *x*x
gradel -9.167 4.535 -2.021 0.056927 .
grade2 -13.000 4.535 -2.867 0.01069 =*
grade3 -16.100 4.713 -3.416 0.00329 =*x*
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Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 7.025 on 17 degrees of freedom
Multiple R-squared: 0.4341, Adjusted R-squared: 0.3342
F-statistic: 4.347 on 3 and 17 DF, p-value: 0.01905

7.4. BAH AL BAM| 23
AAYE X o A7t 45k efe ol 9] A5 745 A W ez A thaa 22 Al 71 Wiol 9

7.4.1. 249 212 (reparameterization)

X O A7t eHdskA] oS W AR E O A=
o2 BASL X, 2 nxr(r<p)atal sty
ol WA= X, 0] 950l X, o =9 A%
bt Zo] 2 E 4 Qo

ThA] ste] ASE st sk ol gtk Z X = (X, X,)
ol W F7} £A5t] X, = X, F o 248 7H2tka 7hasia,
AGoR BAY 4 Urke AL Juldict. o T o] HPRFL

y=XB+e=X,I,F)B+e=X,a+e
A7 MEA 2HE A a2t A2 AS f= o= 22 TA7E At
a=(I,F)B=(B,8,)

T EA FAE ARG y = X a + el A2 AG9 F44=a = (X1X,) ' Xy oItk

7.4.2. 57t 2749 o]

S| AAgl B2t ZA (side condition)S FH FASH Al$9 FAHAXE 1+
Ity HB = 00lgt= F712E 7Hgstat. & e p = R(X) ol thsto]
= FdstA A48,

FA. Z (p—r)xpFEHE
n=XB% HB =085 W=sh+=

=

oleidt #7k 27 HB = 07 B 334 (X'X)B = X'y SA0| 5t 495 6h2 2ot o2 HaAF
FAFOR k. ol F7h 2AS T P BARAL o 85t ol 7hx] Y B (o] L Ao
A% ARg .
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mmo

< °]-8sHd 3AA

(generalized inverse matrix)

=
=2

g

5} o

ks

o]
=

14 e o)

A5

X | A%t
% 9lek.

e

)

oju

AAA

A

~

X'Xpo FHel X' X (X'X) & JotdH

Xy =

= Xty

~

X'XB

= X'X(X'X)"X'XB

XtX(X'X) Xy

¢

o0
ol

of et 24e 2% a + 1 77k ek

oA Hokxol ¢

oF
ar

7aa

My Oy y Qlgy et

oA Het=ol p+a; o H

Sotaa o

7

A=)
=

1 340]

S

o whebA] 5

&7

ol 75

ol 4] Aok
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7.5.2. 27155t mao| &

pol

A

T

AYRY y = XB+e ol ALNBY X o] A47} 951 srowl B4 WE B 4AT oz 34T 4 slrt.
oA gJole] W ¢7} 9 v BAEe] AFET ¢ = !BE B,

g S0l LA R et 22 Beso] Ad2ge sk Aol

p=cB=cycy ey ) |an| =copt craq + gy + -+ cuay,

ptap=(Du+ (ag + (0)ag + -+ (0)a,

oAl BAl= ABEZ o = 'B oM AFE o, e, 6, 7F OB FE THE A FLT FH0] 7HeR A

Lotfi= Aeltt.

E(IX) = E(a'y|X) = a'E(y|X) = a'XB = c'B

S19] Ao|4 4 kAt 5 o) A B cheol A skl gt

a'X =c' equivalently ¢=X'a (7.15)
= 37t o] 231 = e'BollA Al HH ¢ £ AP e P59 A 2702 A EFo|of =
Zoltt, o|gA| {FAsHA FHo] 7Hs B9l 23S 75 T (estimable function)o]2tal gt}
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7.5.3. of|x|

27¢] a0l 9T wkEo] 28 gl AL (a = 2,7 = 2) o T AFRF 10.15 < AZS|EA} o] BO
AR X 7 nrue g ohowt 2ot

110
L
110
X: =
Lo 1] P
10 1 %2
OlA L5t F4 7Hset B 23 1) 2 ofH A7}

Y =c"B = cop+ craq + oy

9] 7.15 oM 47T B4l 2toll it Al HE ¢ = v 22 2708 WESfof ettt

t
c=Xa

oAl d]e] HE a of thste] ¢ = X'a 2l FHE HAL

c=X'
11 71"
— |1 10 of |™
a
0 0 11
ay
1 [1 1 1
=aq |1| +a9 |1]| +a5 |0| +a, |0
1 2 3 4 (7.16)
0 0 1 1
1 1
(a; +ag) |1] + (a3 +ay) [0
0 1
1 1
=b, |1| +by |0
0 1

oAl X'a = AYFE Xl e YT FEJ AF2TFAS & 5 AU
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1 Note

219] 7.16 oA ol H2 W a = [a; ay a3 a,]'E YOE Fo|H HE ot}
716 oM ay =1, 0, = 1 4 A9 ay = 2, a5 = 0 2 B9 A3t

et

wfebd A5 $4 Hs e Ba0] HBET ¢ = ¢B o HEE A% WE ¢ = [¢ ¢, o)t £ ATBL X 9] §2
A

Co 1 1
c=|c | =0y [1] +by |0 (7.17)
Cy 0 1

. HE]o] TIE YEhfE B4 o, & F70] Bh5 sl

A WA Ao i a3 B4 o S AFEXT o ehd

Q= Coft + cyaq + caan = (0)p + (1)ay + (0)ay

wpebA] 271 7.17 oA ¢! = (01 0] WEZ Gl A% by T by & Fofof st ol Bbssiek. uebd B
o) & 4 Brbssh,

0 1 1
1 :bl 1 +b2 0
0 0 1

p+ g = cot+ cpag + caag = (1) + (1)ay + (0)ay

watd 24 7.17 o ¢! = [110]& THESF Y ASTE b, = 13 by, = 0 0]B2 F30] 7Ms5it,

. A7 f7he] Aol2 e B4 28 0, — ay = F740] 7155l

ek 23 717 A ¢t = [01 —1]& TES Y ASE by = 17 by = —1 0|22 FHo] 7h5s}
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7.6. 71 AA

ek
ald
30
=
o
e
2

oAl AMEY 7.1 & At 5 Atolofl Zolrt Aol et 7Hde thEd Eol 1
et myprh B 00] =H A 7

Hy:ay =ay=-=0a,=0 vs. H;: not H (7.18)

offl
N
o)
i
=
=
o

A AT o] WE (2 MR Bl Aolrk Auht Lh=xlo] et AR T e o]
FARE RobH A FARS TN 1

QA 2t Yeke] vk 2] Slpt BE 2ohy PSRN, = 1), BA W Aeke] B Holaiat,
a T '
_ Zi:l Zj:l Yij . ijl Yij

y. = ———— Y.
ar T

OlAl shto] B v, I A Bty 7] WAH(deviation) & T 2ol 23l HAt.

Y=y, =  Wy—u) + (Y. —9.) (7.19)
N N —

total deviation within-group deviation between-group deviation

719 oA A W 5 Wwe] WA @, — )k Aelo) LS 2T 4 Uk SAYe|th. WG e Aol B
: 7 o, 5ol <okl TR,

SHRA BT E 712]7] g2 o] 2 HE o7 G} Q5] 2fo]E AlFsto] &3
A5 (sum of squares)= L3 EA},

@
s
||
—
Neg
S
Neyd
S
N~—
+
VS
<
|
N
—
[\]

i=1 j= %

I
7
<
G
i@
~—
_l_
7
<
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|
<
S~—
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+
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—~~
<
<
|
i
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—~~
<
|
<
S~—
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—~
<

<
<
&
S~—
V]
+
S
—~
i
<
S~—
[\V]
+
(@)
—~
g
>
N
>
S—
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i)
i)
2
|o

.
g

2l

)i
1%
Ho

ofl

wEo] 2ol ABTY YA 2 4 ot
a T a T a T
D Wiy —5.)%= (yij —9:i)? + (5. —y.)? (7.20)
=1 j=1 =1 j=1 =1 j=1
total variation within-group variation between-group variation
2ol A 7.20 ol A UreRd ZF Aol Hijt o] 53 ofu]E Am H AL
o SSTE F AlE&(Total Sum of Squares)o]ztal B 20 2w o] M4 ¥FS on|dict
SST = ZZ ij —
i=1 j=
o SSEE 2} Al (Residual Sum of Squares)©]z2ty R 20 B= o xpof] HAH M o] Hs T =
W ¥-5 (within-group variation)-& °J0| gt}

SSE = ZZ (vi; — i)

1=1 j=

o SSAE A7 AEFF(Treatment Sum of Squares)©]2tll F 20 *2]&2] xfo|&
A ol HE =&

1o LT

7+ ¥ %5 (bwtween-group variation)-2 2]u]gtct

=1 j=

ol 4] Hal4] 7.20 & TheT} 2ol hEhas:

i},
SST =SSA+ SSE (7.21)
S10] WaAjelA] 2 4 glel W ko] W] 2712 Uehll Al ARl A4
2712 el Bl Fold42 7
%717} 7zt

2710 W R, A

7.6.2. HSE F-SAY

o

1Al 744 7.18 = AAsH7] {15 BAIZ

& A BAp WA oo Tt 22 AlFHES 7 AR E R Ui 3 A4S
(Mean Sum of Squares)S % 2]gtct,

H

ms, =22, msp=22E
A

(7.22)
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il

(7.23)

between-group variation
within-group variation

MSA
MSE

FOZ

o] A4,

a3

A
5=

el 2ol 7t 248

=
=

Fol7t 245, 1

Z

91 7.23 oA AGolE F-FAZFS 15 ol Bt

urebA F-$AIE ] ghol 2

B

gt

o

EE A (Analysis of Variance, ANOVA)olzt

=
< A4

te] 714 @ref(eq:hypol)

235

oA 7.23 ollM Ao F-sAIF = ©

£ 7M1= 7tolAl

A AGET 6

~ X2(¢E)

SSE

7FA= ZrolAlE

=
=

AFE AFEL 6,

i
EE
ald

under H,,

~ X2(¢A)

SSA

2

E

ARET b, OpE

O
—

whebd] ARAHEO] HA A9 F-5A%

under H,,

2 ™ F(quv ¢E>

E

®a
SSE/o
¢

SSA/o2

MSA
MSFE

FOZ

{#eq-anova-ftest)

2152 a0l A F-EAFo] 7]

Reject Hy if Fy > F(1 — o, 04, ¢5)

P[F (¢, 95) > Fy

p — value

o] th&at ZHe BAIE A Z (ANOVA table) ot
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84l Al A e Bt Al F, p-#k
A2 SSA pp=a—1 MSA = F, = PlF(¢p4,05) > Fy)
SSA/p4, MSA/MSE
Zha} SSE ¢p=a(r—1) MSE =
SSE/¢g
T SST op=ar—1

7.7. C}=sHm

7.7.1. LHUBYR|0j|A B2 B

BARARE o287 PP AR J|7keld BE He] 20| Wpo] 2 i AR
Z q
A=

a
1k 2ol Bt o] 2pol7t foletA] o A soF qttt. Bt Afolofl et A3t 7 HAL2 oot Zo

£ 2z W@l o] b, = iy — py o @ 100(1 — a) % AL o4&} Zo] Foj e,

(Z;, — ;) £ t(1 —a/2,¢p) (7.24)

7 B Aol 6, o "t M-S AR 7o #F adA v 22 23E WSS 99 ARUHE e 714
gt

MSFE

‘fi’i. - jj.‘ >t(l—a/2,¢p)

7.25 oA AALS YTt A9 FHE H A7} (least significant difference; LSD) gtil FE2t}, F £F9]
Zpol7} frofsteH & 4t 2pol o] Arjgho] AT HAFoJte] FHE T Aokttt

LSD = t(1 — a2, 6 )y 1O

7.7.2. 571 O|4te| 7tA

AN AL 52 7147} A 24 2] 591 Aole] HiStel g G (3) 7 2
Sasor gt oS ﬂﬂ*Zﬂ3ﬂ%%%%ﬂ%ﬂéﬂ3ﬂ4iﬁﬂmﬂﬂﬂ@%@%¢@§¢
o1t

Hyy o py = pg, Hog: pg = p3, Hog : iz = iy (7.26)
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7. BATEA By

—

o

7P A AFE = fo]4E (significance level, a)ofl tste] Azt B2t 28742 7HdH RS 43 o
FAFE 5% e T& AR Sh=H ool B ulE T EA] FotEA

x5
ot
o
ot Fll‘
N
)
i
Y

o1 319] Aol Wstel 22 L AR SN A3 ALl §2d FAIA A7
ARALE 71 2shm oS sk Sgol foldEolw] BE 5% 2 At ol

2 F(Type I error; false discovery error;false positve error) 2kl gHet,

FolE 5% e A2 5 oA AFI o] &2 A9l 7|Ztel= a2 HWetth dE
Z o
50

}

—.~
Ul
»

91 7.26 o4 A 3749 7H4 ARG BAO] AAATHA Z2te] HEA PN Al 1 B ORE WT FEL 5%
ofet. I171E] 3749] 7 AL A AFSHLE thewt 2ol 3] AHS BAA eI 2L sEo] BAe]

1S 4 S,

309 A9 AL BN AT 1) A 139 2R AT 1A 1T HEL Akl

A AL AL BAG S A9 A AH BF A 1 F) 0RE WAL T A B shite] FRelA A

1 %9 9RE WS A FES Aokt B2 5%HT 227} oh W 74 Bk 5% A7) A HE AL

ol g5te] Qrotuizy.

ek = 7o) B Hy, 3 Hyy & 212H 90157 o = 0.05 24 FAI0] 54 b1 7196k b8} 28 AS

hd A1: H01 71:—1]@01]/\_1 7‘“ 1F z
(] A2: H02 7]511301]]& Zﬂ 1 Z

LL

721 AN Al 1 F0| 0FE WS FEL o A,

1
SAS] SRS oot ch5 7 ol e 4

P(A, UAy) =1— P(AS N AS)
o714 Selt P(AS) = P(A5) = 1—0.05 = 0.95% & % QAT 5 A 0] g ge] tist SH-2 Aty
47 ek, SUFskE T AP A, T A, 7k 9uHH 0 2 Beo] ool T s1ge] Fo2 47 vekd 4 glek.

qrekof] = Aol E oty o2t 2 At vyt & F e 5]l /MAAAS FAlo £dst= ¢
F A9 1O Al 1 F9] QFE Hole A9 8H&2 0.09752 5% 9] F vl J7} "t

Ni

P(A;UA,)) =1—P(ASNAS) = 1 — P(AS)P(AS) = 1 — (1 —0.05)2 = 0.0975 > 0.05
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1:!]—91]: k 7Ho %a]o]

L H
1—(1—-0.05)Fo2 FAH
2 oot A3k e 7HEH

FHIABE SAN SYSE A A 1 B 0RE HAT 14 oleki Wkt Ao 88
Z7haeh CllS S0l k = 691 A% 26.5% 2 5%9] 5 ¥l7} Hek. o714 $e]
Aol

o] £o] L ofdf 7| HAPHES FAI] Lot Holch,

1w rlo

=, Tl ol /M AAS Ao LA Al 1 F] LFE HA4A1WH HE LS e Fet ttd 185
1ot HA G g7t el whet M AZ

Mo

oA & Jf ool FMAHAZ FAlol A Aot LR/ ES AATEY 2/ (Experiment-wise
error == Family-wise error)ztil sl Wit 2 7P A A& S Ao 118i51#] &1l /fHA 2 6= 0 7 E

NEHY @ F(Individual-wise error)ztil stot,

7.7.4. O|A|: 2712] 7M€ 717 UAAIS
QA o A Aok (HE] 1) a7} k(A 2) Kt S Usitte AL =5}

29] SR} 3) Bk SUShche AL Ao YFSHeIL she A= ek olH @
A& A ok gk,

Hoy iy = pgy Hog g = g

37He] = (A1, 912k, 7129 eh)-& 7H duiA o g AYS e A A WA M Hyy 2 2, — 2y =
ol-gstal & A 7Hd Hyy2 &y — &5 = ]85t 7HdAA S 2ot

ol et F¢ 2 Aol thot] Fo] =52 5% (fEEH] o 7RE WT o] 5%) 2tal S| AP o FE HE
SHE2 5% Rt At

A7 59T A2 F A 7Pl gt A FAF &, — 2, Ty — x5 = F5Hol ofHE R (why?) AT
o==watglge 5% Bt 31 9.75% Kt 2o}

7.7.5. C}EH|n

thA] AE T8 070 ARLOR SobrbA wep] I ARzIo] Ejo] obd o] 4@
5% ZHA 2 She Wo] e okt £ Aol Sao] o UuEAQl B 9ol SHE FAL ol §stol

[e) O HT- 21O O X~
E]'T:T—Tq'é—f_l‘—é_@la ?:]E'._l_(/)»l

] AHE HH qhofo] = Ao 7MIAA S FAlol she A A 7HaA gl dit AHED ] Al 1 F 270
gt eS8 ho 2 £0|H(0.05/2=0.025) A ¥4 @77t 5% Et AL TA ",

P(A, U A,) < P(A)) + P(A,) = (2)(0.05/2) = 0.05
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Aol Hel Z2 =el2A k7o) 7HadAe SOl dste ¢ 4 7Had Aol die EH 1F 272 &Ee
kel £°19(0.05/k) D9 2771 5% 2o 2 24| "t

P(A, UA,U...UA,) < (k)(0.05/k) = 0.05

o714 & 7HA) frol e Wk o] 7Hdo] 8] F&ol AU, = Ay) A9 Feld AP 25 A9
watx sperh. whebd AETe] 15 o qol tiet 44 7o) BashA) gt

P(A UA)) =1— P(ASNAS) ~ 1 — P(AS) = 0.05

o
)
)
>
uiel}
i
il
to
B i
i
off

Alst7] {15t G%H ok AV Z2A) 2F 7Hd el gk NS 1 F 279 & (7
F)E HASH= WS th5 | 1 (mutiple comparison) 2H1 gHch,

oA A AAEE] 15 LF[FE k= £0]=(0.05/k) HH-& E85H 2524 47 (Bonferroni correction)
olgty BHEtt EuaY £4L 7 H42 el 4 (most conservative correction)©]2til Ea2l=d| 1 o] §=
AQRH @77 7H & e 7P 2 3= 7HE skl BA S wfl 2ol ZH % AT @ 7ol tiet ool
Y5 2| =]0](0.05/k) AF7H 2] 717to] mi¢- f&=7] wfzolth

groF k9] 71 AR B2y $42 Ag 0T AT AL bt 2ol

S,
5 4 W] 2ol 5y = iy — py of e BHRY 5 e che Tt o] Fol Ak,

(z;, — ;) £ t(1 —a/(2k), ¢p)

chedt 2o 202 wESA ARL 7124

rlo

T @t Aol §y; ol i 7HE S 2=y 4 HA

|7, — 2 | > t(1—a/(2k),¢p)

A\ztedol] B2y S she AL 2ol p-atol 7He) A% kB Fatol £ p-ke Argahe At e,

Bonferoni adjusted p-value = k x unadjusted p-value (7.29)
Aurg o= 7t AR EL S EE o T E AT B4 5 o wiebd AWEY] 0 Rl 7t 714
AAds0] oBA FEA o HRiEo] o] whet uf-- Dttt o]t o] f & ¢lste] thEH o] W2
- chopatul, Aleat sl thebd Aol Avkz ulg geba 49l Aol folsio} gtk thgulme] e
AEsts A g ol Qolrt

1 Note

7Hdo) 270 ol e A+ 2 570] BHE2 AlofsfioF steAlofl thet T2 A%l wbA] Eebiint.
oA A JGAAL Ao Zol T2 A BRS B FAstE 271 oo AR 2ol wEkA
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False Discovery Rate B (%) & AH&
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https://en.wikipedia.org/wiki/False_discovery_rate

obye} ot

Ell_

HH
L

J9] (treatment)} 2.1 (factor)

Z

ol
AR

Al 27

s
-

o|z A2l WA =R &L, o

[e2}
=

SRR
a5 ol4 B 89l (He)el

A

1—
—

"4 0 2 & (observational study)

oM

5

A €]

s

woll A

171 1471 of

o

A o]

8l
m_.ﬂ
i

CEsEk=m;
m 2K}

K
o
u

=4 (analysis of covariance; ANCOVA)©|tt,

el o2 7]

ZF(covarite) 2}

AHEHE ASHSE &

GERE

ksl

Xe)

ol

-
A=)

A 58 A

5]

0] (bias) = Eo|= @itk 9ot

I
1

5

ol <]
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Ho

oyl
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ot
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Aol o

o 2 AHH

a7t e w9l

s

— 7] (multicenter) YA A 7+ o] 2 7| ol o
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O Caution

floF & AL FHFT Aol S| Hloptehs Holtt.

9]

4714 7]

whe} 712]e] 23}

o

se] 3719

A

ohLtE

9

Nfo
Ho

7H B

Tor

Tor

ol
,_.__wo

Bo

Tor

o

)

T
™

(8.1)

,a, 7=1,2,..

i=1,2,...

wolth. o] AR

8

I

gtet.

= Lol i

o

83. =

B3 8.1 oA ZF B4=9] =42 ANOVA R34 et Zo] X474

R
<«
ol

ol

ol
A

-
I
| e
— —
I BN
S
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< =)
18 _$ )
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=
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~
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ol

H,: not H,

a, =0 vesus

Hy:op =ay=...

Tou

(8.2)

0 vesus H,:B#0

Hy:p

ok,

o] 39

T+

U

T}

olp

ol
i
ol

Ho

!
oF
o
ﬂmo
pul
el

(xij - i’i.)z

Sey(iy =

of

Zﬁ
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ol
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U
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=

ol A $19]
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2 Al ArE HdAES F

IHF SSX 1 MSX = SSX/1 F,=MSX/MSE
Ag  SSA  a-l MSA=SSA/(a—1) F,=MSA/MSE
o3 SSE N-a-1 MSE=SSE/(N —a—1)
=¥ SST N-1

4o
1o
M
2
Mo
1%
=t
ok
4
30
o

oA FHEF ko] et 714 8.2 2 thgi} 2ol p-ghe A4tste] HA

p —value = P[F(1,N —a—1) > F|]

ES 50 Watol tieh #A2 ANOVA a4 #AFSH p-gh= Aldtste] 44 4= it

p —value = P[F(a—1,N —a—1) > F,]

919] 5 F-H Ao 20l F-B29] 5 ) A-457F ANOVA AANA AHEIE A4 (N — o) ok st 28
(N —a—1& §ol51%

8.5. 04| 1: Hojm uitd

ToHe RS FEALAE ol gote] BAs) Hah FS 3749
5

4= (postscore)o|th. g Ao FHEL]

i)
o

english2$method <- relevel(english2$method, ref="C")

A BYL AgH BA,

o
rr
Eha

olA]

ol

WS AHEsHA] o

1o

fit_anova <- 1lm(postscore~method, data=english2 )

summary (fit_anova)

Call:

lm(formula = postscore ~ method, data = english?2)

Residuals:
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Min 1Q Median 3Q Max
-14.000 -6.444 1.111 5.5566 14.000

Coefficients:
Estimate Std. Error t value Pr(>|tl)

(Intercept) 79.8889 2.7181 29.392 <2e-16 ***

methodA 1.0000 3.8439 0.260 0.797

methodB -0.8889 3.8439 -0.231 0.819

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 8.154 on 24 degrees of freedom
Multiple R-squared: 0.009972, Adjusted R-squared: -0.07253
F-statistic: 0.1209 on 2 and 24 DF, p-value: 0.8867

anova(fit_anova)

Analysis of Variance Table

Response: postscore

Df Sum Sq Mean Sq F value Pr(>F)
method 2 16.07 8.037 0.1209 0.8867
Residuals 24 1595.78 66.491

oA LLufx] EAME A Ao A method 9] G 37} §-2]51A] erhal vrebtt,

ggplot(english2, aes(method, postscore))+geom_boxplot() + theme_bw()

904

85

@
o
1

postscore

~
[&)]
1

704

654

C A B
method
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oAl THTS AT TEAEA RS Aedel At
fit_ancova <- Ilm(postscore~prescore + method, data=english2 )

summary (fit_ancova)

Call:

Im(formula = postscore ~ prescore + method, data = english?2)

Residuals:
Min 1Q Median 3Q Max
-3.5044 -1.2316 -0.2874 1.3847 3.8373

Coefficients:
Estimate Std. Error t value Pr(>lt|)

(Intercept) 22.67685 3.22300 7.036 3.61e-07 **x

prescore 0.73981 0.04066 18.195 3.76e-15 *x*x

methodA 3.05503 1.00713 3.033 0.00591 x*x

methodB -1.87530 1.00225 -1.871 0.07411

Signif. codes: O 'sxx' 0.001 '%x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 2.123 on 23 degrees of freedom
Multiple R-squared: 0.9357, Adjusted R-squared: 0.9273
F-statistic: 111.5 on 3 and 23 DF, p-value: 7.563e-14

anova(fit_ancova)

Analysis of Variance Table

Response: postscore

Df Sum Sq Mean Sq F value Pr (>F)
prescore 1 1399.85 1399.85 310.593 7.472e-15 ***
method 2 108.34 54.17 12.019 0.0002671 **x*
Residuals 23 103.66 4.51

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
A7 A go] A4S TUFO R TP DK F 4ol §I8 L mXE A0 ekt
avhe folshA tepgt
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english2$pred = predict(fit_ancova)

ggplot(english2, aes(x=prescore, y=postscore, colour = method)) +
geom_point() +
geom_line(aes(y = pred), size = 1) +
theme_bw()

90 1

85 A
method

g
3 80+ == C
a
@ == A
o
@ =-0= B

754

704

65

60 70 80 90
prescore

8.6. OH 2: MU A

dd <- read.table ("../data/chapter-5-data.txt",sep="",header = FALSE)
colnames(dd) <- c("trt","x","y")
dd$trt <- factor(dd$trt)

head (dd)
trt X y
1 1 27.2 32.6
2 1 33.0 37.7
3 2 28.6 33.8
4 2 26.5 30.7
5 3 28.6 35.2
6 3 23.2 28.9
A= daA717] 915 oAl 7o) A (trt) & Blashe| Al vk 9hg ¥ y= A= A8 18 F 9% 3]0
ZF A8 gl thet Ahm et A 1H S o 2t
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ggplot(dd, aes(trt, y))+geom_boxplot() + theme_bw()

354

<. 301

254

Ho

ey
_#OT

N
;i
i

trt))

ggplot(dd, aes(x, y))+geom_point(aes(colour

35-

trt

1 N ™ < W

> 30-

25-

=dd )

diabl <- lm(y~trt, data

summary (diabl)
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Call:
lm(formula = y ~ trt, data = dd)

Residuals:
Min 1Q Median 3Q Max
-5.225 -1.781 -0.800 2.306 5.275

Coefficients:

Estimate Std. Error t value Pr(>|t])

(Intercept) 34.475 1.634 21.094 1.46e-12 **x*

trt2 -2.825 2.311 -1.222 0.240469

trt3 -3.625 2.311 -1.568 0.137642

trtd -2.250 2.311 -0.973 0.345753

trth -9.450 2.311 -4.089 0.000968 *x**

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 3.269 on 15 degrees of freedom
Multiple R-squared: 0.5532, Adjusted R-squared: 0.434
F-statistic: 4.643 on 4 and 15 DF, p-value: 0.01224

anova(diab1)

Analysis of Variance Table

Response: y

Df Sum Sq Mean Sq F value Pr(>F)
trt 4 198.41 49.602 4.6425 0.01224 x*
Residuals 15 160.26 10.684

Signif. codes: O '*xxx' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 ' ' 1

o] AshE 17 5710 A7} SolshA TrErtn e

1

ol
!

teoE AR A9 WY ¢ & FUFOR DY FEA AE Ao 1A,

Jul

diab2 <- lm(y~x + trt, data=dd )

summary (diab2)

Call:

108



lm(formula = y ~ x + trt, data = dd)

Residuals:
Min 1Q Median 3Q Max
-3.1360 -1.0024 -0.2827 0.7257 6.0806

Coefficients:

Estimate Std. Error t value Pr(>|t])

(Intercept) 13.9437 4.8219 2.892 0.011834 =

bie 0.7534 0.1723  4.373 0.000637 *x*x*

trt2 -2.7685 1.5664 -1.780 0.096793 .

trt3 -1.6660 1.6186 -1.029 0.320776

trtd -1.6284 1.5618 -1.043 0.314787

trtb -4.5903 1.9115 -2.401 0.030788 =*

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 2.2 on 14 degrees of freedom
Multiple R-squared: 0.8112, Adjusted R-squared: 0.7437
F-statistic: 12.03 on 5 and 14 DF, p-value: 0.0001164

anova(diab2)

Analysis of Variance Table

Response: y

Df Sum Sq Mean Sq F value Pr (>F)
X 1 256.747 256.747 53.0673 4.003e-06 **x
trt 4 34.188 8.547 1.7666 0.1917
Residuals 14 67.734 4.838

Signif. codes: O '*xxx' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 ' ' 1

AR A B e Wi A FSe] MSE = 10.684 o|AqF FHEALE A o= MSE = 4.838 2 Z+A5}

ol FHeFel Az o] Aol A= Fo e Agetit Fad aclolnz wgo] Ayele] kot At
o},

SHA Ao HE B FEARL A AL g Aol LiehA] helek. ol Bulael Mz He] @gol
A2 5o A Ashid] S §olg agle] Aehd wiso] 2 olgi A

Solct, = A7 F Bl 4
o2 Boltt (o) 1),
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H A1 H
8. FEAhEA

ggplot(dd, aes(trt, x))+geom_boxplot() + theme_bw()

304

254

204

N o
w -

T, A& v off A oJ3t ¥ (randomization) & A8
g7kef| & #pol7t glo] utEofof g}, 927t A2 Hdt
ot Addolgtal 7] gEtt,
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9.

b

|2Als E e Al

oAl A EFANA S| AASE Tt At Bl Hished O‘O}EZ} A (SA H 7Fs =+l
ofet | AAIF2l FAHAE ot tha3 &2 229 2AE Eolokttt

min y — x|’ 9.1)

19l A%t A= BE FH IAA S tiet B+ WA (normal equation)& T3} AT,

9.2 o gt a2 Fote AL haAoat f = (X'X) 1 Xly2 BASHAT A
S AA R PR etk 9.2 oA Lehd AT e Hdubg Al L AabA uhee spS

9 SAS Z2a@old HAATYE FE TR AT, ol 1E
Al Wit A Aol T £AYL WO R Gk, kA A2 112 FA
oA gk,

o] Foll A= L A A4 Z2 o] Abgote AE Eofio] g BH-e AME A} gt oo Yo
THES AZYE X7 Ho) Al (full rank) 7t obd o= 288 5= AT o] 7| A o A5 7 -$qt
st
ote HHES FH517] Holl Appendix D of A|AH o] Bsf| WS HA FHopAt
9.1. £A7| 23l2] 0|2
WA 9.2 oA $Z ol = A = X'X 7F A YFolatn shah FAA BP AL vkt Zo] FUsHA
ZY|~7] &3} (Cholesky decomposition) 7} 7}Hs-35ltt,
A=X'X=LL' 9.3)

Qo] Bl A BE L2 Fo thddAE 7= oMbzt 3 (lower triangular matrix) ©| .

oAl E¥ 271 23l

Ll
o,
41
ol
o,
1>
=2
)
oo
:c?g
o
R
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LL'B = X'y
o] Aol A L' = B, 2t oA th-g 3t -2 g AS A a1 o] WhA 412 i d [ o] 5H4tzt g o]7] uj&o
H4HoR ZA4S ol gste] 47 of B, & 9g 4 Ut

LB, = X'y

ool WAl B Sl9A40 £4%) 5 AA ek ool Al £
o

9.2. QR &3lie| o]

A910] n x pQl A8 B2 X o QR B/ 027} 7ol F1 AT 612k rank(X) = p < n o2k 7181,

X = Q1R1

2191 QR EaloA Q& p 2] Audt= G2 7H n x p PHo|th (QLQ, = D). TS JH R, 2 Aol p x p
ol A4+2t 9 (upper diagonal matrix) ot}

I

el Y X ohet e s Bl b

X=QR=1[Q, @) [R1]

S1olN Q, & B Q, ] AET AsHe n — p AN F7F AFARL HHER o] o] PPoltk. Q, T Q, =
22k n x p,nox (n—p) ol Bl teb L Q = [Q, @y] = n x n ARYLH Q'Q =QQ" = D).

Tt RE=n xpolH 02 2ol (n—p) x pQl FPHo|r.

oA Q'Q = IS ol g3to] AT |y — XB|* 2 cheat 2ol Bafat 4 ek,
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y—XB)'(y — XB)

y— XB)'QQ'(y — XB)
Q'y—Q'Xp)'(Q'y —Q'XB)
¢ —RB)'(c — RB)

¢y R, t Cy R,
(2] - (5] (- (%))
= (¢; — R1B)' (e, — R,B) + cke,
= e, — Ry BI” + lea|®

ly — XB|° = (y —

= (
= (
= (
= (

AnE QofshY tha e Behe At

ly — XB% = le, — R.BI” + lea|” 9.4)

Q’i] [ ay] H

c=Q'y= y= =

[Qtz by Co

$1919.4 5 57 ¥E ¢, = Qy= B WAV flen e WAAFY [y — XB|” & A4stets B e, — R, B
200 WEE Zojth, Z R B = ¢, & WESH 7 HAAF 2H ol

. 2 . 2 2
pmbing |y — XB|~ = pmbing |e; — R, B|” + |c,|

SSE =y~ XB| = leal” = v'QuQky
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9.3. SVD g0|8
TS An Rz}, 2ol n x pl A

oAl ZAAHFH= SVD (Singular Value Decomposition) 2
FE X o] FAAAL rank(X) = p < n °|2tal 7}k,
Sho] o3 Zo] Eofid = 3l

o

o|A AZYH X 2 SVD & o]&

X =URV'

e U:nxnZAndhH
e VipxpHudld
= gado|r}

olty, RO ot & (n—p) x p= I

ARE px p AL RS T2t B

R .
R = 01] R, = diag(ry,ry, ... ,Tp)
=4 4 Q)

whebq A g o] Halj thgat 2ol

X =URV'=[U, U, [}31] V!=U,R,V* (9.5)

99 95 FAU, € nxp, Uy nx (n—p) LW ULU, = I, ULV, = I oIt}

oAl HaAlEH ] & SVD 2 oA}
XB|" = (y— XB)'(y — XB)
y—URV'B)'(y —URV'B)

ly — (
(
= (y — URV'B)'UU'(y — URV'B)
(
= U

Uty —U'URV'B)!(U'y — U'URV'B)
‘y—RV'B)"(U'y — RV'B)

= |U'y — RV*B*

= [ — RB.|’

c R c R
()= [5]=) (- [512)
= (¢, — R,B.)'(c, — R,B.) + che,
= ey — RyB.I7 + Jles)”

oAl f1o] Fafloll A HraTt o] 2R HEE Aot
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c=Uly, B,.=VIB 9.6)
a8]a
Ut Ut c
C = Uty = ;tl y = tly = E
U, Usy )

olAl QR Zset FAFSHA Aol LAl EE2 that o] Ee

p
2 2 2 2
ly = XBI" = lley = RiB.I” + lleal” = D (cri = 738.)* + llea ©9.7)
=1
919 2 9.7 & W R, ol BhARAYL o8¢ Zolck. ol 9.7 T Aastot e B, o YaEL the
Zol 1% 4 93

HEAOR 0.6 9 PAZ ol G5t HAAF F AL b3} o] Folrt,

FIE QR 2ol P FASA FAAFH SSEE chat gol A,

SSE =y — XB = lles)* = y'U, ULy

1 Note

SloflA] =oj3t 2| A7), QR, SVD 2 0|83 H4AE F4%F 42 Fol wrie A o] ¢A A5}
otd Ak (rank(X) < p) EA 48 5 2
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o EHAE 3B (@A 8.374)
o WY 27 (@A 9.1 )

10.2. zt& O+57|

MQAE BT BAZ A Hlo] 8 S AF§aHT] ofelgo] glojA thaat o] §AKG HolHE Qaso
g5t A Gk,

set.seed(4531)
# HIMHYH 3|2 EMS 2/ H|O|E

logifun <- function(t,beta, sigma) {

n <- length(t)

y <- betal[1]/(1 + exp(-10 -t)/betal[2]) + rnorm(n,0,sigma)
y[y>beta[1]] <- betalll

yly<0]l <- 0

y <= round(y,0)

data.frame(days=t, reserved = y)

true _beta <- c(50,2)

true_sigma <- 6

t <- seq(-20,0)

df <- logifun(t, true_beta, true_sigma)

# ZHAE 3|7{FA S 2[st O|0|H

meanl <- c¢(20,45)

sigmal <- matrix(c(10,7,7,10), 2,2)

df20 <- round(rmvnorm(20, meanl,sigmal),0)

116

1o,
st
N



At

7} g 5

2
T

RREEE
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ol A1 A
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SF
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3

45 Ao}
2 Ao}

)
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T

1=

colnames(df2) <- c("reserved","boarding")
[e]

df3 <- rbind(df2, c(49,44))

df2 <- as.data.frame(df20)

df20[df20[,2] > 50, 2] <- 50
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ofele

AA

B
—_
1jo
K
el

o
%O
N
A
Gl
!
el
ﬂo

He AR 319

5|

H
=

odde o
HAZE AT AA 2= 5t

A% § 7k 29 0] 4o

=S

S

A9 2HAE (robust)
ot (average) Htt EHAE

R

o

_z_l

bt

©

b

© 72 ZoFzk(median) ©|

SpIEs

ol

o

]

—

o)

<

ol

woll 7k FAF o=

k)

) TIUE

N

o

o
X

S AASE FYote SAE

<= (objective
(10.1)

St
=

THE 5

o
» Yn —

ZL%’_Q‘

E:Xyi—-M)Q

(y1? y27

z

P ES 245
0
where L(0,y)

where L(u,y)
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0 = argmin L(0,y)

~

0

2o}

o

=

y = argmin L(u, y)
o
med(y;) = argmin L(0,y)

o4 et

T
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A
function F+= loss function) L(6,y)
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(B,y;X) where L(B,y;X) =Y (y,—z!B)

argmin L
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10. SR 4

_ Yy —ziB)/o] _ ¥lei/o)
Y (y; —ziB)/o  efo 105

X'WXB = X'Wy (10.6)

10.6 off Foi FAH A2 1A S AA T 2713 B, & °l-&sto] 7152 FE

Ttk oAl 4] B, & o]t 7154 E‘“’eﬂ = AAbstar e AASF] 84 8, & T
LS EH FFH0=E T A /BM HolA "t o]eldt a4 <l
(iteratively reweighted least square; IRLS, IWLS) o|lgt H=r}

ES AL 7HEA] 10.5 & Al s LAkl 2EH At 0 o] F740] Basith. M-FA4ZFl e o9

x]
EHAE FATFQ FA Y H A} (median absolute deviation; MAD) o] 53} gF-3 ARESHT}.

med|e; — med(e;)|
0.6745

a—:

10.3.2. 7t=3| &

pok

A
T

2HAE 8RN A ool Z7]6] WHjelshs AHEAE Fol 1 A Zagt. o]t ol fiollA 105 oA
Bolgl 745 4 w(u) o Aeo] Fasiet,

_ ¥(u)
wu) = 20
FHaAEFHAME 7FHA &7 w(u) = 1 °1H huber g5 83 M-F4 &M= 72 47F 0 234
1 o|w 02 RE ERQT FNrE Do 7H5217F gadtt). oA 7FEAlo i 3= £85hk= 71+0] H=
E4% 3h& 28/ (tuning constant) 2kl g},

Tukey ©] 01343 (bi-square E= biweight) T4 7153 §471 0 02 56 Bol WA Fash7] Alzfeta
2845 ek Wol Agk 7571 0] Pek.

AuH o BHAE S ol elgt 28 440] grol wrebd A o] gho] FebAltt 2 440] glo] YR ow
2HAE o] AW Aro] £Alo] Fonw Ao u AdstA Adsol et
ofeh 1 4 ABH, huber F5E 0|88 M-F4F, Bi-setion T4-F o188 M-Z4%] p(u), d(u),

knitr::include_graphics(here: :here("myimages","robust.png"))

119



10. 3 ARGl &

o

il

Is
- © - :’._
o | .
« ¥ o
- o -
— (== — —
o o L o oL 24
= ] = ER
o
o | ! )
- 2
0w - T‘
o © o |
T T T T T T T ' T T T T T T T e T T T T T T T
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
e e e
huber
e
~ -
o
© - - 7
@ _|
[ o =
o
T ¥ @ o | 3 ©
E w4 F ° o]
& | <«
. e | e
o I N
T T T T T T T T T T T T T T o T T T T T T T
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
e e e
bisquare
e
o -
™ - «© |
(=]
o
° @
Ol < o | T °©
= > © z -« |
| S
7 o~
o S 7]
.
. < |
° T T T T T T T T T T T T T T e 7 T T T T T T
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
e e e

Figure 1: Objective, %, and weight functions for the least-squares (top), Huber (middle), and
bisquare (bottom) estimators. The tuning constants for these graphs are k = 1.345 for the
Huber estimator and k = 4.685 for the bisquare. (One way to think about this scaling is that
the standard deviation of the errors, o, is taken as 1.)

1% 10.1.: M-FA59] o] &5

rr
L

2~
e

a8 °] &4 Fox and Weisberg (2018)

10.3.3. 7|E g

FAAMNA T FHF (least trimmed square; LTS) 2 B2 FAY -2 AAE A (trimmed mean) 2] 7HE-S
g FAZFoIt, 2] A7 E AUl w22 Aot dA HlE9 2 IAE 7= BEAE A9t Fof
FATS AlAret dAshs Hle2 APt o2 ohaat Zo] A gt

3n+p+1
4
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MM-% 422 M- 4W 7t LTS- 2492 Agta 24wolo),

10.3.4. oA

Az} o EollM 2T HeA ] & dScte A€ sk 22 102 W9 A ofet Abge] 4 (reserved)

oF g AA| H5AH9] 4=(boarding) o TAHE o]8ote] oMo 5 104 Hof o =st=]1L gt
of|oFet AFE o] 4= (reserved) oF T AA H45219] 4 (boarding) o Wit 7 A& (20719] AF2)E HojA
k23 Zo] golg Yoz ThE JAS AR 2 T8 Hilth

df2

reserved boarding

1 17 42
2 19 43
3 27 50
4 25 45
5 18 45
6 23 45
7 20 43
8 21 46
9 17 44
10 13 42
11 26 48
12 24 44
13 21 44
14 23 47
15 21 43
16 18 43
17 21 40
18 17 43
19 14 40
20 24 48

df2 %>% ggplot(aes(x=reserved, y=boarding)) + geom_point() + theme_bw()
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10. 3 AR Q] &4
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[ ] [ )
40.0- . o
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1% 10.2.: 102974 oflof o AA| Fada=2 oA
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dEol AR s, F4d

jo_lll
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>
o

ol
rr

919 1ol A A F579] 4 (boarding) & WHEHSE
ol 4t e 2412 obef LA uet Ao et

roblml <- Im(boarding ~ reserved , data = df2)
df2$pred <- predict(roblml)

summary (roblml)

Call:

Im(formula = boarding ~ reserved, data = df2)

Residuals:
Min 1Q Median 3Q Max
-4.5275 -1.0025 -0.2616 1.4770 2.4453

Coefficients:
Estimate Std. Error t value Pr(>lt])

(Intercept) 33.9322 2.1923 15.478 7.62e-12 **x
reserved 0.5045 0.1054 4.785 0.000148 x***
Signif. codes: 0O '*x*xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 1.767 on 18 degrees of freedom

Multiple R-squared: 0.5598, Adjusted R-squared: 0.5354
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10. SR 4

F-statistic: 22.89 on 1 and 18 DF, p-value: 0.0001483

df2 7%>% ggplot(aes(x=reserved, y=boarding)) +
geom_point() +
stat_smooth(method = "1lm", se = FALSE, data = df2,
formula = y ~x ) +

theme_bw ()

50.0 A °

47.5

45.0 1

boarding

42.5 A

40.0 4 ° °

16 20 24
reserved

39 10.3.: F5H5 24 BE

ol

oA cllok-g47 Azl M2 2ot F7hE kL A sta 1 FobE Al2e At 109 Ao okt
Aol 47} e AmEh A5 Bk oleld o gHe matelo] T 2 S W ABEA,
A 5)7} 9l ol &3] vehdet,

ol

Lo

df3

reserved boarding

1 17 42
2 19 43
3 27 50
4 25 45
5 18 45
6 23 45

123



10
11
12
13
14
15
16
17
18
19
20
21

df3 7>% ggplot(aes(x=reserved, y=boarding)) + geom_point() + annotate("text", x = 49, y

20
21
17
13
26
24
21
23
21
18
21
17
14
24
49

43
46
44
42
48
44
44
47
43
43
40
43
40
48
44

10. SR 4

50.0 - .
[ ] o
47.5 1
[ J
(@] [
=
-c -
E 45.0 ® I }
(@]
Lol ) ) ) )
eee0o0o0 O AHHE
42.5
[ ] [ ]
40.0 1 ) )
20 30 40 50
reserved
I 10.4.: 1043 dek 1ot AA| F50] TA - o] FH-o] 2 %
o|Z2A olitHo] Atg o ZIEH HF HoAE FHot= dSAlol 2 M AAA AF9 A= AL
2 etA| ek,

roblm2 <- Im(boarding ~ reserved , data
df3$predLM <- predict(roblm2)

summary (roblm2)

= df3)
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10. SR 4

Call:

lm(formula = boarding ~ reserved, data = df3)

Residuals:
Min 1Q Median 3Q Max
-4.1348 -1.1136 -0.5177 1.2482 5.0994

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 41.4542 1.7017 24.36 8.59e-16 *x*x
reserved 0.1277 0.0742 1.72 0.102
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 2.413 on 19 degrees of freedom
Multiple R-squared: 0.1348, Adjusted R-squared: 0.08924
F-statistic: 2.96 on 1 and 19 DF, p-value: 0.1016

ofe) L3 o] whet A1

ol dHel ¢l

il
=)
=

flo

>~

df3 7>% ggplot(aes(x=reserved, y=boarding)) +
geom_point () +
stat_smooth(method = "1lm", se = FALSE, data = df3,
formula = y ~x , colour="red" ) +
geom_line(data=df2, aes(reserved, pred ), colour="blue" )+

theme bw()
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10. SR 4

50.0 - °
4754
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40.0 A ® °
20 30 40 50
reserved
I9 10.5.: Hl4 4 1y - ool xats ¢ -T2
olgA B o] HARAL AL St H$ ool mihd Aok FALL HES Pt FAEA L
Z35}7] ol gt watA of2gt A9 RHAE §714S H8ahH AR o] s} ot ol FA ]
g AFHoR Z4% 5 At

roblm3 <- rlm(boarding ~ reserved , method= "MM", data = df3)
df3$predMM <- predict(roblm3)

summary (roblm3)

Call: rlm(formula = boarding ~ reserved, data = df3, method = "MM")
Residuals:

Min 1Q Median 3Q Max
-14.7871 -1.0982 -0.5787 1.3953 2.3562

Coefficients:
Value Std. Error t value
(Intercept) 33.9679 1.2762 26.6165

reserved 0.5065 0.0556 9.1026

Residual standard error: 2.038 on 19 degrees of freedom
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10. SR 4

df3 %>% ggplot(aes(x=reserved, y=boarding)) +
geom_point () +
geom_line(data=df3, aes(reserved, predMM ), colour="red" ) +

geom_line(data=df2, aes(reserved, pred ), colour="blue" ) +

theme_bw ()
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10.4. HIME 372N

10.4.1. ofjx|: = o2 25

A% o7 242 AgEo] AT o152 shs A9 ol oAtk shReln ¥l vk B At 2As|o shtol
QA= Zrolol A Alatshe] F7ke] ofe] ool G2 A ofe] o ko] e TP Ttk o] gl sfelw
5 A9 SEA9} BHAE AP 714 o] £GET Gk, b o} 248 Bejsks FAL o4 =AY
508 o0k H42 Felzoln B0 B 2ol Wasi

he-2 Ao BOR $A4S 545t n5Ae] oof @34 AW Lkl Aizolth, 23 209 4 E
ooFS WO] B 5T 4 Gl 5A 9] Al S 50%oltt.
ol oF ZFELek o efe 1WE Telnw bt 2t
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df %>% head()

days reserved

-20
-19
-18
-17
-16
-15

=reserved)) +

days, y

df %> ggplot(aes(x

+

geom_point ()

theme bw ()
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<+ 30-
or
ol
ol
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10~

9 10.7.: o19F 20¢

S 4= vebd 79 I3 10.7 9

=k

T
=)

)

I

o

= Aoko] glrt.

#tol 507 o]t
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[y
(=}
oS
N
rx

ok
o

ok

1o
rgt

=

olAl @AF AfleF At m S AoF A (days)2 W= SEAL Aof 1Y (reserved) &

o] RS Ats 2t

ofe) TN & 4 Aol B FABFS oOF A2 S (3 4/ A F AL
29,

1ml <- 1m(reserved ~ days, data = df)

summary (1m1)

Call:

Im(formula = reserved ~ days, data = df)

Residuals:
Min 1Q Median 3Q Max
-13.646 -6.625 -1.048 4.632 16.653

Coefficients:
Estimate Std. Error t value Pr(>lt])
(Intercept) 60.0693 3.7477 16.03 1.71e-12 **x*
days 3.3403 0.3206 10.42 2.70e-09 **x*
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 8.896 on 19 degrees of freedom
Multiple R-squared: 0.8511, Adjusted R-squared: 0.8432
F-statistic: 108.6 on 1 and 19 DF, p-value: 2.704e-09

df %> ggplot(aes(x=days, y=reserved)) +
geom_point() +
stat_smooth(method = "1m", se = FALSE, data = df,
formula = y ~x ) +

theme bw()
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60 -
40
xe
)
e
o)
7
9 20 |
O |
-20 15 -10 5 0
days
oA ¢ Bzt =kl thd4] ¥ (polynomial regression)& A Zbol| B 2F, ofA] -2 HES-H ST 717 HlA
FARN 545 tha AL & QUh. o|Al G} of|of Abmof tishe] ot 22 32F thA] B2 ales HAt

y = By + Bit + Bot? + B5t3 + ¢

gt oL oloF Qo] Aokt Sy e
3

o] AAIgl dhet A

e
E
HU i

1m2 <- Im(reserved ~ days+I(days~2) + I(days~3), data = df)

summary (1m2)

Call:
Im(formula = reserved ~ days + I(days~2) + I(days~3), data = df)

Residuals:
Min 1Q Median 3Q Max
-9.8672 -3.3632 -0.1931 3.6205 10.7646

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 44.352532  4.475318 9.910 1.77e-08 #**x*
days -6.187604 1.986322 -3.115 0.006297 *x*
I(days~2) -1.137947 0.234147 -4.860 0.000147 xx*x
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-4.705 0.000204 x*x*x*

0.007687

-0.036170

I(days~3)

1

O 's*x' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 "'

codes:

Signif.

6.067 on 17 degrees of freedom

Residual standard error:

0.9271

1.813e-10

0.938, Adjusted R-squared:

85.74 on 3 and 17 DF,

Multiple R-squared:

p-value:

F-statistic:

=reserved)) +

days, y

df %>% ggplot(aes(x

geom_point () +

= "Im", se = FALSE, data = df,

stat_smooth(method

y ~x+I(x"2) + I(x"3) ) +

formula

theme bw()
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y; = f(z;,B) + ¢ (10.7)
A2 So] 724 and 9@ % (2016) 4] 9.1 & A 2] A% Lo giste] thoat 22 v mEol ulzla] A
Al el (Michaelis-Menten) 28-& 112t}
0,x
f($701792) 92+IE

F 10.1.: o)A A"l (Michaelis-Menten) H| A& 9] RS9 on)
oo Adg R SSmicmen() &4=9] 1=}
0, 49 59 A (horizontal asymptote) Vm
0y y=0,/27tH=x @k k

f19] At oA ofofl thgt Aol A Utk £ ¥E-g W40 HAga} Hvjgto] EARthe Ao
S 7FotH wk-g-gto] =4 0 2 A4 (horizontal asymtote) ol o] 2tt= Zojt}, St of s
F7t ol w2 F7heteh. o]t vl mpobe vh3gke] B RS 4 Sl v Y ot E B Y
qtet.

A2} djof Apm ot &2 whggte] HAIe A o] Sl B Y AT o A AR E= o] ofefjet A2 =4

(logistic) g==o]tt.

¢4
1+ exp[(¢y — x)/d3]

y = f(x;01, 09, ¢3) =

o] 2AAE 4 10.8 oA Uehd 3710 B4 6, 6y, ¢y = WH-SRZ0] WSto] gt SWs olm]E Ay 1
glom 1 4¥e the met 13t 2t

H10.2.: 3719] K42 o] Fo|7 22 AH BHIAY 9Fpo] B9 ofn
Ha AR R SSlogis() 49 1%
¢; 5% 59 3 (horizontal asymptote) Asym
o3 ¢1/27F EHe x4 xmid
¢3 7] B4 (scale parameter) scal

knitr::include_graphics(here: :here("myimages","logistic.png"))
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—

FIGURE C.7. The simple logistic model showing the parameters ¢;, the horizon-
tal asymptote as £ — 0o, ¢2, the value of x for which y = ¢1/2, and ¢3, a scale
parameter on the z-axis. If ¢3 < 0 the curve will be monotone decreasing instead
of monotone increasing and ¢; will be the horizontal asymptote as * — —o0.

1% 10.8.: ZALH ot B

9ol 18] 9] 4= Pinheiro and Bates (2006) ©]™ EX]/\ S 9] 9] ookt v g o] Aol Tof Tt
A Pinheiro and Bates (2006) == 74 and 3% (2016) 9] 3 9.2 oA ZolE 4= Q)

10.4.4. HIMYB | 13t
HAY B3 o] A2 3 nls () £ o83tk 10.8 ol HojH 22~ T4+ R 3 SSlogis() 4=

o] 2] g o]=]of 9t 94 SSlogis () 9] IRt o3 2ol 4707F a5ty 917t input 2 SP¥4o| 1 1]
370€] 1A} Asym, xmid, scal 2 X Qref(tab:logistic)) of 4=t TA| 7} Arg =] o] Qlct,

SSlogis(input, Asym, xmid, scal)
¢ SSlogis () & Self-Starting gHpetal F2m Foiil 2tz o] tiste] R40] 27]ghe A4 F4] ot
o

_}_'ﬁ_
Hitoll A a-sd ez Adds) F= 7150l At g S0l S d°F A=l tiste] 2A~
SSlogis () & Aol A9, AHHE 27192 &4 getInitial O & AHESHY] ot Zol AltsiEt.

i/
ol
o

M o

getInitial (reserved ~ SSlogis(days, Asym, xmid, scal), data = df)

Asym xmid scal
49.2546737 -10.6613959  0.9315841
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o|A] ¥t nls () ¢} SSlogis () & ©]-§sto] A ~H

ek

1

)

8 2 G} ofjof 2= g s At

fml <- nls(reserved ~ SSlogis(days, Asym, xmid, scal), data = df)

summary (fm1)

Formula: reserved ~ SSlogis(days, Asym, xmid, scal)

Parameters:

Estimate Std. Error t value Pr(>|tl)

Asym 49.2547 1.2276 40.122 < 2e-16 *x*x
xmid -10.6614 0.1782 -59.824 < 2e-16 *xx*
scal 0.9316 0.1542 6.042 1.03e-05 *x*x*
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 3.417 on 18 degrees of freedom

Number of iterations to convergence: O

Achieved convergence tolerance: 2.56e-06

df %>% ggplot(aes(x=days, y=reserved)) +
geom_point () +
stat_smooth(method = "nls", se = FALSE, data = df,

formula = y ~ SSlogis(x, Asym, xmid, scal),

method.args = list( start=list ( Asym=coef (fm1) [1],xmid=coef (fm1) [2], scal=coef

theme bw()
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50 A e_9
[ ]
40
= 301
(O]
e
(0]
(2]
]
= 20-
104
O -
20 15 10 5 0
days
10.4.5. H|MY 5|79l 22
. WA BFRAGNE Rao] it 22, 2 AAART AT0 5E 75 ot B RE FR
9] e ZAHGauss-Newton method) 2 2 ¥ (asymptotic methods) ol 719kgtet, A9
A2 wpgo] Ze 228 70 gig /o] ol A wEd A9 fastnz 24 A oj2g 713
Hgheia) PekalA] 22 ATHE AMolor Bt WY S ARAe) g F29) 7]z o2} oF AL
74 and 3= (2016) 9] 363-367 = o]A] o A =|o] Qlrt.

D7 ooF A2 S AT 2ALE BPo)A 2 Bl et LA 05% AP che} et

confint (fm1)

2.5% 97.5%
Asym 46.7686165 51.829073
xmid -11.0484643 -10.299248
scal 0.5971395  1.329766

WA )9 RYS Tele BAS SAskE A9 ThaT 22 AgrEe] tste] golsjof s,
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off mrebA x7]gte]

<+

;OD

1

te
S uhgo 2 Aol 24

fife)

ajo

o/

SHA

Al
2

A and 3% (2016) 2] 9.2.3 Hef Qrt.

Tor

o

Tor
g
&
olo
o

N+

olJ
e

ol

(pharmacokinetics) ol A €2l Ad&o] QAo M2l = £
9 (compartment model)©] tHEZ] QI ofo]c}, wietA 2tz 2]

S}
ol

oF52]

o,
. W4 SARGeA

Al

E

2]

FEZ (2016) 2] 369 = o]A]of A4

2ol % 9 A2 th2 Feje] BeRA

or f(x;/BIHB2> Bl fﬂgx

0,x
0y +

f($;91,92> =

3=

10.5. H|Z2

SA}.

it

=
=

X7h theat ge 1

BE(Y|X = z)

)

191 v o] aro] X of matA W}

©

3] AR E (regression model) ©]2F1L

=
=

ot ¥A

4 At 92l o] 5 AYP 3] Y (linear regression

o]

o] AA

=
=

m(x) 2] FH

Brxqy + Bomg + o+ ﬁpxp

m(x)

7] orect. wepA]

1
1

H| 4~ S| 7] 2 9 (nonparametric regression model) ol 4]

(Y, X,,) el 5

7VA 4 9tk nAle] EHRE (Y1, X)), (Y, Xp), -

=
=

Y, =m(X;) + e

of. ohebA] A

s

FA5E 71

5}

Z=0] gto] w2t ofefol 2ol et

E(Y|X; =) = E[m(X,) + ¢;|X; = 2]
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10.5.1. mo|-24ke| A

|

WF m(z) 7F m(x) 9] S =FeletH Oﬂé——‘ﬂ Ag=(prediction risk, prediction error) R(m,n 23 7
Aol ardaied 4= Qlek. ofgl o] AlS R o WMol X = FEHS7E obd A groletal & Zojm e
A

<

o] Aok GAlSH AFE 041—1:].

R(m,m) = E[Y —m(X)]?
= E[(Y —m(X) + m(X) — E(f(X)) + E(m(X)) — m(X)]
= E[(Y —m(X)]* + E[m(X) — E(m(X))]* + E[m(X) — E(/(X))]”

+ cross — product — terms

=

2] oA T3t 2 AIE o]-85tH WAFYE (cross-product terms)-2 00] H& B 4= glon

ElY —m(X)]? = E(e?) = 72
bias(m(X)) = m(X) — BE(m(X))
E[m(X) — E(M(X))]* = Var(in(X))

chew} ol E @ e40] a7t 7Hs st

99 A4 X7t ShEsolwl WA X7t Foldl 2% Atighe A7 19k Lol fEstEl Tt el
Ve 2= 9]

R(m, i) = E[Y —m(X)]?
= E{E[(Y — m(X)?|X =]}

=2+ [ pias(in()dP(@) + [ Var(in(e)iP(a)

10.5.2. Regressogram

Regressogram-2 histogrm-= 3] AR 283t vhfolrt, ot o] T4 regressogram= A HE x
ot wk-g i WE y & QIAt= Trom It (left, right) & k719 #7to & vipof ZF F7tmjr} vt
B FollF= 5ol o|FA Folxl A7toll A HHahE o5ty B AAlS F Aok B2 43 (local

regression) ©| 2}l gttt
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regressogram = function(x,y,left,right,k,plotit,xlab="",ylab="",sub=""){

### assumes the data are on the interval [left,right]
= length(x)

B = seq(left,right,length=k+1)

WhichBin = findInterval(x,B)

N = tabulate(WhichBin)

m.hat = rep(0,k)

for(j in 1:k){
if (N[j]1>0)m.hat[j] = mean(y[WhichBin == j])

}

if (plotit==TRUE){
a = min(c(y,m.hat))
b = max(c(y,m.hat))
plot(B,c(m.hat,m.hat[k]),1lwd=3,type="s",

xlab=xlab,ylab=ylab,ylim=c(a,b),col="blue",sub=sub)

points(x,y)

}

return(list(bins=B,m.hat=m.hat))

Zt}. o2 514 (0,10) 7S 47H_E._ L]'—r_l_ (1,2,2,4,6,7 8)—4 %IO] oj# :rL7}°ﬂ S A=A o Zol &
= Sl

B = seq(0,10,length=5)
B

[1] 0.0 2.5 5.0 7.5 10.0

x =c(1,2,2,4,6,7,8)
findInterval (x,B)

[1] 1112334

o|A & -2 m(x) S 15IY 22} e 7t AFEE N(0,32%)S w2y 7PH5HY o= 100712 SHE
22 e 29 FE2 #1(0,1) oA FEREE TET

m(x) = 3sin(8x)

o|A 1t #E k = 5,10,20 22 HHIHA regressogram©] oJ® FEE m(x)E FH5t=A] FotEA}
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par (mfrow=c(2,2))

n = 100
x = runif(n)
y = 3%sin(8*x) + rnorm(n,0,.3)

plot(x,y,pch=20)

out = regressogram(x,y,left=0,right=1,k=5,plotit=TRUE, sub="k=5")
out = regressogram(x,y,left=0,right=1,k=10,plotit=TRUE, sub="k=10")
out = regressogram(x,y,left=0,right=1,k=20,plotit=TRUE, sub="k=20")

00 0.2 04 06 08 1.0 00 02 04 06 08 1.0

k=5

00 02 04 06 0.8 1.0 00 02 04 06 08 1.0

k=10 k=20

o]A] gte]B.2{2] ElemStatLearn®] %+= AA| A= bone & ©]-85}] regressogram & 13 E 2} A& bone 2
Hh-3-H4+= density (Measurements in the bone mineral density) o™ A HE= o] (age) oIt F2tet
AXRE we I om 7O 27]= A7 k= 103 k = 205 A8-5 Edth

2o] 12|12 ElenStatLearni © o4 R etolnaelo] 9ong thg Aol =4 theaE Wobd 27 sz
A sfo gek

# CHREE AIO|E: https://cran.r-project.org/src/contrib/Archive/ElemStatLearn/
install.packages("~/Downloads/ElemStatLearn_2015.6.26.2.tar.gz", repos = NULL, type = "source"

par (mfrow=c(2,2))
#install.packages("ElemStatLearn")
library(ElemStatLearn)

attach(bone)
age.male = agel[gender == "male"]
density.male = spnbmd[gender == '"male"]

out = regressogram(age.male,density.male,left=9,right=26,k=10,plotit=TRUE,
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xlab="Age" ,ylab="Density",sub="Male")
regressogram(age.male,density.male,left=9,right=26,k=20,plotit=TRUE

out =
xlab="Age",ylab="Density",sub="Male")

age.female = agel[gender == "female"]

density.female = spnbmd[gender == "female"]

regressogram(age.female,density.female,left=9,right=26,k=10,plotit=TRUE,xlab="Age",ylab=

out =
out = regressogram(age.female,density.female,left=9,right=26,k=20,plotit=TRUE,xlab="Age",ylab=
P P
= =
5 S 5 S
o < o <
Age Age
Male Male
P P
= =
s S s S
Q o Qa o
Age Age
Female Female
10.5.3. HY2A

10.5.3.1. =4

4 kernel (x,y,grid,h)
He g 59 7S B2
It

A3 oA 7HE wol AHgE= B o] A F4 (kernel estimation) B o]t ‘:}%94
wEEHAE] 27|17 h @%%EQEmE@¢EﬂH§ﬂ sfto] o171 gk

o o
= 'F
ol @it WS grid AATE T AL G AE Bobse WEo

m(z) = ZEif(K(g(c:hX))Y K (‘x ; y) = (2rh?)"Y2 exp (—W)

kernel = function(x,y,grid,h){
kernel regression estimator at a grid of wvalues

#H#
n = length(x)
k = length(grid)

m.hat = rep(0,k)
for(i in 1:k){
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= dnorm(grid[i],x,h)
m.hat[i] = sum(y*w)/sum(w)
}

return(m.hat)

-

mo

o}

of g4
X

kernel.fitted(x,y,h) & Fol7 A=HE x,yot 7712 37| hol tiste] vh-gHo] S5k
h( z)

HaFgoz TolEtt.

’?49’1 /Slloﬂj\—] Lz‘j = lJ(XZ)E}—Tl —3]'?3 ‘:]'%3’—} &2 /}_ﬁoﬂoﬂé/&]oﬂ/ﬂ nxXn Onaﬂ L= {LZJ}—-:{ EH ra A »~l:|_

kernel.fitted = function(x,y,h){
### fitted wvalues and diaginal of smoothing matriz
n = length(x)
m.hat = rep(0,n)
S = rep(0,n)
for(i in 1:n){
dnorm(x[i],x,h)

w/sum(w)

w

W
m.hat[i] = sum(y*w)
S[i] = wlil
}
return(list(fitted=m.hat,S=S))

10.5.3.2. 2|2 77¢e| 20| Med

o] 5 OV (x,y, H) & AR xyo AR T2 h O gHEE Bot 2 WE HE WobA thg it 22 cross-
validation @] 2t CV, GOV, v & At F= kol

n K3 n K3
GOV = S i, (X))
1=5)""5
v =trace(L)
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CV = function(x,y,H){
### H 1s a vector of bandwidths
n = length(x)
k = length(H)
rep(0,k)
rep(0,k)
gcv = rep(0,k)
for(i in 1:k){
tmp = kernel.fitted(x,y,H[i])
cv[i] = mean(((y - tmp$fitted)/(1-tmp$S))"2)
nuli] = sum(tmp$S)
gcv[i]l = mean((y - tmp$fitted) "2)/(1-nulil/n) "2

cv

nu

3

return(list(cv=cv,gcv=gcv,nu=nu) )

olA| flofl A EIH bone AF:of| gt 3] A4S AER FHotH L gt ojnf CV B GCVE F A4Sl
T7te] 37] (bandwidth) h& 271 95ke] 34 (0.1, 5) eoll A 20702] kel tigk CV B GCV g2 Alatetct,
olgl= CV B GOV ZHe 42 5= hgre 2= mz gaio|t},

par (mfrow=c(1,2))
H = seq(.1,5,length=20)
H

[1] 0.1000000 0.3578947 0.6157895 0.8736842 1.1315789 1.3894737 1.6473684
[8] 1.9052632 2.1631579 2.4210526 2.6789474 2.9368421 3.1947368 3.4526316
[15] 3.7105263 3.9684211 4.2263158 4.4842105 4.7421053 5.0000000

out = CV(age.female,density.female,H)

plot(H,out$cv,type="1",1wd=3,xlab="Bandwidth" ,ylab="Cross-validation Score")
lines(H,out$gcv,lty=2,col="red",1lwd=3)

plot (out$nu,out$cv,type="1",1wd=3,xlab="Effective Degrees of Freedom",ylab="Cross-validation s
lines(out$nu,out$gecv,lty=2,col="red",1wd=3)
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s ®
(@) — 5 n
2 3
c ©o ] c ©
T e N = S
; :
2] — 0N |
8 3 g 9
= (o O S
O 9 5 8
o T T T T T T o 1 1 T 1
0 1 2 3 45 0 20 40
Bandwidth Effective Degrees of Freedom
j = which.min(out$cv)
h = H[j]
h

[1] 0.6157895

o] e mof A «1&-2 hgtel] tiet CV(HEA A4 3 GCV (T -A4) o] ghefl thgt 1o CVE A= of=
he] 32 0.61578950°]tt. @2 O = 5§ A7 (Effective Degrees of Freedom) v ol gt CV(HEH
) GOCV(EZE AA) 9] Tefzmolr},

par (mfrow=c(1,1))

grid = seq(min(age.female) ,max(age.female),length=100)
m.hat = kernel(age.female,density.female,grid,h)
plot(age.female,density.female,xlab="Age",ylab="Density")
lines(grid,m.hat,lwd=3,col="blue")
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L0
\—!_
2 °
(/) —]
c
v
o <9 -
o
Lo
S _
Q

Qo] a#mEe AYH h = 0.61578952 o]-g5to] 545 U3 M4 density o] 723

ot
5
>
&
o
L

10.5.3.3. RAEz= A3

a2zt

=

29
T13ge)t.

2-E% (Bootstrap) & o183l Fola a3kl A £4%F i(x) o BESA SE(z) & Fohe

rlo
o

[H L
HU o

boot = function(x,y,grid,h,B){

### pointwise standard error for kernel regression using the bootstrap

k = length(grid)
n = length(x)
M = matrix(0,k,B)

for(j in 1:B){
I = sample(l:n,size=n,replace=TRUE)

xx = x[I]

yy = ylI]

M[,jl = kernel(xx,yy,grid,h)
}
s = sqrt(apply(M,1,var))
return(s)

ote= FA4% m(zx) &l 95% A= Fote 2ot RAEH O HiRa= B = 10004,

CI(z) = [m(z) —2SE(x), m(z) + 2SE(x)]
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par (mfrow=c(1,1))

h=.7

grid = seq(min(age.female) ,max(age.female),length=100)
plot(age.female,density.female)

mhat = kernel(age.female,density.female,grid,h)
lines(grid,mhat,lwd=3)

B = 1000

se = boot(age.female,density.female,grid,h,B)
lines(grid,mhat+2*se,lwd=3,1ty=2,col="red")
lines(grid,mhat-2*se,lwd=3,1ty=2,col="red")

v 10
I - —
e (@)
)
Q2 _
2 1
0 o
2 )
$ o©
o _
T}
o _]
Q

age.female

NRSHS Y ot S X7} et 22 BAE Ik s,

EY|X =z)=m(z)

oligt TAE gAY (regression model) ©|2ta! 5t Y 9] o] X of mhetA] Hot= UAE A st= 20|
ot Ttk m(x) o] FEE AASS A4 o2 yepd & otH $-2l= o] & AE 3R Y (linear regression
model)©|2t21 gt}

m(z) = a+byxy + bywy + - + b7,
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AeHE 52 grect. theb

sy
1

H| 2 3] 2 & (nonparametric regression model) o 4]

A

<

ol

A= ol 14 sl g o,

ol
B
H

wuso) 27} 17t 7%

14 4

o

y=a+br+e

(10.9)

a+byx + bya® + -+ P

xP

= 2
=1, z, x°,

(basis),

=
=

p+ 1702l 714

(10.10)

BoNo(w) + BNy () + By Ny(z) + -+ + B,N, ()

oln

o] Fefo] wt ok

=
=

o 714

T T

oF o%

2] (polynimials)

&

. o

Z=(Fourier series)

Sh
=

2l
Jlo1=E

[e)
H

T
ar

4= (Wavelet series )

Sk
=]
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Elements of Statistical Learning (2nd Ed.) ©Hastie, Tibshirani & Friedman 2009 Chap £

Piecewise Constant Piecewise Linear

|
|
|
|
|
f
|
|
|
]

§2

Continuous Piecewise Linear

o

\ ] | ]
go \ | ) I |
0 o | | I |
09 8
\ | s [ |
/ 09 | I |
o | -
o o] 0
° R | g 9 [ | o~
\@ °° |(X —51)4,4-
[ o | |
[ | I *
| 0° ] | . |
\ | I .’ |
[ | [ |
\ | . |
[ | | |
\ I f ]

&1 &2 €1 &

10.6.2. M AZe0l
VA A A (43, ,), (ga: Ta), s (9 7,) O FOVHEFIL G2, Boha A 27} 724 (0,1) ) Frolefar

e, AWEo] BEHE 70 (0.1)F K + 119 72 (B, — (61 &)l = L2, K + 1} 0
o] BAt =

So=0<& <& <<€ 1 <& <1=&kn

A9 Aol KR WRAHE & <& < <€ <€ DA O = knots(FAF]) o2l RET,

oAl WgMASO] Wt B(Y]w) & R 2 Frell A Aeta st

E(Y|x)=a; ifxe By

i)
-
o)
2
1B
ol
rr
r]I
olo
rE
2
il
1o
o,
EX
lo
f
o
o,
nst
4
30
i
o
i)
o

o

FAHS ¢+ Regressogram©]2tal g

E(Y|z) = vl (x;) ifx€ B, (10.11)
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o 4] Regeressogram o g SGAAA 7t 77re] SR P MM A 0 2 SHAste] 1A, =

E(Y|x)=a, + bz ifxe B, (10.12)

29 10.12 & 2 3t A S Adshs A 22 BYolnt. ol RPN FAHE 74 sAME2 4
TR AAH &), &, . € oA BRSO 2 AAH 1

oA F7F (0,1)2 BT Zo] K +1 = 3749] F02 Lol M. o] A% AAFL ¢ 76, T A7 ek,

Bl = (Oa£1> B2 = (517€2> B3 = (€2a 1)

23 10.12 9

A FoR Sl AATE BT 2(K +1) = 6 7lolH F4%te ot T2 et 2 LAl u =
o= HAaAEES AH

SSE = (y; —ay — byz)* + Z (y; — ag — bya;)* + Z —ag — byw;) (10.13)
T;,€B, z,€8B, z,€EB3
1A 2% 10.12 of| A -3+ A4 35] 4] 0] ] & & olA | H8H o= 22 5 2042 wEdof
Qtet.
ap + b€ = ay + 0581, ag +by&y = ag + b3y (10.14)
7} A0 A&5S WESHH 99| F A5 whEdfjof stz oA A sfjof Sh= o] Ha= 4701t ks

Al o] ] AAT2 A4 6 oA A4 2719] S A efsfoF 5h7] mEelt.

AOFA] 1014 & ThA) 228 Th 3} o] 24 glon

i

o] AOFAE ol §ate] QARTE 10.13 A 5 WA Gtk Al WA L the3t Lol AT 4 ek
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Z (y; — ag — byz;)” = Z (y; — ay — (by — by)&; — byw;)?
€8, T,€8,
= Z ly; —ay —b1& —by(x; — &)
z,€EB,
= Z ly; — ay —byz; — (by — by)(w; — &)]?
r,€B,
Z (y; — ag — byw;)” = Z (y; —ay — (by —by)&; — (by — b3)&5 — bsz;)?
r,€B; r,€EB3
= Z [y; — ay —b1&; +by&y — by — bs(z; — &)
r,€EB3
= Z [y; — ay — by + byr; — by&y + by&y — by&y — by
z;€EB;3
= Z [y; —ay — by + by (v, — &) +bo(§y — 2 + ;) —
;€83
= Z ly; —ay — byz; — (by — by)(2; — &) — (bs
r,€EB3

S]] AR 548 kgt 2o th Folst

Bo=ai, By =0by, By=by—by, [B3=0b3—0,
LA A H} SSE+= vt 2ol Al 4= Sk
SSE = Z (Y; — Byz;)? Z — Bra; — Ba(x; — &)
r, €8, x,€B,
+ Z ly; — Bo — Brw; — Bo(; — &) — Bs(; — &)]?
r,€EB3
10.15 of| A 2 A A F 2 thadt 22 AR S At H 9ol & & A= LA AFFolo
E(ylz) = By + B1o + Ba(x — &)y + Bs(x — &) 4 (10.15)
919] Aol G4 (), = theat 2ol Folg Pl
z ifax>0
(x)+ =
0 ifxz<O
oA AZH (knots) oAl A& 21-E TrEoteE AHAES FHot= A= 10.15 o Fo13 HAE F45t=
A 2o Bk 5, Fold 17l A A2 AAHE HAo] AN Foh BAL §42 e e
ZIM 2 2eE AoR Bl Ao AleF Fot= At FLe EAolth
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No(z) =1, Ny(z)==, Ny(z)=(x — &4 Nj(z) = (= _§2>+
9] 717419 EA-Z dF 7|4 59 gro] ol F2He] A & &, ol olEgthE Aot off 72 AAH o]
270Q1 7% 4709 71 A E Yetil= 19

o

®
=]

06

04

0.2

0.0

T T T
0.0 0.2 0.4 0.6 0.8 1.0

olAl 191 A NA "EeF K + 17]9] F7ko] et Al ] AAAS] e 2(K + 1) oA AleFA] 9] = K& A <f et
T K+ 2719 7147} B a5t v} g

No(z) =1, Ny(z)=2, Nylz)=(—-¢,),,k=12,....K

4109 & 15 K + 1749 72kl A p-xt chapalo] ng-
REYA AR AT 21 AFFENA A%olul | vobrt 1,2, p — 139 ulEgte] SUG
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Piecewise Cubic Polynomials

Continuous

Discontinuous

o P o
(87
o o/fo
o
o =]
@
||||| 1
o &
o
AV A
o
o© oy ©
o
o
o° ./ o
9 O
@ 20
o
o
o 0 E
)
o oo
o
o) 2]
)
\\\\\ ]
oL
o
ofPfg
Soc
o© c\ ©

Continuous Second Derivative

Continuous First Derivative

HEHH oA

32 K+p+171e) 714

e

sk 24

23

a4

o p-Ak o

EE

3

=
=

(e}
27& 9k

13t

=

]

o

N
1,2, ...

j=0,1,2,...

($) = xjv

Np+k (l')

2+l 317 (Cubic spline, p = 3)o|t}.

K-

ot g2 2&=1 SN 7 A

_(')4

Ao} 2} mlEgto]

o]1 1
/33, & A (boundary) ol A 2141] A4

il

=
=

AAE 27,

1o
==

oA

Ile]

(10.16)

m” (1) =0

m” (1)

m//l (0) — 0’

m”(0)

2EER1S 2k AZERel (natural spline) o|2Hal F2m 7P 245 AMS-H o},
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Natural cubic spline basis

1.0

0.4 0.6 0.8

0.2

0.0
L

13 &
T

&s

0.00 0.25 0.50

NARA theat 2 BPol A AAE ARE 7T 2D A

S 100709 A2 S 7HA 1 2700 AA- ¢ = 0.29} €, = 0.62 o1&

2o},

y; = 3sin(8x;) + e,

0.75 1.00

3

252l &€ AH8-ol2H splines #7127} E a5t

library(splines)
n = 100
x = runif (n)

x.grid = seq(0,1,length.out =

100)

y = 3%sin(8*x) + rnorm(n,0,.3)

fit = Im(y ~ ns(x,knots
plot (x,y,pch=20)

pred

c(0.2,0.6)) )

= predict(fit,newdata=list(x=x.grid))

lines(x.grid, pred,col="red")

abline(v=c(0.2,0.6), col

'"blue')
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0.0

O T M= A2H

o
)
offl
o
it
rx
i

513 A48 3G E=3) 2 ALg S Folet,

x = runif (n)
y = 3*sin(8+*x) + rnorm(n,0,.3)
fit = Im(y ~ ns(x,df=3) )

summary (fit)

Call:
lm(formula = y ~ ns(x, df = 3))

Residuals:
Min 1Q Median 3Q Max
-1.55542 -0.39760 0.03705 0.38510 1.22418

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 0.6797 0.1824 3.726 0.000328 *x*x
ns(x, df = 3)1 -8.5991 0.2437 -35.279 < 2e-16 **x*
ns(x, df = 3)2 3.2399 0.4682 6.919 5.08e-10 *x*x
ns(x, df = 3)3 1.7166 0.1908 8.995 2.1b6e-14 *xx*x*
Signif. codes: O '*xx' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 ' ' 1

Residual standard error: 0.5706 on 96 degrees of freedom
Multiple R-squared: 0.9306, Adjusted R-squared: 0.9284
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F-statistic: 429.1 on 3 and 96 DF,

10. SR 4

plot(x,y,pch=20)

pred

= predict(fit,newdata=list(x=x.grid))

lines(x.grid, pred,col="red")

= —

p-value: < 2.2e-16

2IOFM= 25719 AB-= AEStaL A5 3AH(AHT = =3) & A

o] wyateict.

kknots=seq(0+0.1,1-0.1,1len=25)

X =

runif (n)

y = 3*sin(8*x) + rnorm(n,0,.3)

fit

Im(y ~ ns(x,df=3,knots = kknots ))

plot(x,y,pch=20)

pred

= predict(fit,newdata=list(x=x.grid))

lines(x.grid, pred,col="red")
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10. 3|ARY ol &

sl AAA FAHE Bt 5 m(x) o] BE 3 (smoothness) = AZH ] 4= Kot 7|A349] 2k p 2
i A

e
40

g3, m
lo &
(R
N
N,
i
—{n
_‘1
ﬂ
_VE
1
o)
2
é
fio
£
7
ol
el
N
el
il
&
=
03
¢}
=N
oV
wn
wn
=
=
g
=
o
=
@)
o
=
rg
=

i

oH,
2Ll

A&l (smoothing saphne)£ 242 0] BE HLS JAAHO R stHA Ao RE#S-S -6t whyo|r),

A8 (reisgual sum of squares with penalty

o)

@
Il
—

&
1o
_04
_\_4
E
2h
)
K
)
e ¥
—_l
i_.
)
ol
—
rr
UO[(
T
=
NS

$L10.17 7 A oAABI 2k whebA] B4 f(a)E Aol girkd 7} 429

e X =oo! o A9 f(2)7 1A HEGRENL) AAA R Foltk ohfshE H A9 o]zl Re o
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W2ge TP QAABE 1017 £ 242 ol B4E AR A (1, y,) S A=, Z nole] AAAE A=
Al 37 AZaloltt, matk] Bl B pAjo]n] W mie] Zho] et A4So] Mgt

oA 10.17 & H A& sH= 945 thaa} Zo] A4 37 AZa}R19] 714 N,(2),i = 0,1,2, ..,n— 19} t-8ahe
A% 8, % thet 2ol enfie] B,

n—1
= Z/BiNi(w)
1=0
2w Mg wee QAATE 1017 & Tha 3} 2ol wlg Ao vehd 4 glrt

SSE(f,\) = (y—NB)!(y— NB)) + \3'Q,.B (10.18)

S19] 4] y, N, B, Q= ka3t ol o,

U No(z1) Nyi(7q) N, 1 () Bo
y = y.2 N = No(.fvz) Nl(:xQ) Ny_q () 8= 5:1
Yn NO(‘rn) Nl(xn> anl(xn) anl

B=(N'N+)Q)"'N'y

23 WSS G o] 52 i T 2ol WS wE] y o MY o= thepde,

— N(N'N +Q)"'Nty =S,y

0] AolA Sy = n x n o] FEo|H FE3PH (smoothing matrix) 2t F-E2t.

Tt BEYPE S, o a0 9 df, 2 & A (effective degrees of freedom)©|2tal F-Et,

dfy = trace(S,)

156



10. SR 4

X o] Qo M drdS 2ot FHRS Mg p + 1ol of off ’HhgRiZo] thet o &2 WS
A

oluff At9 3 H (projection matrix) H 2] tHZFgh2 p + 10]1L o= ¥H-gH0] WS 4T off Qe 2tz 2]
A7)0l o|& Af ekl gt

trace(H) = trace[X(X'X) ' X'] = trace[(X'X) ' X' X] = trace(I,,,,) =p+1

A2 AN AGRGo) A 0340] BAY 028 FAT ) Wash G AH 2420 A4 nol A WHSHso] B S
A% o) Bast 42l A4 p+ 12 Mn—p—1o]ek.

ofll

:H ]/\-] XJ_JE] _9_]]._'_'_51_ 011}/{—;51
OC:)] ]/\11__ Z]"rr_l_‘_l:_ = /\]-Oﬂoﬂaﬂ_,] EHZ!-@—%

+ o

—_

o

il

=

>
o

)
rro

& AgEan Qusie Aolth Wby 8 AHEs

A& 501 3% 2&<1 (cubic spline)& 125t A2 KNS AHEsHH & K +3+1 = K +4719] 71%7}
sttt § yoprt A 32k &2kl 10.16 oA Folxl 4719 AleFxAu o] Az Ko Rae
Bprb asieial o & Qe whebA] A 32 AEekel o] fra At K 7ol

b Z2IRL R A B AZeklS AsHs Wtk S8 AHEE 52 AT doltt.

(o]

n = 100

x = runif (n)

y = 3*sin(8+*x) + rnorm(n,0,.3)

fitsmb = smooth.spline(y ~ x, all.knots=T, cv=T, df=5)
fitsmb

Call:

smooth.spline(x =y ~ x, df = 5, cv = T, all.knots = T)

Smoothing Parameter spar= 1.157577 lambda= 0.005691548 (16 iterations)
Equivalent Degrees of Freedom (Df): 4.999385

Penalized Criterion (RSS): 25.27925

PRESS(1.0.0. CV): 0.2858942

plot(x,y,pch=20)

lines(fitsmb,col="red")
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FEAGEES F7H4719 FHE B

2AL gt 2ol tEhiit,

it

par (mfrow = c(2,2))

n = 100
x = runif(n)
y = 3%sin(8*x) + rnorm(n,0,.3)

fitsm15= smooth.spline(y ~ x, all.knots=T, cv=T, df=15)
fitsmb0= smooth.spline(y ~ x, all.knots=T, cv=T, df=50)
fitsm70= smooth.spline(y ~ x, all.knots=T, cv=T, df=70)
plot(x,y,pch=20, cex=0.6)

title("effective degress of freedom = 5")
lines(fitsmb5,col="red")

plot(x,y,pch=20, cex=0.6)

title("effective degress of freedom = 15")
lines(fitsml5,col="red")
plot(x,y,pch=20, cex=0.6)
title("effective degress of freedom = 50")
lines(fitsm50,col="red")

plot(x,y,pch=20, cex=0.6)

title("effective degress of freedom = 70")

lines(fitsm70,col="red")
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effective degress of freedom =! effective degress of freedom =1

00 02 04 06 08 10

00 02 04 06 08 10

effective degress of freedom =5 effective degress of freedom =7

> o g;:! :;:! !:f? > ™ g F::,Tugif

00 02 04 06 08 10

00 02 04 06 08 10

WOF R E 4G5S AFHTA OB CVE H2SNTFE 4GS Tolo] AFOR ABAPSS

ool A FaA BERLFE \ = 0.000122 ] AFE= df = 11.34031 ]t

par(mfrow = c(1,1))

n = 100

x = runif (n)

y = 3%sin(8*x) + rnorm(n,0,.3)

fitsmauto= smooth.spline(y ~ x, all.knots=T, cv=T)
fitsmauto

Call:

smooth.spline(x =y ~ x, cv = T, all.knots = T)

Smoothing Parameter spar= 0.8712038 lambda= 0.0001931802 (15 iterations)

Equivalent Degrees of Freedom (Df): 10.32359
Penalized Criterion (RSS): 9.280936
PRESS(1.0.0. CV): 0.1129098

plot(x,y,pch=20, cex=0.6)

lines(fitsmauto,col="red")
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11. kst 4

o2

L]

o2

O Caution

o] FollM = wlE e} 27zte] 718 2 )l0] BF BEAZ AF

op
L

jRa8

E(ylry,z9,...,2,) = B1og + -+ Bpx, =1 (11.1)

=2 11.1 & LEZFR| Yeh= A& A 54 (linear predictor, n) 2t F-ET,

olg|g Yo APAdel 7Ho] HdotA] g2 497t Qlth. AlE 5ol Fsto|y AEeoA AFEE= HAY
3] AR Y (nonlinear regression model) A H WH-g-H S HF o] W7 A E0] BT H| Y A (Y& &
n] 2 A o] IHA) 2 Vet 742 55| LR T o] 23 B Y 3] AR P2 Section 10.4 Fol| A oFFSich

BRgST} 74 4 ol Bgkel Welo] Aste] 9]

= 7 At A& ol Hlztro] x| A Htol 4THE
171 diZefl 03 1Ato]of 9l.om ot F2o] 79 1k

o] g2 714 % lek. webA] 11.1 o) Age] 4]

]

O p(ylx)] = By + -+ Byr, =1 (11.2)

O|A| KBl B2t A FoE= AP R P& e wEZE= A 2l Yutel A3 2 Y (Generalized Linear
Model; GLM)2 A X 7|2 skA}.
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11.1.1. 7|

5.

[}

s,

1 714

et}

2

=

T

Y6 — b(

Ao

o]
exp {

fWlo, )

de] 7]

¢

Y82 Appendix H o]
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24
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ot

4 2|4 (exponential family) E3ZE ot

A5 B3l o

JyNO

(11.3)

z'B

i

ﬂ
)

(11.4)

g(n) = g(Elylz]) = =*'B

_1_@0

2

kel

o2 =Yt po vAY k2

&

o

(canonical parameter) 2t 52

2~
T

R

=

=

AN 246

23

g

11.2 ol A &1 Zro] (0,1) oA A

4

Z=(canonical link

el
)=

ik

B

712

il

oA

(11.5)

gkl (natural link function) 2t 2=t}

function)

<+
o
iy

ol
o

(11.6)
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11.7)

3} go] Aol

[e)

=

o

.

n

+ > loge(y,, ¢)

T~ (log likelihood function) ¢

ads
X

=

1
[¢)

Ely|x]

el 217%

<]

a0

K

2

stof 7]

[}

1 Note
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shte] B2 yol of
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il

& @, of wret o

(11.8)
(11.9)

B(m;, p(z;))
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ol o
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Y17} m;
/Bpmpi

S o

—

il

i=1,2,..

T g =2 AoH T

T
771’7

kel
=

) telA A

mp(a;) (1 —p(;)),

BO —"_ /613?11 + cee

zip
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z!p

4= (likelihood function) L

T
=

ko] BA7E A4

Var(y;|z;)

A=)

Ly
[e)

9(p;) = 9(Ely;|x;])
E(yz|$z> = mip(xi)a
s Yn) S 7H

A2 S99 BEE (41,55,
23 ofefsf 2ol Fol Ao

Example 11.1 (]
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99 RAVEEGGOIN B 4 G50l FREAT 4T 2
al

%y, 9 BOE ehfol R @47t 2 Aol n]
oA Fs RSN PolA AATSE 718G QAT @

1 Note

Nelder and Wedderburn (1972) oA 12 4=(link function) 2] 7@ o] AA|S o o}-&u} e zHQ] W=k
(working variate) z, & ©]-&oto] APLFS Lotz ot et 2 HEF 2, = oh3 Zo] A

2 = 9(y;)
~ g(p;) + 9, (1) (Vi — 1)
= xiB + 9, (1) (W — 147)
~ B+,

99 AelA] g, & DATS g S B FLolth 919] Aol L2 Alo] Tl gho] F|Thgle] 0 o] B

olelat FPgstel A Al W 2, B WIS WA R B3 BAY0] 4as sl Reks 715 A2 (vighted
linear regression) = FAAFH o2 A3tstal A4=9] O] =Rl tq177]-;<] HEE A 0 2 Sgfislisls AlAL
WS AT olelT H-S WEAEH A HF
e med,

(Searle and McCulloch 2001 9] 136 & &%)
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11.3. 2|tfots=xH

olA 3|PA BE HN7FsEF4 ¥ (Maximum Likelihood Estimation) ©2 F3517] 95l 2 175 =g
11.7 & 3AAS ¥E = n]Ee 7ot B AE eshat

oe,

% =0 (11.1D
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o,
"=
_y [t ".8@%(9@*)}
- & La(y) ] _yl B B
L& 1] aa_aeiab(ei)]
_; La(uy)) Y798~ 9B 06,
—~[ 1 7796,
- —~ la(y;)| LOB <yi_ui)]
_ ~[ 1 |[0n 0 99, .
a =1 _a(wi>_ _aﬁ 8771‘ 6;Li (yl MZ):| (11.13)
N ] , (v — 1)
=2 [atu). [xlvwmm]

=, [l'i’wigu(,ui)(yi - /%)]

~
Il
—

2?11 xilwi%(,ui)(?/i = 14)
Zizl xiQwigu(Mi)<yi — 14;)

Z?:l xz’pwigu(ui)(yi — ;)

A7|A 7V A w; € ta Aottt 7HSA w, & ol ARt 2F W] £4te] 4ot TSttt 11.10 =

GEL R

11.3.2. 7HsE 9Ale] S&: 5w Y
91 B4 11.11 ol m]E-2] A 2] (chain rule)& 2-85tH thgt 22 A4S de=th
¢ b o
L ke L (11.14)

9B~ 9B ou 06

S4] A, p, 6% HTF ol n 9] S A4 o] Tl Mo,

Uit 1251 0,
n= T2 , M= /j:Q y 0= 9:2
U Fon, 0,
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ol 11.14 ol Yehd =gtp5a 242 ozt WA

on _ [5771 oy 0?7}
o8 Lop 9B T oB
dxt3 duhB arw]
o o T 0p
=[xy xy ... z,]
— Xt
919 Aol FF X n x p ASALolch, Et
o {8/11 Opy 6%]
on Long on T On
_[0g7 () 09 (n,) 891(772)}
L oy an an
B 1
9’ (py) [1) 0
O 9/(/142) O
1
L 0 0 70
_9;1(N1>
gp,l(/’t2>
i 95" (1)

o Lop op En
1
70, ?
N B O
L 0 0 U
o (py)
_ v (1)

opzjato 2 11.7 & o] 851H 2175
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Y =b'(8) Y1—t

a(gip(g ) a(éy)

Ya— Ya— 1

0L, _ | a6 | = | aés)
o0 : :

yn_b/<9n> Yn—Hn

a(é,) a(¢y)

o)A s EFAE AT HAA 1114 S ol A S B4 9E 9} BDG ol gafe] thA] A7 the} 2t

oL, o du oo ot

0= = —
op 0B dndudl
r_ 1 1 Y1—p
9u(p1) v(py) a(éy)
1 1 Yo2—Ho
= Xt 9, (11) o(pz) a(és)
1 1 Yn—Hn
L 9y (1) v(ty) a(éy)
r 1
g7 (k1)a(y)vluy)
I
_xt a3 )0(1iz) (11.15)
-1
L 97.a(b) (K )01t )
9, (111) Y1 — M
% 9;;(:“2) Y2 — H2
g,u(/‘j“n) Yn — Un
= X'WA(y — p)

910) Ao 7HEgE AR E W, AR vlEg iR A, B2 W y, B U e et Zo] 4o

ot

[0, p eI

W | _ PAmyEEA )
-51 9u (1)

A 0y _ 9, (112)
I O 9 (k)
_y1 251

y= ?J.2  op= le
Y i,
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11.4. 2|CfoHs3 40| AlAt

olA] 3 FAAIS BE HH7Hs =+ Maximum Likelihood Estimation) 22 7Fe A4S 11.15 & 0|4
ShH th it 22 A g4 oz ZAEH,

X'WAy = X'WAp (11.16)

Ao A2 dit oz SjAAS WY gof tiste] AFYAA ] ot B2 HAAFHY Zo] 7=

rE
1o
ol
o
i
gl
<
el
e
™
Hl
e
H1
1,
=]

1. AR 71 stel 4 AP mPlAE 11.16 o] HAAF
ARH oz 1a 4= it}

2. W2 AF A B a(g;) & B5wy, ol mEh RIshA] ¢hal A=)l A97t &8ttt = al;) = al(9)
ol A9 7Pk WA 11.13 B 11.15 oA AAY B a(¢,) S 12 1 HAHAS o},

2
O, Z 9 (w39, (1) (y; — )]

0Bt op

)

=3 5 et =]l = wig, ()]
[0 z( i z>

-3 e zf]
e, o(y; — 1

_ Jc; on; Ou; ¢

=2 |apWi )~ g5 0y, ]x
e

=27 | 55— ) — g, (0] } 7 leilgu (W)™ = wi
0

= 8; — K :|ZL‘ _le

- g(;(y Nz)} v — XWX

aeEe MAAR 1()E thawt o] Pojxirt.

82
1f)=—F [Bﬁ;gt]
_ [_Z [gﬁ< uz)} :cﬁ—kXtWX} (11.17)
=0+ XWX
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~
~
e

jay

ol AP R

oflh
ol

Ee= 1115 oA d2 12} =gt A Ae & o 8 vldsto] 71HigkS Fohd 11.17 o 5243t 2395 d=t

o = o [XWA(y — )
= {gpewart -+ {5 (w- w1} awx
_ {6‘2 [XtWA]} (y—p) — [gg] AWX
_ {;’ﬁ [XtWA]}( ) — [g’;g’q AWX
{5 wall - p - [xaawx

AR f= A5 E 34 11.16 & AH %OW 74] A Sl EH%‘—%PJ 785 A3 olf (explicit
solution) & 6= A o] &7 sttt wetA HEo] 3¢ A 1 =R

weighted least square; IWLS)-2 #-835}o] | tj7ts = :7—7@‘%]:% -5t
11.16 <] sfjet FLatt.

5 (iterative
b A

=
=
0
b =
-
ol
o
rr
:q:‘

2k WwF 2 O 24E2 11.10 9F o] thg o & FojXitt,
—1

var(z) = v(u)g (1) = w

S AAG ME| o] 271962 B, 2k Shak. el 21 W] 2713k 2y 5y 2 AN 1y S ol-§ o] ket 2ol
% 4 et

9(to) + 9, (o) (Y — o) = Mo + 9, (110) (Y — 1)

1 (Fisher scoring method) 2 ¢ Ht7bs e FA4 7
501&_&01 ;JJ;P otk 3|7 Al4 dlE o] 27]3k B0 02 At n] YR FAL AR otafe} o] A olatAt.

0%
A=—E [ n ]
805" | ,_s0
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0%¢
A-_E [ n }
9BIB | 5 s
N2 Ak Gl 7L o) Me] 2o FOo A thea} 2o ZxpA 0 2 ALE]= vhyo] m] 4 A58 uho|ct
ol ~ ~ ov
0 alg’g 30 A(Bl _/80) <~ A(ﬁl 50) 875’5—30

o] oMo A3 % WS o AEshd tha Zo] =2 4= et
A = ) = T2 0
& XWX (B — %) = X' WoAg(y — po)
& X'WoXB' = XWo[XB° + Ay — pp)]
& XWX = X Wylng + Doy — o))
& XWX = Xt W,z

A FEAL 25 = 19+, (ko) (Y— o) B 7FEH we & AHESH A2 7HE2| aAEHAA Y2 BEAdS g =
Aot wEtA] Hdi7be e AT ok 1A AFg] W oA ot BHEIS A AAT S

Yi = Bo + B121; + Bog; + .. By, t €, 1=1,2,00m

A7) @2} e, 2 A2 S0 Pfo] 00|31 it g2 ¢l APHEE mErhy /Pt e (o2 Lt
7Vt 7k BE o] BES vt 2ol 2 3t

;= E(y;lz;) = By + Bi21; + Boo; + -+ + By,

BEA y = (41,4, 9,)" O RVPEERSE tha7} 2ol tehd 4 gl
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n 1
lply) = C — - logo® — 252 (y; — Ni)Q

Hﬂ# 21y 12, 8 REAT AYIANLHNA 24 150 0] ol WA241 AHhof 2915
A4t p+ 12 BE @50 47} P23ke] 4 n 1t 2},

/”\L’L = BO + leli + ,é21'2i + -+ Bpxpi = @’L
o W A ARY ] 2T E o] Hehghs ket 2

l(ﬁ"y> = lregession<ﬁ’y)
1 <& N

_ n 2 2
—C—leoga —7221' 1(yi—ui)

n 9 1 & ~ 9
—0—5108"0 —722;1(%—%)

n 9 1

oAl 918 AF ARG ANA ASHE 2y, 2, ..., 2,5 LA Gh= 23} B AR AL

Yi = Bo; +e; or E(y;) = Py,

oleiTt X} BFL nAjY MM B nlY R4S 7P BPOoR 25
% (saturated mode ol 2t Fet, Eat BFelH B4 5y, o] HLAF FHF(EL A
23y, Ae 47 2% k.

mlnz 601 iBOi:yiv i:1727"'7n

Ao} BY Q| ojul= 27 A4S
Aol A AF3t vEe} o] n7fo] T
27155ttt

AP ARGolA BIRFL §), = y, ol ZAFSETS] oIz i(yly) 2 BAISH th-&3} 2,

FOE Y o /Mg E RYor wstugHct T Ry A7 5 gl
Satell disto] ®apo] £7F noEe 2 By st Gt Bao] 240

l(y‘y> - lsaturated (ﬂO ’y>

_ n 2 1 5 \2
—C—iloga —@;(Zyi—ﬁoi)

n 1 &

:C—ilogUZ—T‘Q } l(yi_yi)2
1=

:C—glogUQ—i-O
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ZERGS AAT 5 Uk A B4E W A 2 5golng e AT 4 G B FolA BEGE
st dZee g Erhe 2 ¢ 4 YrHEHAT ARl ntebd o ZH5 2 5 Ao A4
ARG o Zo] matno] AL dZeld] /he W 2L Byolety AT 4 Ytk wgwso] BEe
st dZe LS 27|24 e 4 ek, Zotuavt A48 ARYY 2S4S
Wl et X o] 2 I S EeT Arke 2 4 9T (why?) F 2I7PEE40] of 2ol 2 vlwst
chat ek,

et ZetR g 21 EE50 9 Aolvt Atk e AP ARG ] AAA
jolghet, 5E BAATRO] SHor AT 2ol F2 Bolo] ol AFAARE A5
2312 0] FPs Lol Fithe ofmlo]e.

oA mgo] o252
Aolol 25 Ft Fo

< Grlole SR 24 HAak(deviance) & Z3R P} 1123t 3] ALY o] 2 7SRt
Aolstet, whebA] BMAtE 2 8 Zo}

deviance = D(y; p) = 2 [l(yly) — l(p]y)] (11.18)

LR 7S WA theat go] ol et

Dly: i) = 2[(yly) — Uily)] = 5 SSE

oA olFREFNA v TSgkel thet ot ege sl Hatk

919 RGN LS FL o BPY :
M) B24 y, & olgotel 24T BP0 2A 2 HTHEL 9]

o]l&st AL o] 2 175550 Zhe thea} Zro] Fo] At}

l<y |y) = satuTated

_Zlog( )+Zyzlogp +Zm — ;) log(1 — p(x;))
—Zlog( )—i—ZyZlog——i—Zm —y,) log( 1——)
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—~
—~
ne,
r ju)
)

S
ofl
K
ofl

-

whabA ol ol Logto] 2 17Ms ekl A R AE S|4 2 17Ms ek 11.10 S Wil 28 FflA]
wz2-E Ao 5 At

D(y; ) =2 [U(yly) — Uply)]
- 2(1 .y

saturated regession)

=2 E yzlongrE m; —y;) log( 1_7 E y; log p(x E (m; —y;)log(1 —p(z;))
7
—y;/m;
—9 ] )log —2—¢
E Y log — E — ;) Ogl p(wi)]
_ m; —Y;
=2 g yllog )—l— E m; —yz)log—m - )}

i —mip(;
=2 Zyllogﬁ+2m—yl log yl

AN g; = m;p(z;) 22 A 2E SlFol|M 452 Sl5=2] ol tiet ASgholt

9o] ool A & 4 qlso] 2AAE STl A 2] WAk A B0l A W} A B SSE] oln| o4 5
glom AL 4% By dZo] Frhs AL & 4 k.

s 229 A7t S0 AW A7 n —p ) FFlAlEEEE WET. A7 pe o HAS HEH B
4%%3—”9} o] ‘-‘j‘v_— 4 WAHE W) wot F o] Hatol= AP E UEll= B4 o2 o] dE o] QAT o g7
11. i

18 oA S0l HAE A& X (scaled parameter) Ei= At
&3} H2}(scaled deviance) D*(y; p) 2t F-Ett.

H
i
o,
o
o)
¢}
=
v,
O
=
o]
90
=
)
=]
o
¢}
Z
©
m
&
N
)
nJlo
2

ATREAA AL 857} 24T 6 = o7 0|22 Amst WA BAATY D'(y: 4) = SSE 7} 59 oIl
A H|apet A st Waprt 2t

oA AP RGN AHdtE =3 2 7Hd AL s BA

H, : reduced model wvs. Hj :full model (11.20)

& Sol thaut 22 HIAH S A5 nefshA At

Hy:py=py=-=0,=0 wvs.H;: not Hy
reF 429 (reduced moldel) o tigt WAHE D, 21l otal 2 29 (full model) ol gt H =3t HAE D,
2kl St AT ol A9l B¢ & WA Ako] Dy — Dy 2 AR A= d Q) FHolAlE 2 EE THEH.
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A7 AFE d & 5 2P| FFAG] A% Aololth. oleldt £ M| Aolo] A2A EX s mu A
ol2o] ofste] SE 5 It

11.6. o|gtH4=0f CH3t 3| =

11.6.1. x> 22|AEl 3|72 ¥

919l BAE Sh2s] e U Shhe the st e @ mE Zote] MBE Al S WS 0,12
e Zel,

m:R —[0,1] and g(z) is monotone function.
wrebA ohgt 22 olFRSE HFEHSE ot =R 3AAE T lth
E(ylz) = m(By + f2) (11.21)
T2 2ol HEge = o2 42 224 g4 (logistic function)7F LT

_ exp(By + B17)
1 +exp(fBy + By7)

(11.22)

FHSHGTt Bl 2ol REE UE 1) 910 2AAY R4S AgotE F A4S 2A~E 3 Aol Fd.
_ _ eXp(BO + ,31$) _ . -1

Py =1lz) = exp(Bo 1 Boz) {1+ exp[—(By + B12)]} (11.23)

19 2AAE 54 thA ooz Hasid o 2e Al 94 5 ek
Ply=1lz) | _ p(z)
log L_P(y:lm] = logm =By + Bz (11.24)

11.24 oA vebd @2 g(p) = log[p/(1 — p)] & 2A &< (logit function)o]2til F2 5 o] ZAAE =9
AFZA 07} 1 Atelo] e Mk SES A4 AAZ Bgsts F5aA Ao 240 199} A5}
.
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w

1 21 11.5 o] Ao

]

AL EW
T =2

o}, ofef =g

i

(link function) 2}l

T O(z)=PZ<zx)E

St
=]

gl

o} 11.2 o Yepd 28

11.6.2. 2=H]|

77 2A A&
1A 2228 3728 11.23 of| A

)

& B

o]AZA o] EgelA 71e7] A

2~
s

Tou

o

5t

19

o
L

il

aFofof gt

3} gro] ot

tog

2= (odd)

5

Epold

fpol ot

S

A

A= gFo gHEol 1/3Y W] =+ 1/27F 5 o]

or

B0l 1/2¢€ f e=% 10] "t

3} o] ol

Loe

9 *H](odds ratio)

s

P17 py ol o

=E

el

=
nn

p1/(1—pq)
p2/(1—py)

odds ratio

olt}, T 7)o @ =2 v R A HWHE gFo|n] © ZH|7}

t A SRS 25 07 19] 34 7HA] = ©]

Q75

EALE A 11.24 =

exp(fy + B1)

Ply =1z =1)
1—Py=1z

)

exp(ﬁg)

Ply=1lz=0)
1—P(y=1lz=0)
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H 11.1.: Yoot v A Aghe] A
Hol >55(x=1 4Hol>55@=1) | &
CHD %€ (y=1) 21 22 43
CHD =& (=1 6 51 57
& 27 73 100

Aol Fol F A o5, F v =19 B2z =09 492 7 =9 ¥lE F5HH o3 gt

P](;L/(:l\ar‘:l))
1—P(y=1[z=1
m = eXP(51)
1—-P(y=1]z=0)
ol ThA] A
Ply=1lz=1) 8)) Py =1lz =0)
= ex
1-Ply=1z=1) - PVVT T ply=1z=0)

919] oA 2 uf )5S o7} 1 ) S 4w wg 85e] RE7} EMS 27k 09 B90) 229 exp(6))
M= Woke 21 & 4 ook mebd oxp(fy) WA QY ZAFOR B 4 gk, ok F TS

L= H7} exp(fy) & T A Aol 2IE Fstd v=1 22 ¥AE de

Ply=1lz=1)
1—Ply=1lz=1)

Ply=1lx=0)
1-Ply=1z=0)

/

log

Z oz ulo] 2agro] B 2A2E K GIH 7127] 6, 02 thehde,
AE Fotel o.zulet 2A2E 21719) 712719 PAES Y3Hs] HBA. 1008 0] ARES 554 o))
A}%( = D3t 554 PI2e] At @ = 0)9] THO2 LrglS ) 7 ol H w43 ATHCHD) 7 9k AR
Qe ARy = 0)9] 57} b Eel FolA et

ol >55x=1 ol<bs@=0 &
CHD 2 (y=1) 21 22 43
CHD %= (y =0) 6 51 57
3} 27 73 100

ol7] 4] wtolof tiet CHD 2] £=H|= th53} Zo] A4ber.

=8.11

Odds Ratio =

™)
0
I~
3
w
Y|y [ 20
H‘l\)‘@‘)—l
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0] & 770] AR E o] fato] mAA

[e) A
2I39e ¢ % gk

JE

3948 AFAE 3L oo} 2 SAAS 6, 9 FHIE 0 2ul

B, =log(8.11) = 2.094

yes <- c(21,22)

no <- c(6,51)

x <- ¢ (1,0)

ml <- glm(cbind(yes,no) ~ x,family=binomial())

summary (m1)

Call:

glm(formula = cbind(yes, no) ~ x, family = binomial())

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -0.8408 0.2551 -3.296 0.00098 *x*x
X 2.0935 0.5285 3.961 7.46e-05 *x*x
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for binomial family taken to be 1)
Null deviance: 1.8704e+01 on 1 degrees of freedom
Residual deviance: 1.4211e-14 on O degrees of freedom

AIC: 11.987

Number of Fisher Scoring iterations: 3

11.6.3. 22|AE 3|A 2H U o=

FOlR ANZWS 7, = (247, 2,0)" N AHALTE m, Q1 IFEEB(m,, p(e;)) S 22 m, ] A 5o
BB 957t y, o0 5y, o Bt BAS ohg 3t et

E(y;|x;) = m;p(z,), Var(y;|z;) = mp(z;)(1 —p(z;), i=12,..,n
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it

AL

o]

r <]
i)\
N
=
5

A ol Mz d5HF ¢ = ¥ o tiste] 459 g St Avd e 22

ERECEERRES
SEVREESRY
s i e
=)= ) A = = + — + 4o
T ) 1+ exp(ﬁo + le”l‘ 44 ﬁpx;)) { eXp[ (/30 lel ﬁpxp)]}

ok

2

o

=0l ch

ol

11.7. 44

11.7.1. Zo}& 3|2
B ¢ 7F ofH Ab o] Lojt 314 (count) 2t F2 EolFHEE &
e ruY
P =)= Sl = L y=012 (11.26)
o] qt FopF B A U2 Hh-g o] toto] of| SRS o o] J3Fof et I HEAS Zotd 3|4l ol2kal gt
Folg Bxol Wit px o] Agoln A=A ) = xlbeta @] M= A4o]7] iR 2345 A
(link function) 22 o]-85to] 37 4-& A>Tt
log E(y|x;) = log u(x;) = By + Bz, + - + B,1, (11.27)
F128 ZgdrdS AL = At Fy = (Y1, Yoy -5 U)'
St 2 7 Rt v AT

Al FobaE I o] 2 7 7= SHo 4
S A2 5ol Bwto] i, = p(x;)
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oA 2 7 A=l TEEAF y; ol Hedste Rl et &2 log p; 24 ol 2871 7128 2ddad=

Upehict,

Eod FAFRAL theat 2L B HH S5 4T gk,

o WHoFof oJ® Abo] dojut 3147t B 71| 7Ha3t =% shutetd (o y < M) Eop$E I E o]gE H o
TAHapproximation) 2 A2t 4= QItk. & nol A1 JFSE p7t ZOH o|FEEE= Hdol p=npdl

= . n /L
Eols 2o} vl 177] who] H5 e D4} ARE A s ek ol HAAE ol 4 rt.

o AbAS] dojit STt ol AIZEe] oo HlHotal thE AP Eo|¥ Zold RExE whErh T
Zoky Ex= F N AFdo] dojd o A|ZF 1HF o] 2]4=E 3 (exponential distribution)< T-ETHH
Z] 7

ol A7E A FE ol A Gk Fold RES mperh
o y7HAR S0l BFol ;9 Hold RES R F Y,y = BRO| Y, 41, A BolSEES w2t

l(yly) = Z[yz logy; — y; — log y;!]

=1

Eols FARAY 2l ETSo] 485 Dy 4) S DS 4 Uk,

D(y; ) = 2[l(yly) — l(ly)]

2 { [y, logy; — y; — logy,!] — > [y, log fi; — v, — logyi!]}

=1 i=1

2> [y;log(y;/it;) — (y; — fi;)]
i—1

Example 11.2 (ol 37]324). Galapagos FEo] 1= 30740] Aol 4] AHs 7R olo] 4] 45 whgws:
yESII 579 2|24 W4 oS5 She Eold 194 Agsteln Bt (2 ZHE Faraway (2016)).

library(faraway)

data(gala)

gala <- galal[,-2]

modp <- glm(Species ~ .,family=poisson, gala)

summary (modp)

Call:

glm(formula = Species ~ ., family = poisson, data = gala)
Coefficients:
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Estimate Std. Error z value Pr(>|z]|)
(Intercept) 3.155e+00 5.175e-02 60.963 < 2e-16 *x**

Area -5.799e-04 2.627e-05 -22.074 < 2e-16 **x*
Elevation 3.541e-03 8.741e-05 40.507 < 2e-16 *x*x*
Nearest 8.826e-03 1.821e-03 4.846 1.26e-06 **x*
Scruz -5.709e-03 6.256e-04 -9.126 < 2e-16 **x*
Adjacent -6.630e-04 2.933e-05 -22.608 < 2e-16 **x*
Signif. codes: 0O '*x*xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for poisson family taken to be 1)

Null deviance: 3510.73 on 29 degrees of freedom
Residual deviance: 716.85 on 24 degrees of freedom
AIC: 889.68

Number of Fisher Scoring iterations: 5

11.7.2. HE 2¥

ol® AbAo] dojd 314 (count) = Hto|ut A17HY] F7] (group size)ofl Q&S 4= Q. S S0 ZF =A< 1
LR e 71 A9 QI A7 of HlHsHA Het o]2jt R oldREE

=

A
T
QAR AP <] HH Shg o] Ul 2T Here] A7)/} AT Foldk TALE 57 BAE 5o

Aol 27100

t
log coun ' ey

group size
ol ThA] TSIl et LobE 97 o FHl = UEhl T that go] & 4 ek

log count = (1)(log group size ) + z'B

whabA] dFAY Sl =0 thet ot FAEAS AT uff JHo] A7) E Qtvhd I 217 WRghS 3] 4o Zgotod
Aokt 4= Qi 919 AofA & 4= Qo] 27|19 2O HEH L= IAATE AAZR 1 2 5= AYds 5 5 Ut
olg|gt HE @ Al (offset) o] 2HaL Shot

Example 11.3 (H]& 29). AlZ(cells)o] vt A2 2GS o H[AFAA (ca) & UEIHE S14of tholo
Hl-S 293 AT AL SHHETE YAFS 9] Y (doseamt) 2 H]-& (doserate) O]t} o] 7] 4 AL 2] 4=(cells)
E 2T Al (offset) M2 AFESIT (AR S4 = Faraway (2016)).
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data(dicentric)

round(xtabs(ca/cells ~ doseamt+doserate, dicentric),2)

doserate
doseamt 0.1 0.25 0.5 1 1.5 2 2.5 3 4
1 0.05 0.05 0.07 0.07 0.06 0.07 0.07 0.07 0.07
2.5 0.16 0.28 0.29 0.32 0.38 0.41 0.41 0.37 0.44
5 0.48 0.82 0.90 0.88 1.23 1.32 1.34 1.24 1.43

dicentric$dosef <- factor(dicentric$doseamt)
rmod <- glm(ca ~ offset(log(cells))+log(doserate)*dosef, family=poisson,dicentric)

summary (rmod)

Call:
glm(formula = ca ~ offset(log(cells)) + log(doserate) * dosef,

family = poisson, data = dicentric)

Coefficients:
Estimate Std. Error z value Pr(>|zl)

(Intercept) -2.74671 0.03426 -80.165 < 2e-16 **x*
log(doserate) 0.07178 0.03518  2.041 0.041299 *
dosef2.5 1.62542 0.04946 32.863 < 2e-16 **x*
dosefb 2.76109 0.04349 63.491 < 2e-16 *x*x
log(doserate) :dosef2.5 0.16122 0.04830  3.338 0.000844 *x*x*
log(doserate) :dosefb 0.19350 0.04243 4.561 5.1e-06 *xx*
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

(Dispersion parameter for poisson family taken to be 1)
Null deviance: 4753.00 on 26 degrees of freedom

Residual deviance: 21.75 on 21 degrees of freedom

AIC: 209.16

Number of Fisher Scoring iterations: 4

11.7.3. S0|g 2%

]E

B =

e

7o Aol A kIR L] A5 7ER] 9] ARl 2= wol% =X (negative bionomial)& THET 0| 3E
o A&

2 A
2Ro| 857} oS W v TARRE

]_/\
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P(z) = (z_l)pk(l—p)z_k, z=kk+1,.. (11.28)

9] B4 $HE Wol B4E A obefe} 2ol oot

1
=z—k, —
v=s P 1+«
yo EEELE O 2
y+k—1 oY
P(y) = _ =0,1,2,...

Wb o] Bakah BAke ohe it Zo] Fol At

E(y) =p=ka, Var(y)=ka+ka®=pu+pu?/k

n y;—1
(6%
I = 1 — klog(1 log(j + k) — log y;!
1 (?J og 1~ — klog( +a>+§ og(j + k) og%)

Ao A sl tie AmE AT W G0, zero) o] HIAGA & wo] Uehths 97 etk whef
S gleo] REE FobHH A 11.26 02 71g5HE (0] #&E BE2 A4 Yot

Aol 09] WA WEs} ugAHo R Be ARE
moby EnE Irjw Agsi 59 A

o

7<) k& (zero inflated data)2bal shH o] gt Zf= o
o] (bias) 7} AT 4= Q1= o] 71| 247} A 71Th,

>
1o
o
o

s
=2

HFAY Blpof] 0o] W2 o] uf$ theksith 0o] Wol BAstE tiEA S o]f-5 A AL
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10,
i)
(@]
)
i)
rlo
o
o

ZtaE BT 4 Qe 1Al »yL Jute] Zotd 1Y (zero inflated poission model; ZIP)
Z 0ol =4 &2 tha o] Yerd & 9l

=00 29 B8 W Yehd 0o] ¥4 2 S8} U8 &8 744 00] B2 = 28] ZFH(mixture)
o gt olA] WA BEolA ME g tehd 0o] BaE S5 7,2} 5

90] B yo| Wit AL FoRY et Lol Folc,

Var(y,) = (1 —m)p; + (1 — 7Ti>7ri,u?

. 47
o] ¥4 =g ol gt EZVEWJ%%}WMTOH o o}
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ol FollME 224 9l ol 2 A el Batt FE o2 A9 tiao] 71 zol Histe] gotbE Zloltt.

S p-2Hd #E (vector) T FHE (column vector) a = p7He] ¥4 ay,as, ...

a2 et FEIE 7H Aol

,a, E 8he] 9 (column)©f

a= (A1)

Aol n x p o FE A = v 2ol n7le] At p 7He] Foll Y4 a,;E thadt Zol wiAet FHE 7.

P
A= Qg1 Qg2 Aoy,
an1  Qn2 anp

B
. 5 9Y A% B : A 49 257} Zolof et
A C o1 s, Ao stz wEold 9E Ok g 2L 5o it A& AA Y 7

e
b
rr

A+B=C — c¢,=a;+b

ij i i
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o SOl A =2, A€ RS A 39

)\A:2[1 9 3]:[2 4 6]
10 2 92 0 4

>
i
I
n
i
o

a=|o| M
=2—lga

ap; Qg - Gy, | by
a a .. a b
Ap = |2 %22 2p 2
LOn1  Qna anp bp
Mot
1| b
¢
T b
2 2
= | ; where r! = [ail Qo - aip]
t
LT, bp
_rtb Zp a b
1 =1 "13"]
t p
_ r5b _ i1 ag;b;
¢ P
) ijl anjbj
<r;,b>
<1y,b >
|<r,,b>

AA < a,b > = a3 22 F #E 2 W4 (inner product)& 2Ju|gt},
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A.4.2. FHIE{o| MEH X!
LE

oAl WL vE o B AL A

a;; QA2 a1p by
a a a b
Ap— |21 22 2p 2
Ap1  Gp2 anp bp
b, a;
b a
_ 2 _ 25
=le; ¢y cp] ; where ¢; =
bp Ay
a1 5D Qy1p

An2

Al = P 9] ] (transpose) & UEPATE PF o] Ax]= Y4 0] Pt S vpLo]
a;; Q12 Qyp aj; Ao
Qg1 Qg2 ... Qgp t A1z Qg2
A= . - {aij}nxp - A= . .
An1 Qpo a’np a’lp a2p
=| 1 |
A.6. BHo| ZY
W 5§ A 9 B o] 341
AxB=AB

2 Aolstewl gt 2 27do] W E ofof g,

. WY A ©] o] A49 WY B o] W] A4t Zoto gt
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wetd F B FAL £AE HHRE o] A7 okE 4 gle,

o)A % WP A € R 9} B € Rk o] FA-L thgat 2o Hojgrt,

FD C £ m o] B3t ko] A= 13 FHoH(C e R™F) 7 4 ¢ ot 2ol A ojdrt,

ij &

Cij = Zailblkv i=1,2,....m;j=1,2,.... k
=1

HA Zhet oA 2 e 22 7 NS FE O w52 Al EAt

[o 1]:[<1><o>+ )1 (WD) +(
—1 2] 3O+ @) B)1)+ @)
=

—
[\]
|
—_
=
—_
_l’_
[\)
SN~—
—
[\]
S~—
IS
I
|
[\]
ot
IS

n
ok
i)
lo
e
0
rlo
o
o
i)
My
o
X
2
ok
+
%9,
o)

123 02 2 3
3 2 1 2 5
T 29 Fok £AS ulRA 2] A8 thE Po] Yok,

0 2 1 2 3 6 4 2
BA=|1 -1 =|1-2 0 2
3 21

B o] B wePEH o] Aysta erch,
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(A.2)

AB + BA
(AB)C = A(BC)
(A+ B)C = AC + BC

O Caution

—

W
il

—_—

Q

)

AR 10]3 Y

[e]
Le)
i

n- 741 WlE 2 A A

L
1

12, Sh9le e,

#ols

=
=

A o e,

€]

I — [61 62 eee
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St(trace) =

59

F o] 7} Y4 (diagonal element)

ol

[¢]
s O

1 (square matrix) ¢l 7%

=
=

%

ek

n

{a; ;)& n x

A=

iz gl o

.§_‘|-_

3.0] SIA (EAL) of] o

=
=

G

=
e

tr(A+ B) = tr(A) + tr(B)

O Caution

tr(AB) = tr(BA)

tr(KLA)

tr(AKL)

=tr (y'z) = y'z € R.

tr (zy")

tr (S71AS) = tr (ASS™1) = tr(A)

o|J

o tr(ad) =atr(A),a € R for A € R™*"

o« tr(I,)=n
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det(A) = |A| 2 E7]

[e)

=

32 2] (determinant)

S
(]

A9 F

=
ny
= o
$ @ =
& o X
_ <4 D
" mﬁ il
N N Urw
R - — I - =
3 B — [l N
or = oT < < <
Il ol < ™) =
— —
o o P I E 4o <
G — R R— n
[SE - [ = Il
- . X F = = I <
g5 s ®m 2 2 = =
P = M 3
= [ i £ |
il < E 3 ol 5 )
£ = SR 2 E =
U M g o o el vy
i} ER o 5 i
O|f 1o} o [~
o : b i m__
o) g N ~a ol o
Mzﬂ o o)) Ho ,_./u__._ mD_Iu
i B RT ) ;
° S & < & oy il
o TR of w5 < ilo
< N oo N il E
n < Mo = < ° I
faxy + A foxy
° w9 = < g W o
o] 0 aﬂm = < w
x s ® W T :
Cl =k o T 5 <

I

9 (orthogonal matrix)gtal FEt},
ITolr

=

=
p'p
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3

PPt =
S$PPt=1%<° PP
Pfl

F A
=

kel
=

EEBERES

2|

=
=

3

ol

2]
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tr(PAP") = tr(AP'P) = tr(A)

A.11. 2tz 3A

ohe

rlo

=254 (Woodbury formula) 3 o} 3-8 -F45o|ch,

(A+UCV) ' =A' — A WW(C ' +VA'U)' VA

(I+UCV) ' =I-UC'+VU) 'V

A luvtA—!

-1 _ A-1
(A4+uv') " =A T Tv'd 'u

(A.3)

b

— 11t
" a+nb

(I, +b1,1)"1 = 2 [I
a
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B.1. HE{S7te| Helot 2|0

jsim)
ftlo
o,
1o
ol
ol
Rl
2
S
AL

A2} 2175712 927} v HE o] 7Nd-& Lutslste] o7 fisiA M E1he] LAREA 7Y

HE = A Hobs2 FHIQ AL = F= UEX|RE o] 23t HlH & Hols2 3t A E F3t(real vector

space)°]2tal gttt = A1 9] WE = p-2d AW EH (real vector)2tal gt

225 E =2 A ol WlE] F7Habstract vector space)= oJH HgtolE Q4o tigt gslr] et AZatgo]
7 =)

o=l = 37 TRt

oA X E R & A4 AA Agtolat skAF ESER” 2 -2 AHE (real vector) 2] A gtolety sk}, Tk R™*P
= n x p-AY FE o FYetolztal shat,
HE-F7H(vector space) = o] A S of of33 T2 F /o] Aito] Fojd F7HS Tttt
. 0] Q4o gt B8] (addition, +) G14He] A ol=]of QI
+ :S+585—~8 (B.1)

2. dhto] Aot g Al o] Yio tigt AZ et (scalar product, -) G4to] A ojxlo] it

:R-S— S (B.2)

QoA Hat7] @ite] BoH o] Jltk= oJul= thEell o1 2lo] Ay Rtth= ofnjoltt.

o A3 S 7} Axto] skl 2T (closure).

s1+8,€8 Vsy,s5€8

o AgH 2] o] At} (Associativity).

<51+32>+S3231+<82+83> V51,82,53€S

L]
ol
<)

ol
o,
_°,

Zagttt (Neutral element).
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B. We2

=

ste=e+s=s de Vse S

o o] ZAStc} (Inverse element).

s+i=i1+s=0 i Vse S

AW O T FEU() £ 0 07 BAS G9() & —s & BAY

o w3 o] Yt (Commutativity).

S+ 8y =58y+5; Vs;,8€8

ERF oA 2ZEE Adtol FoH ] Atk ofulE thEoll Foi7l qH2lo] A-hTtte ofnjolr.

o AZbehg A4be] R 2lo] ARttt (Distributivity).

71(81 + Sg) =181 + 7389, (r] +79)Ss =718+ 138 Vsy,85 €S, Vry,ryinR

o A7EF QMY Yol At

r1(rys) = (ryry)s Vs €S, Vry,ryinR

o AZ¢eEE ALY 5ol ZA Sttt (Neutral element).

l-s=s VseS

5 wlg o] Fa}7] 7} Qo] |o] ek Ao] ohie} shpe] Aztatet shite] welo]

(-~ -

T+ HH o #3517] & W2 (inner product) & o]FCo= wrE oottt Eok F #E o] Aol F U5
gol=A] gette Aol frolstat. g 5ol WlH o] Al @14 (cross product) °]2hE o] 522 A ot

o] oo A= 2wt A4ut /\}%3} g F7h2 A E-F7Hreal vector space)Tt 1&g Ao}, ofx|qt

MESLE AT ohd HHE AV AU el AT £ SLEE A RS ol AL PSS
2l
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B. ¥WEZ

=

HE} g7l &3 HE v, vy, ... L, O AFATH(EE AP Z3 linear combination) o3 ZF W] o] AZEE

AN
i)
o
B
iy
rlo
ofl
a,
lo,
1>
o
1z
i
2
Q
v
@
3
1o,
o

¥ A% (linear combination)©]2tal ghrt:

TV + Uy + o+ T, 7,7y, ..., T, ER (B.3)
Definition B.1 (4E1o] He5)3 435%). WEg3te] 430 0E v, vy, ... v, 7} ACFRL 5}, wret
the Aol gheF = 091 n7he] At oy, zy, ..., z, ol HAATE DA nf e vy, v,, ... v, B

19 =9 (linearly independent) 21 g},

T + TV + 42,0, =0 =z =z,==x,=0 (B.4)
Tt 9E vy, vy, ... v, 7FAZEH] ofYH HAPFZ (linear dependent) 2t etct, WE vy, vy, ... v,
7FAARESCIHE BF 00] obd zy, 2, ..., ,, ©] XTI th5o] AH = Aot
Jx,,2q,...,2, € Rst. (1,29,....,2,) #0, v + 205+ +2,v,=0 (B.5)
|
A& Sof 23 2ol Foi7 3719] 3-24 HE 52 AP F&0lth
1 1 3
'Ul - 2 ) 'U2 - 0 3 '03 - 2 (B6)
3 1 )

SfLFsal kg3t 2ol B 0o] ofd 2Zete] JshA Ehe Aol Ak mhzelet. Z ME vy v, o 25 Fote]
v, ol B gt 2k,

ol Al 3} 2ol Fol7l 374] 321 WEE S AGETolc. 5 37 Wele] 4y 2o] 00] B 5 Y HEL
2ghebe B 09 79 gl gtk

1 1 3
v =12, vy= |0}, v3= |2 B.7)
3 1 4
olA] T3t 2ol Foi 479 324 WEEL AP FLoltt
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(B.8)

B. WEg

R™ oM n Al o

=
LR

B.8 eF Zo] 321 HE7} 47HQ1 79 e 2 gholl eAglo] 4

o (g N
T . o3
w° oy oy
Br o 3
o w
__0.._ 1_/r
H A -
) E)
) Nl —
o Y = °
~ o qr
~ <= Mo
H ol = o
. 1_,A10 i I
1D| E._ :.I Py ;o.._ n_AIL
e i <+ < B
® . T S 0w -
e o NooE ® oF o
1jo | ,Aluﬂ o)
NI W i Jm . M <
B -~ oy w° o =
o ~ e 5 | 5 o S
Ru o e m < g % S
%° < mo 5 Uy s &=
o T 7 R S =3 4
~ A o o) ~ ~ H‘._ Nluﬂ
7E 1~/r . J— 0 m ;OL ‘EE
mo =T 8 oS T ow P
n in i —_ 7
* L mED TR ST
A “_ﬂwo l \LIL/ .A_l —~ o 1_IL ﬂ_0| - <o —
oy I 5 T I PF ~ o
— o — =] x o my it —
MA G > m l & ol o B
x
= - BB a Iy X !
= T g5 3 B < B
< R — z Jp = E
i s X o S ko @@
o o|J = W o s o o
a W o8 mo Hr A S N
L = —~ o gr ™
> Lt n 0_1_ 1 e —_
=] 0 - eyl < ~
= o g on T o
@E ﬂ_Aﬂ = —,ﬁ W ,.:wlx_ < ZT
=0 M= X o =
o e L_L .—4 i) ey 0 —_—
- r T omo o —_ = NS En T
=.___._ A © o) ol = - ©
= ol " XX ™ Nt o ) :
i 3R M Iy <t T A
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. o W W . T or T i o
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9o o121 B A°] BSL Telste 3 HA Al = AR A ol Al WA POz ekt =, Am Sl
o] ) A4 2 o]m ol A= Sgiel do] Hrh 4ok At webd WY A 0] A4k 20]c,
o= B.7 o] Fol41 3 o] WElE A sk Ao A4k 30itt. 3740] QuE e} 3] AHESL mE

Ag=Holrh

3
2| — rank(A)=3
4

o[A B.8 o171 471 6] WE| = o] Foll PA o] Al 3oItt. st 4719 dHE 5 371 SHE Ad=
175 437 Qe AR FS0]7] Tjolch
1130
A=1(2 0 2 0 —  rank(A) =3
31 41
BEo] At P 7H—’F7P o o o] Al 4ol et B e T A2 gEG ZAU A A& Sl nxp
9] A%t min(n, p) & ZAL Het.
AeRYP  —  rank(A) < min(n,p)
ohe-2 AYo] Aol BeiE 72 Aol

. rank(A) = rank(A?)
. BF AT AYYDo| 1 A5t n ol AYo] ZAFTHA L BY),
. E3 o Uolr} A 7} FA oo A o hE 275} 5] (equivalance) ©]tt.
& A 9] ASo] Axp=olrt,
© A 9] PSo] Axp=Yolrt,
& A o A5} n o]t
& A ©] F@Ao] 0o] ohct,

B.5. MAdetnt 7|4

ofl

2

ot
o
ko
-
ko
rlo
o
2]

HEZV o WE vy v,,...,0, I A

W = span{vy,vy,...,v,,} = {rjvy + rovy + -+ 1,0, 7,79, ...,7,, € R}

S vy,0,, ..., 2 84 span)oleka 5H0] W o 447 T (generating set, spanning set) o|ek1t gk,

198



N

B. HEF

2 7] (basis) 2t

sh
HY

1\(1)4 /\(-)1 2]

¢}

<

—

oju

,b,} 7}V o] 71 Ak 5FA e

B — {bl’ ‘e

et

ald

- Veon

,_.__.0_.0

yCo } 7FATHH m = n ot}

== {Cl,

714 C

=
~

—VeolE

22 Aol dim(V) 2

714 2] A

Ke3
—

o HE-FZHV 9O 24 (dimension)

to] A== @81 (column space) C(A)

5

H A 9

3

nxp

o
an
oju
Ton
_A
oT
ifi]

—

i}
il
bl

)
o

<«
i)l

Az, x € RP}

C(A) = {yly =

o
an
el
ol

)

to] A48 == ¥3 2t (null space) N(A)

S

g A

Gl

nxp oy

{z|Az =0 for z € RP}

N(A)

dim[C(A)]

dimension of C'(A)

o rank(A)

o dim[C(A)] +dim[N(A)] =n
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B. ¥WEZ

N

T

¢

= 8H q, 7} a, 7} Aot 542b HE g, 7 22 B AAAAA HE g, 0 7HE 7k HE S
projal(aQ) 21 A5t o] 2 WE] g, WaFO 2 WE a, o] AHF (projection) o2ty B2},

o @7 & 4 k7 ME ay o AHQL BE o, B GLoBE o A4 7} YoIA
pT’Ojal ((12) = caq
o|Al AtY cay M HH a, 0] A d(c) & BZsHH a3 2t
2
d*(c) = |ay — cay|

= (ay — cay)'(ay — cay)

= ala, — 2cata, + c’ala,

lA Ja| & = a o] AolE LrEpAT.

pa)

d(a) = a| = Va'a

Zrolth. d2(¢)& ¢ o thote] mE 745E 274 Fon ofgf 2 B2
[e])]

0d?(c
83(; ¢ = —2ala, + 2cala; =0
o] FAA o2 HE 5 AL
t
_ a0y
ala,
b1t Zo] MEl g HFO & WH a, o AFY= UERE & Qo
o (ay) = 2%, (B.9)
ro = )
proje Qg afial 1

oAl 191 WEle] A oA Wel a, T AWK W §, & chev Lol 2 4 lrk

g, = ay — proj, (ay) = a, la,
a;a,
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B. #HEH

=

PVOJ ( az) =

O, — ‘)VD) m(q»z) O\}t %\
t
L— al ,a\_?' ﬂl Q[
~ altq\_l -~

I9 B.1.: HE] Q] ALY

= WE] q, 9}, o AL THeT} o] Bl 5 9tk

=
it
)
)
o]
i)
o
il
&
i)
N
N
o
o
4l
N,
=
1z
n)
il
2
il
4
30,
ul

q; = ay/ |a,|

4> =5/ |

B.9.

B

| 2S5t ALY

S| AATHE O] ghe Fohe HaAEH | 7IEe A AW EA

min(y — XB)'(y — XB)

ofl
)

9ol Xt B X O ANE z,,z,,..., 3, 2 0|71 HGZ 0|t
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B. WEg

=

XB =z, -z, |B= B3+ + 6,7,

C(X) = span{z,,...,z,} = {XB | B € RP}

webd AAAFYOR 3 FAAS WE| B w3 e y o X At A AT} HEE whEo] Fu.

QoA dd X(X'X) ' X' E 433 C(X) ] A9 (projection matrix) 2l FEc}, AtgPE o] Hol=
Appendix G oA 53T},

H=X(X'X)"'Xxt (B.10)

J

Cix)= X 9 gz ~ N -~

-ixplmagl TR
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oAl AZE X F = st F-+E Bl ZAt

.

H=X(X'X)"'X', H,=X,(X\X,)'X!

oAl 5 o] AGWY Ht H, & o 85te] w3t We] y 2 Alshel chat 2k,

y=Hy, y =Hy

7ol A5k HE yoty, = 7IstetE oz ofd BA O A7

o
A

BT FAOA A8 5 o] B9 3.13 73,14 2 A7te) B4 5 Aol

2= ™
= =2 O
84 X X, ol tEE 932 v 22 AV 41T

C(X,) C C(X)

wrebA = MO AF9E H ot Hy & A55te] 289 ot 22 BA7E A Heteh
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B. WEg

=

1t Cex) € COx)

Cex)
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O Caution
T42k5 T4 A9 (square matrix) ol AT HelHt,

EAQotgH4] (Characteristic polynomial)2 tF-23F Zro] A o Hth

A\ € R & A8 E (square matrix) A € R™*" of o5t

pa(A) :=det(A— \I)
=cot A+ A2+ o, (A4 (1),

(C.D

C.2.1. Ho|
b AR A o] YL o, ok A1 wEshe ) of wlE] g7h ZASHE A S WY A o 163 eigenvalue),

n o
z S PF A 9 759 (eigenvector) 2FL Stet (LAY definition 4.6)

Ax = )z (C.2)

. AHUEE §U517 et Z, 9 g 7 TR o T g E ot

A(cx) = cAz = c\x = \(cx)
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C.2.2. A4t

4719 B2 FAloltt

O
=]

o}

A ©] Tggtelet.

s

)

7Htt (nontrivial solution)

=

=

;Hx

ERERE
o 0 o]t}

qA]

o

3Y

5]

A\ 9

Gl

(C.3)

0

det(A — )

H A — A\ 9 rank7} n Bt} &t}

gl

Exercise C.1.

1 3

4 2

det(A — AI)

pa(N)

3—A

4— A
1

=(@=-NB=N)-2)1)

—(2=M)(5—2A)

ot

91o] g Aol A Aol of

A =28\, =5 °|tt

Si=Ry

[¢]

sfol 7

O]

che 3} 2ol LRAE Y ] C.2 o] 9

0
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)

2 Uy Fo
b3 A1The 919 MEE o7 19 Seu 2 v ek

S

ot
1o

=L

4 Hl e (unit vector) Q1 -G E

2/v/5
1/v5

|

3} o) GepulE R 78

e

of tigt afHlE

2

1:

A

o4

L5

0

1/v/2
—1/V2

.’L‘1:

=2 FE I (algebraic multiplicity) & &

L 452 ofnjgict

= Heh

S

S (multiple root) 2

514 T2 T (geometric multiplicity)

07]

o) A4-2 ofnjgiet.

o 11+ F7t(eigenspace)

o
A

Exercise C.2. 324

m._.mo

=A=1\A—2)

—1

-1 A=-2

det(M — A) =

=71l ® A7std

‘_u‘_.mo

s1o] 4] 32441
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det(\ — A)

= A2=NB =) =0 =2[(1)(0) = (1)(2 = )]

!
H
el
,_.._NO
Ho
o1
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S O O

22l

-1
—1

M —Azx=(I—-A)z=

Lo = T3

T, = —2x3,

14 FEEE 1olg ojnli

ik

14 2R 100,

5]

FELL 10|11 7]

A
&

1 ol 4

THIE N, =
TGE 7L AGEYQ 17]9] W2 o] FojA glrks ofmjo]t. o]

o

o
ol

Ho
TR
il

J
-

o
0
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—1
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0
-1 0
-1 0

— (I —A)z =
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Exercise C.3. 3244

mmo

= (A—1*(A—2)
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det(\ — A) =
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r,=x53=0

ZFHL L 10|t} o]

84

20]A¢t 7

TELEE

3]
]

A = 1ojs %

Fra2

A 3

(A — A)x

3:'2 - 5%3

T, = —2x3,
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1o]t}.
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T
Nfo
X
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Xy =2 015 o
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&
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™
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el A
7]
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Exercise C.4. o4 4@ el et n5at7 ngBDL ol fARLL 1ggt0] Adolm A=
chEn], A2 A@sts 4uEE A,

5 —1
det(A — \I) = det 22 5
~1 3-A
5 2 ) 21 7 3
—(5-2) —1=x-n+ = (a-7) (2-3)

webA WY A o B 42, = L3, = 3 o]v] ggets e p, p, = b2 Zo] 7 4 g

9] TgulE el et B AL FolA Pol7} 191 WM S ot gt 2o,

P§P2 =0

2

A T3 DHAEE PR YWY A 2 et SnA AR A & ohevt gol st @ 4

_{

oleh. WA F e S Qe sk 4F P S Jolsh 4F P AR Austs ez 1gugons
2w o]t

1
— PP'=PP=1
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Mg =Rl n2td o] MEEo] p7ff =
a17a2’ 7a‘p
o]5o] Yt== d¥tE O =l shAt
C = span{a,,a,, ...,a,}
={ 1@, + a5 + -+ cpa, | all possible real values of ¢;, ¢y, ..., ¢, }
o[A] -el= flek LRt A3t O W= A WE 2 2= S dot At ittt
4,,9,.--,9, whereqlq; =0, qlq;=1
183
C = span{q;,qs, ---,q,} = span{a;,a,, ... ,a,} (D.1)
o[Al of Ho| wlEf o] Atedof gt AME ARESt] thE 22 AuskE p /Mo HEHES SA o R THEo]
Bzt
61 =a,
4, = 8, — projy (as)
q; = ag projg, (as) projs, (as)
4, = a, —projg (a,) — projs (as) —projz (ay)
P
qp = a’p - Zproj& (ap)
k=1
Ao e WEHES AHEHzE TEE L2 MEHE ay,a,, ..., 0,0 BAYStE A EE TEE
At n HH qy,q,,...,9,5 W= 5 AT
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. W4 B.10 ol <5}l g,

Gram-Schmidt .02 GHE Wje|So] Hwobs AL ohgat o] ZuT 5
| AEehn Agetar BE 1< j<i— 1]

g, = Aag. o4 Aelel iol Yistel G, 4,4, , WES0
disted

k=1
t .
=g [a,z — projz (ai)} — Z q; projg. (a;)
1<k<i—1
k#j

>
[\
i
>
[\]
lo
4
[
)
N
o
)
=
jov}
i
w2
o
=
=)
&
ol
rE
o,
1,
=
S
ru
M
do
lo,
o
)
2
lo
Sk
117
[
)
N
o
i)
o
i)
s
rlo
>
ikt
o

projz (a)) = ——"q;, = — 34, = ({q;)q
99 [
1. p7iel 9El a,,a,, ..., a,° tate]
2. fori=1,2,....,p
© 4, =a;—(q1a,)¢; — —(g;_,a;)g;, (A

« ¢, =4,/ lg;]| C8+=D

22 Gram—Schmidt WH-S Agst T o[},
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o
o
ne
Io
M
:Oé

az

1]
=y

q1

a2 as

a ¢
as —(qf a2)q

; qz

Figure 5.3 Gram-Schmidt algorithm applied to two 2-vectors ay, az. Top.
The original vectors a1 and a2. The gray circle shows the points with norm
one. Middle left. The orthogonalization step in the first iteration vields
q1 = ai. Muiddle right. The normalization step in the first iteration scales
g1 to have norm one, which yields qi. Bottom leff. The orthogonalization
step in the second iteration subtracts a multiple of ¢; to yield the vector
G2, which is orthogonal to ¢1. Bottom right. The normalization step in the
second iteration scales g2 to have norm one, which vields g».

I+ D.1.: Gram-Schmidt ®H (£4 Introduction to Applied Linear Algebra by Boyd and Vanden-
berghe, 2019)

AYAY AS theat ol shARd Lk A2 U o] §o.2 tehil 242 LU Eafeka s}
A=LU
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T
odl,
e
1o
M
:oé

I8 D.2.: LU &3

o]213t LU Eall= i E Ao JA4ihS H-goto] A 7+ 5= Ut & 50 YoM 12igh 2 x 2 PP P4k
4 gsto] e ol S 002 WEW LU BalE 47 $52 4 ot

1 oo |1 2] |1 2

~3 1|13 4| |0 —2
whe} A

Ll e

D.0.3. QR &3

D.2 # D.2 o] #0140 Gram-Schmidt W< 92 WES a,,ay, ..., thote] T the3t ol ek 4
et

a, :61
=|@,[la:
a, =q, + projg, (as)
. abg, .
= 2+~t2~1 1

8y = G, + proj (as) + projs, (@)
. aklg, . akg, .
=q;+ %ql + %qz
.4, -9,

= (a3q,)q, + (a3q,)q, + ||63||q3

a, = (a;ql)ql + (3858, + - + (a;qp—l)qp—l + Hap”qp

Hu

S 29 42 WH @, & Gram-Schmidt YHo= o+ 12w ¢, q,,...,q, 4 B =&

% gle

lo JN

9]0)
24

—

e}

e

216



olA] Gram-Schmidt H oz et YA LHEH S q4,¢5,...,q, & BoFs2 FE2S Q =1L 5t 91914 a,
o] AuPFH| AP xF o FA a1

=
Bell7h ol e,

A=QR (D.3)

Q=l¢: 9> - q), QQ=1I

-HalH a’gql agql a';?ql_
0 H62|| atq, .. a;qQ
R=1]0 0 Ja,| - aba,
L0 0 0 i,

oA Gram—Schmidt FH QR 23S AA AAE Foto] FallE2t

obeel ol 4719 ¥E] 3747} St

(D.4)

|
—
—
~N Ot W o~

9ol ¥ a,,a,,as°l Wt Gram—Schmidt HH-& 28524},

1 i=1 94 |g,||= a,| = 20122 A e ¢, & TE

~1/2
1/2

~1/2
1/2

a,=4q,/ H‘le =

2. i = 2. oA FHA HuHE ¢, 5 THEA qla, = 40122

-1 —1/2 1

3 1/2 1
I, =a,— (¢ia = —4 =
qs 2 (‘h 2)d; 1 _1/2 1

3 1/2 1

a2l [ = 20lm2
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1/2
- 1/2
=0/l = |,
1/2
3. i =3uAOe 2 gla, =2, gla; = 8 O|EE
1 —1/2
3 1/2
i, =a, — (qia — (¢a = -
93 = a3 — (9183)0) — (4205)02 = | 1)
7 1/2
w3 || = 40122
~1/2
o~ —1/2
9=/ lasl = | |
1/2

whebA Gram-Schmidt WH 0 &2 ThE JFA v el = o2} 2}

—1/2 1/2

B 1/2 B 1/2
q, _1/2 q> = 1/2 q; =

1/2 1/2

oA Yol A F5F Gram-Schmidt HH .o

=
D.4 o)A Fol4 HMESS A= 71 4E Ao QRES|E TauA,

o] Al A et HuHEE Iz o]-8-5HH Q= w7 T

~1/2 1/2 —1/2
/2 1/2 —1/2
~1/2 1/2 1/2
/2 1/2 1/2
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D.

)
iy
1o
M
:oé

EGD.3 o Fol7 AL olgotd WY R ke

.
o
4
st
4>
30,
%)

H61H aq, aig,
R=1|0 |g a%e,| =

0 0 [a

O O N
S N
= 00 N

D.0.4. SVD 25|

Ao2A Wo] FyaHo] opd H 9ol 78 4 gick. o|A]

AP oA A oS E At

AZFm x n dRbeiEo]etal 7FY5tal 11 Algs rol2kal 5hA} (r(A) = ). O|A] A= A uskE n-2F o] M-S0
A vy, vy, ...,0, 7 8 Austs m-2FA0 WE S0 Y uy,u,, ..., u, = 75
PA A°] Eo|gk(singular values) o, > 0o > ... > 0, > 07 9& EoHE (left singular vectors)
Uy, Uy, ... , U, 12|11 @ EZ EodlE (right singular vectors) vy, v, ..., v,, = e T2 4 EE W53t

A'Ul == Ulul, A’UQ = O-QUQ, A’UT == UT“T? A’UTJFI = 0, ceey A’U,n == 0 (D5)
nxndYPE Ve mxm ALY U € 242 A2 Aust= A H vy, v,,...,0, T ug,u,y,...,u, 22
T == Al Foletal shab

V= [vl Uy ’l)n], U= [ul Uy um]
D.5 of yehd AE D Ve U = Yot o3 o] 38 4 ot
AV =UX (D.6)
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D.0.4.2. SVD &3

olAl 8 V7 AuPFS o] &5t o2 &2 SVD £l (singular value decomposition; E0|Ft £35f) =
ol 4 QU
A=U X V! (D.7)
mxXn mXm MmXn nXxXn
919 D.7 & A5t tha3t 2ol A7t 19 FE wyol 5O AFxFo Pd AE vetd 4= Qo
A = oyu v} + ousvh + ..o u, vl (D.8)
EZD.6 ol A BollA 00] H= gh= A Qlst A r7le] @451 o]foj o gnt 244 SVD & 72
= Sl
04 0
AV, =UX,., Awv vy ... v]=[u uy ... u,] 72 (D.9)
0 o,
eI D.9 oM FoIF He FEV MU, FFPHo] ofy 1 A uPd e ofyeh, VIV, =1 & ULU, = I ]
AR AWE o R V VL £ I U, UL #IO
D.0.4.3. £0|Zt2} Eo|tlE{o] AHA
m xn PE A SVD w5 D.7 & F5 FH A'ASt AA' S th37} Zo] vehd &= Slrt
A'A = (VSUH(USV!) = VEISV! D10
AA! = (USVH(VSIUY) = USSIUY '
Al E o] AP L2 bt Zo] H A ofQIR} YH S o]-gote] 3t o E Ot Z22x23%4 A

ol A*ALt AAt = 5t H ol A qk A 2 2Flo] ti 2t} T3t ?@eq-ata-mat ¥ D.10 -2 HH F P Ho]
HEQAQ' O Ao R BofEs A & AUk F oS E2 AME G 5 A
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webA o3 e Wi o 2 Eo|7ty) EoldHlE & AL 4 ot 9o WS = EH ATAQL AATE RF
612 ka1 ATA O] 1 Gkt g ENto 2 SVD B E Jretks WhHo ok (FHeF 38 A7} 100000 x 5o]gHA
AA'= 100000 x 100000 ©]TH)

WA ALAS] TRUE vy, .0, & e L TR T PO WA TR,

AtA’ka)\k’Uk :U]%:vk:’ k;: 1,2,...,T (D].].)
o2 3o Ao’ yuy,...,u, & 73t

_ Av,
- 9

k=1,2,...,r (D.12)
O

Uy,

D.12 ol o33} 2ol u, 7t P AA o] TG E Y-S gHelE & Qlct,

2
AAty, = AA! (A”k> — A (“k"’“> = o7,

O

EZ D11 o4 vy = A AR Ee| B thgvt Zo] u, = A nade B 5 glet

t
ul;cul — (14?)[‘3> (14%) — M — 9 'Ut

1
Ok oy k0 Ok 0 ifk+#1
QoA gt r ] v, Sy @l n—rTm —r A AR At YA voluk 78 4 Qleh
D.0.4.4. SVD &3li9| 7|55+ 2|of

tFe-2 SVD Hle] 7]stat4 ofn)

fij

>~
r&"
d
i)
9,
Ko

Vv o1U;

1% D.3.: SVD Eajjo] 7|steA o]n
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vector differential: 1§ =v]&

partial derivative: Hu]&
o gradient: I UAE

o Jacobian: oF3H|QE, Z}5H|QL

E.2. HE| 0o H7|H

o|A| thHFE<= (multivariate function), f : R™ — R™ o] tgt u] &2 A 75| H A},

20
I R _ 3
.’II—[ ] G[RQ, y— y2 €|R
Lo
Ys

il

TEfsta thgut e GAE T e w7 FolHt o,

rlo

Y1 = o7 + Ty, Yo = exp(xy) +3z,, Y3 = sin(z;) + 73

910 PAE & BA f - R? - R® & YEEH

fi(x) x3 + 1y Y1
f@)=|folx)| = |exp(z;) + 325 | = |y2| =¥
f3(z) sin(z;) + x5 Y3

—— = (n xm) —matrix or (m X n)— matrix?
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E. 98 n2

olck Zhzko] Wu) k. gJ: E TFollof 5l o] = scalar U]RE 2 A Lo Xt
of, dfs Ofs
- — 2 _— = - =
1z, L1, B, exp(zy), B, cos(z) £
% -1 % =3 % = 32
O, ’ Oz, ’ Oy ?

olA oAl HrulEHES YE FHi= FsiEA: wWolEe POl AT o = 2 F2e AT A

9] 244 n 3} 2
£ 349 m 7 2t

2} Zo] Hu|E-S vj2|5h= el n) 2 7S B R E7]|H (denominator layout)©]2tal gt

o

af, oOf, Of.

v Of _of [@@@]_Faew@)mwn
B B - ofy Oofy Ofs| T 2
o2, Ovs Oz 1 3 323

f:R" = R 91 AS g g A7E 18 A E (gradient) 21 F2 0 th-S3} Zo| ®7]HT},

of
o,

of
v, f=L = |on

oF _ 0 0 0k
Ox ox’ O0x’  Ox

N2 E.L A 3T B4 BAS T e o Sy o PIVAZ 0

frzy

Oy, Oy  Oys
if — @ — Oxq oxq o0xq
ox Ox Oy, Qup Qv

Oz, Ozy Oxy
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E. ¥g o

g:R"—=R"™ f:R"—RP

7k ole o, £t g o] AT his thet 2ol HojHnt,
h(z)=f(g(x))=f-g
h:R"— R™+— RP
ol el FAT4-0] ml-L Thet o] AstEnt

Oh _0f-g 0Ogof
ox 0z  OxOg

E.3 of|A %—‘5 m X p Jacovian HE{o]1l

ofy  0fy .. Ofp
991 99, 99,
of oy  0f, ... 9
ZJ | 992 99, 99, — (m X p)
dg | : oo
afy  dfs ... Ofp
09m  Ogm 09,
% = n x m Jacovian HEo|tt
991 992 ... O9m
oz, oz, oz,
991 892 ... 99n
@ — | Oz, Oz, 0xq — (Tl % m)
oz : : :
991 992 ... 99nm
oz, oz, oz,

AT HIE AL 02 Ueh Y theat 2o,

oh _ Og Of
oxr 0Ox Og
nxp NXMyp 5 p
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E. ¥g o

E.4. & 9E 2o O|&

a'z =z'a = ayzy + ayry + -+ a,1,

b 2 olHAEES ok W 2o] Aits e 2r]d.
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dalz  Oz'a ay
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of'a 3ft
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A2 E5 oA g @t obd fE= vebd 4 et
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E. #g 02

of'g _ Of'a _of' _ of
or oz oz’ oz’ (E.6)

. g2 HES AL f 1 AR g 2 AP 18T E5 2 Agdth

Of'g _oa'g _dg'a _0g' _ 0g
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ol4] 919 F AT E.6 % ET S FHW th2t 22 HEA ANE 9L 4 ek
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SEE A (E.8)

E.5. 4lE| 0|29

o|o
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E.5.1. M3 ApAto| O] 2 AL
o|A| etof| A vj-& HlE] Q] u] 22 o] 85t &
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WA WP A i WA DL ol et 5
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A Ap AN a
A= A Ay Asy _ a
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of  9fy Ofum

dx, Oz, " Oz, Ay Ay o A
o 16) 14]
0Az _Of@) _ gt g e F| _ A An o Awe| _
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o 16) 4]
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F. Chsiz sEsS
F.1. guizen
AP SFEH X7 SEEESS f(r)E 7H= #2288 WEY 71t Z42 v 2ol Aol
E(X)= /xf(x)dac =pu, V(X)=EX-EX)?= /(x — ) f(zx)dx = o
AEL e Y7 EEHSs X o] Aoz BAETH (0t b= A)
Y=aX+b
71 71 gk (B ) T AR ohe T Zo] AP
E(Y)=FE(aX +b)
— [ (@ +0) @)z
= a/aﬁf(a:)dac +b
=aB(X)+b
=ap+b
V(Y)=Var(aX +b)
= ElaX +b— E(aX +b)]?
= Ela(X — p)]?
=a’E(X —p)?
= a%o?
B}
S7 2YRELEGS f(z) = f(o1, 7,

F.2. 38
SEuE X7} p A9 SRR S npertn

s,
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E(Y) = E(AX +)
— AE(X)+b
=Ap+b
V(Y)=Var(AX +b)
— E[AX +b— E(AX +b)][AX +b— E(AX + b))’
E[AX — Ap][AX — Ap]'
EAX — p)][AX —p))!
= AE[(X — p)(X — p)'|A!
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—1/2 _

(2m) /22|

A7IA p = 015/\/011092
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o;; =0« X, and X; are independent

F.4. B2AJET20| B3}

[

l

W5 7 = Bo] 0 o1 BAte] 191 REE up2e}

[

pAHd SHEHE X 7 ool p Y BEE 7Y 75kt g4 E B A 3E
(positive definite matrix)©]™ o} 72 PH o] B3)7} 755)ct.

¥ =CC!
o714 C & A& Pdoln A4 C~ 1 7t ATt 919t L2 A o] Bolle AHEY £ (spectral decomposi-
tion)& o]-gote] 7+ 4= Urh. 24T YL Te FAHA PEolE= 77 (eigen value) (Mg, Ay, ..., A,) 7F BF
Fool 1 A& -5 H (orthonormal eigen vector) @] & P& o]-g5lo] tf-23 -2 Ea|71 755ttt

¥ = PAP! = PAY/2A'Y/2p?

A7) A= TFA] (A, Ay, .., A,) B AR 7HAE Tzt Eole] A2 = 429 AlF-E g4 R 7HA]
£ iz Eoelt. metA C = PAl/ ? & ol ik 2 o] Eai7} 7hs stk A -4 (orthonormal

eigen vector) 2] P& P+ AnaPHo| B2

shgulE) X o thaw} 2L A

oflt
rE

r*°

pAHd

Z=CYX—p)=A""PP(X—p)

(]

SEHE Z = o] 0 o] F24te] I9l #iE et (why?).

S8 X7 RS G2rhd AN BB 25 AFRES BEc)
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F.5. oA

7 5

AN —4X+3=0

1
2—A

1

2—A

lo — M|

SH
=

Ap &2

t%zp:

(P1,Dp2)

ol

0

p1 —pe =1 and p; + py

o
T
70

<
oy
e

o

S-S

I
=¥

o4

H

0
1

3

A1/2

A-1/2Pt o]H

whebAq O
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ol e 49 87 n g o] 223 A A5 A EE AFE B} Bo] gl ol @Al Bxo] 4G

Qalr) =2'Az = ;T (@.1)

HAYLE = A oJokA] oot ATk o of o] tiste] o]xpg 4 9] gho]

ztAxz >0 forall zeR"

AE ¥4 (positive definite) 21l F2r},

gk o]t Al Q 4 (z) = 2! Az 7t G E7F obd RE WE gof thste] 0 ¥k AU ZobA

ztAx >0 forall zeR”

AE F3A] (positive semi-definite) 2Fal F-E},
|
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ol 4o e A1 ARWstol A Gk = WD A7} FEHRA Aol 1 9L Br} 3
B'AB 9F(3) A7) Bdolc.

ol

)
i

o 2] o] Exercise C.4 o4 Be%ol n 2 3P A of dhstel AuPe P7h ZAste] tha3t 22
2l hssiet,

P'AP = A = diag(\, Ay, .., \,) (G.2)

G.2 ] Balol A ), = AE A2] ngAo]s g Pol WA A& tjeat nuE p, 2 FAH] glr

P=[p p, .. p)]

§ Ak 252 A, S oh-gohs MG p, o) Folol ufeb Bt 22 nAfe A4S 28

o)
ol

g

ro =
ki Ho
10
Mo
:(njl'_l,
il
olN

4>

Ap, =\ \p;,, i=1,23...n

919] 428 FHA Bl a3 2L A4S Ao ol G.2 & Ju e,

AP =PA

G.2 & tA] AW 23 22 A EH B (spectral decomposition) & ¥=tt.

A=PAP' =) \pp! (G.3)
1=1

i
Kl
fru
4
iR
o
i)
ol
i)
>
2
4
=
=
Jo
©
=
)
i
A
I
=
rr
v
jlle}
1o
Jo
oo
s
n
1
o
r
I
>
N
12,
el

el
N,

AP ol G.2 & ol FohE b 2L o)A e RahE dE % o,
Q(x) = z'Az = z'PAP'z = y'Ay = ) " \y? (G.4)
=1
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919] Aol

y = Pz

s

g A 9] A4 (rank) ?

%

0°] obd TR 2] A%7H

p=
1

an
=
)
ujo
ar

4 (idenpotent matrix) 2kl FE2ct,

g

—
95

AA=A

A2

rank(A)

tr(A)

,.:4%0

9, projection matrix) 2kl FE2t},

golet.

g

ol whebA At

=]
=

0

kel

4 H

!

2241 BN A B.10 oA Ljeht

G.4.1. 0|} X

427t 19 ol A

[e]
—

EWS 2 o] BE FFEE N(0,1) & HEHH y = 22

g tolrt n A9 ot

oF g}

o

o

2427} el 7olA]

o
—1;_

2
n

v=a?+ai+ -+
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groF SHEWIS o7k N(j, 1) TR v = 22 & AGE7E 19 HIEA 7ol A8 B2, \2(\?) & gEdt. o)A
W54 FHol AR LY AFEE 10| HFARS A2 = 2 02 Fol Ak,
oAl O A2 EH 8 WS 1y, 1y, 2, 0 A7 N(py, 1) & GEDH v = 22 4 + 22 2 AFE7n

Z_I
X 2(N\?) & 2

)
ol HIFA BATE A2 = T 29l uEA] FholAlE

12 FEHS 27 N(0,1)S HETH v = 222 $A 7IolAF BE, 2 & 029 o= H|FA RS
A2 = 0o]tt. & HEFARE7E02 H|EA] 71o]AlE 23 (non-central chi square distribution)S 4] 71o]4]
a1 g
H 1=

+ H3E (central chi square distribution) 2kl Sttt T3 A Fto|A|lF EX = F41-2 Wil 71o]A| etal

%Oﬂ/\—} “t - (ula Koy .. 7:u’n)

ol | o] 2Hg A1 ¢] HEo] Thste] ol5iAt,

Theorem G.1 (C|x@A9] £ix), n-2t1e] SHEHE z7t N(p,0°1)E T2 o]2g 4] Q = z'Ax 9
e o Zrh

Q zArx @ Ul
V - ; - 0_2 =d — )\172 (G5)
919 AellA] & =, y & SEAS 2ot y7h SAT BB TRt 2L gt

G5 BE Ao ~HE™ o= A = PAP*©]

i)
>
rr
o
i)
S
lo,
[
Jo
ﬁ
AN
o2
)
>
lo
u)
=)
e
B>
o,
Ko

Cov(u) = Cov(P'z) = P'Cov(z)P = P! (c*I)P = o°1

ATV 11y, g, e 0y 242 0, SO) BFOR THS T 2ol BT,
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Mn,
%, G50 ui /o u3/o?, ... ud fo? e AR BRI A AR ot 1 o] L HIFA BTk nt /o2, 05 fo?, ... 3 [o?
Ql HISA FHolAlE-E2E ‘I}—EP
|

Theorem G.1 ©] G.5 oA YERE o]} 4| o] Bi= H|FA 7Ho|AlF £ E =
7V Wt Aok Aol

rr
>
K
J
o
o,
Je
(]
(g
3
il
lo

ol g Ale] Ru7} 0|34 7ol A F LEE et o] obd S F sl Gk, 1w o] 5] 0|29
o] BEs HIFA tolAlE HES

Vg 47 AT 5 e A9 G5 oA A, B gEE0] 0 B 18] A9k, ojeie A9k B
APt RSP F ok, AR b Ao ol Ale] LA 1 FA Aol AR LES w2t WaFH 27o]

Corollary G.1. n-2-92] &9 271 N(u,0%l)E WE20HE 0|39 4] Q = xlAx o] EXI} A-F7)r
ol Th-S 1t T2 H|FA B4 A28 7R E H|SA 7lolAl g RXE 2 I FH 212 AV H53Ho|

rank(A) = r {1 73g-olt},

pAp

a2 = B2

g
B ol Ap = 0 o] oG A 0] REE ARE 1ol (FA)AIAF BES T2,
|
G.4.4. O|xyAe| S

5 7] ol Alo] £YY 2L o)

o
)
i)
1o
.
n)

Theorem G.2 (0]zx}5g A9 =2), n-
t'Az 7 Q, = x'Bx 7} A2 % g ”é-&%—ﬁr %72 AB =0 °|t}.

238



G.4.5. O|x}&Alo| a10|

weF 3 e ol Q. Q. @ 7 A01A TSt T2 AL ek 5.

Q=z'Az=Q, +Q, =x'Axz +z'Ax

olefgt A9 = o AFA Q 3 Q, °] A7} oA F REE BE W Q, = Q — @, ©] FolAF BEE nmi
270] Zastt thg Aol 1 208 WY A, 7 FRRA A9k AL Tzt

Theorem G.3 (0|43 o)), n-2421o] SHE¥E & 7} N (u,02I) & G20k 314 Al o] o) 3444
Q=z'Az,Q, = z'Asz, Qy = &' Az 7} AT 3L Q = Q) + Q, A BAE 7HIThL 7HEEHA

HIOF Q /0% o] y2 (A2) S WEI Q, /o2 o] 2. (X2) & whn] A A, 7} g A Aol TS wEIT) £
Ol FA Q, T Q, = A Exolth, ol 4FA] Q, £ AFETbry = r—ry 01T HIFA B4TEAZ = A2\
Q1 HF Ao AFRES Hen

G.5. 23zko| Az

A oA 25 54t AlFFE 2o, = olxd A o] BolE AT of ZF Algds2 B35 of= A o]
o] =35ttt oo AAE ZIHS] A7 (Cochran’s Theorem)E & AEe EsiHS o 2+ AlF5<]
Bivt stol|AlEF B E I 272 Yot}

k
Tlr = E :z:tAj:z:
=1

Theorem G.4 (COCHRAN’S THEOREM) n-2o S E ¢ 7t N (p, 02I) & W20k op4t k 7)<
X]—oé/j' Qg = xtij7] = 17 27 .. = AH7]—O]'—T’— q"—']"" 71—1_ 7:"% 7]';1(11—;]'1 ’5‘]—1]—.

O] N3 = p'A,p 231 SHAL

7“1+7“2+~-'+7“k:n
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ruln
S.:
ol
Kl
2
)
ol
N,
)
Lo
)Y
St
=
ofo
o
o
i)
=o£
o
)
d
=
19
19
3
_>,L
(i
1o
k.':
(!
i)
o
8
N
N
2
i)

o 22 o?I)
E W2t 5t HJ 3o ;‘43]9} Zol AlEete] 2alE 1313]'1}. == Xﬂ ] H RE B2 AR A

o]} 4] Q1,Q27--->Qk§°]EE ol
=12,k o didte] olAFH Q;/0” 7 HIFEA APl AF BE 2 (A2) & ek,
A A, .. ,Ak 7} EPr H5 P Ho|t},
RE j# ko diste] A;A; =0 oIt}
ritrytt+r=n

U W =
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H. Z+z 22

O Caution

o] FollME wlE e} ~7zte] 78 FE8l0] BF BEAZ ARSI

H.1. Jtsc&et 1 HA

B [(y;0) & TR op. 25ueE ¢ o R AT S L(6;y) % 2 TR EES
i

L(0) = L(0;y) = f(y;0), £(0) = L(6;y) =log L(0;y)

2SS B 02 3 ¥ 0| &S Eokr(gradient) & 25 0194 (score function) s(6;y) = ofefj e} o]
TS

ottt Eot & ® ul2gt o A<t (hessian) o] S48 ¥E51] 4 H (observed Fisher information) J(6;y)
2kl A ofettt.

50) = 5(0:0) = 5500:y), TO) = T0:) = 1 0(6:y)

S1o] A]4] grof mawe 9o] 249lo] pebel s(6) p x 1 HME Ol J(6; ) p x pAHelc,

o,

e

EUISETSE Y T b a8 PHAS B

&l

E{Lfee(e y)] [geﬁ(g; y>]t} +E{§;£(9 y)} 0 (H.2)

H.1 ¢t H2 225 o3 &2 4o] =

0(0, y)} =0 (H.1)

g

Els(0;y)] =0, E[s(6;y)s'(0;y)] = E[J(6;y)]

o
oo
I
iy
rlo
ok
1>
e
N
9
)
i)
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Var[s(0;y)] = E[s(0;y)s'(0;y)] — {E[s(0; y)|E[s"(6; y)]}
= E[s(6;y)s"(6;y)] — 0
=-F 8892 log f(y; 9)]
= E[J(6;y)]
=1(0)

19 Aof| A Axojgha=o] BALS m] A H (Fisher information) ]2kl F2w [(9) 2 37|t

O Caution

T= 1) Mg H (observed Fisher information) J(6;y) = 249t SEHSFE Ao x| = & ol I K
(Fisher information) 1(0)+= TS0 H ] 7|gLo 2 R4qte] k=2 A to|4} g7} oy,

A A H & Tt 2ol AR uR e 3@ ofs FYF 4 k.

'L
X
ol
ox
>
o
[\]
rr
o
o)
1o
mi
_OJ
o\
o,
sk
4
30
i

%‘Q’\
|
~
=
=
&H
s
=
QU
<

;K(G;y)] +f(y;9)§0 [8803(9;@] } dy
0

) /_/H
=
<
>
~—~

— —
o))
>
=
2
<
[
H/_/
QU
<

—

gl

>
&H
s
=

2

(y;0) + L%J(@;y)] f(y; 9)} dy

oy

I
— T T o
—N— ——

—
D
|
~
—~
B
<
Pl
—
gl g
)
—
R
<
~—
(R
~+
—— -
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I

2. SEEE

=l

B Y1 Yas s Yp 7FEE fy;0) A FHH o2 dojHotd B0l diet 7Fe =4 L, (0) 2 t=3 2t

ES 2o et R Vs 4, (0) 2 v 2

£2(6) = 0,(0:) =108 L, (0) = log | | /(5:0) = > log f(w:0) = > e0iy) ()

o ojt 271 7HE RS £, (0) E IR

S
2y
AN
B
o
2
lo
St
>
[
-
o
+
»
S
=
rr
i)
mlo
=)
iy
)
oXl
lo
e
i)

n7le] i chgt BT AHE J, (0)9 DR I,(0) % 3 o) BB WS Ao} SAH et 2ol
CELLS

H.3. A 22X

SGEHS y7 o E2FEH o R EE TETH y o] 2= A4 (exponential family)ofl £9trharl gk
04 — t(y)*€(0) — b(H)
f(y;0,¢) = exp { a(0) + ey, ¢>)} (H.5)
THA] 22T
oo H)'E0) —b(h)
1Og f(y7 97 (;5) - a(qb) + C<y’ ¢)
Ag BEHS oA ty)! = [t (y), ... . t,(y)] £ k N FEFSAZFCRZ T4 HEfo| 1 k-2 HE £(0)! =
[£,(0),...,&,(0)] E 7128 B4 (canonical parameter) 2t F- 20}, T3t a(¢p) & A2AI YRS (scale parameter)
Sk 2] B S a(6) — a x w o FHL ehin] o714 wi BE J1EA% e ege Bk g
7NEF R E(0) vy & Bt p=E(y) ot 52T d-8AE 7
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H. Aot 23

£16 — b(0)

log f(y;6,¢) =

e H.6 —S— SESAFT HEE t 2 UL t-55h= 7129 E4E 02 EARE Aolvt. £t 74 S 2 AT
|
o

(t=0'(0))/a(9))
E(t) = b"(0)]/a(9)
p—0'(0)]/a(9)

E(t) = pu=1b'(0) (H.7)

E{a2(6)[t —b'(0)][t — b/ (0)]'} + E {—a""(6)b"(6)} = 0

utebA ¢ o] 24N o4 b(0) = w22 A -t

Var(t) = a($)b”(0) = a(¢)v(p) (H.8)
o] AA v(p) = b”(0) 2.2 Holstal BAFg:(variance function)2tal F-2c},
Ol A BAto] JOl2RE p, 6o thoto] oh2at &2 IA|7F o] il
o ob’(0) mian
O _ Oy g) = via) a9
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Y
o
i3

H. A%

Ege] AUA} Bkt ol Fol ek,

8078M_17 " -1 _ 1
5= ) et =viw (H.10)
H.3.2. z|$a 2X20] of|3|
Example H.1 (0|@2X). 5% S 7} o|FEE B(n, u) 2 FE2THA(A71H p = p AESE) 2 HL
= ohe vt 2

y=S/n 2I}EUEES

log f(y; 6, ¢) = log { (:?) p (1 — /U”_"y}
_ yloggty +_llog(1 — 1) ¢ log <n )
n ny
_y9—0b(0)

a(¢)
B E(y) = p = p, 2AYL B a(¢) S oh3 22 JA 7

+c(y, ®)

(H.11)

tA
_0|L
L
e

1A
rot

o= SO RO forOF _y
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afep
1—
Var(y) = a(op(u) = “0 1
Example H.2 (Eol423), SH89%5 y 7} old 21 poi(y) & th2cka ska). oi714 E(y) = u ot}
dreteE thad Znt

gEHs y o 288
—log(y")
A7} k.

log f(y;0,¢) = ylogu — p
w, 2AY B a(g) 2 oh2at 2

A t= WHgk y AAo] 1L
7125 B 09 Bt p, 2AY B a(¢) 2 e 22
0=logp, b(0)=p, a(¢)=1
W S FNRERS 00] Pe usksie golzaske BAEh EF 94 b(0) S 71EE B4R ey
g3} 2},
p=exp(f), b(0) = p=exp(d)
L F pl W b et 2 WA ot

WSl

whebA
T okat gEHa y o] 2

Var(y) =
SEHS y 7t AFEE N(p, o) E

Example H.3 (&%), dE¥Ty
ojnff REHE S 0 = (u,0?) o]t

= U= 2
1 1 )2
L 1 y? — 2y +
= —Zlog(27) — = logo? —
2 Og( 7T) 2 OgO' 202
_ ﬂ o 21:| . 1 2 LQ B ﬁ
= [yaz 252 [2 log o= + 952 5 log(2m)
=21 2k} 7|2y g4t o-eat 2t}
b (2 1> .
£(0) ((72’ 5o (4)
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H. 2

Y
o
i3

1A
rok

2 202

B0 o tiek HAdivte: 5

FA% (Maximum Likelihood Estimator;MLE) = 7hs
oz Ao,

oS AUz ste

Oriip = argmguan(G)

B A9 bk G452 Asehs g Tab] ol 9 0R b G40 21 84, 5 M ERSE A2
SHo glog Huben F 4% Fat,

éMLE — argmax £,(0)

o thet e WA ofatol

A4 A2 (Asymptotical properties)-& 7171t}
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I.1. Kullback-Leibler 3 &

Ao A 2T AIC &= F 712 H2of tigh A= & whekols AR 7|Ee oJsto] g ngiddo] Zroldt,
o|A AIC 7} o BA T 7)2] &axo| thgt Azjo|A] FE=x] doprat,

Definition I.1 (Kullback-Leibler X&), = 7§o] X F ¢} G 7} ot 71AsHL ZF Bxo) tist S EU
7t f 2 g 2 FolF o KL-FE (Kullback-Leibler information) = 5 7i¢] B F o} G 9] A&
a1k Zro] A oJst= A H 7|0l

I(g; f) = Eq [log{?(z;}]

(
9(y)
{ f(y) 9(w)d
_ / [log g(y) — log f(y)] 9(y)dy

CE

o

77t

rlo

T Bxo A yehfls KL-JRE thea 2
« I(g;f) =20

o TF I(g; f) = 0°1™ g(y) = f(y) ae.

Example 1.1 (7722 2] Ad). F 7] FHEE F = N(u,0?) &t G = N(§,7%) & 1&lstA}

BEGOAA (y —p)? o 71072 vt Zo] Folxjuz
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Egllog f(4)] = Bq |~ loa(2r0?) — (y — 12/ (20)
= 3 log(2m0?) — [ + (¢ — )]/ (20?)

AR O R R G oA FELESSG g o =10 tiet 7|Hig e o2 2ol & 4= Sl
1 2
Egllogg(y)] = — log(2n77) — 5
ollA et Algete] Z1digt= ol-8shd F 7o A2 F 9 G 9 KL-AE+= tha 2ol Fofxit

o2 42 PRY
105 = Egllogg()] — Egliog 1)) = 5 1o & + =HE=10 1}

HAy = {y;,Ys, -, Y, } 7HEEE (true distribution) G(y) or g(y) oA FHH o2 A2 S-EHI2A1 oA}

(]

OlAl F(y) or f(y) + ol A= thet R o2 AREsEIA} 5h= 22 o|H o] TH Y (candidate dis-
tribution) ]2t iy, GHtA O F FHsh= REXES Hopx2 XS T H B+ (family of candidate
distributions) o2+l st {f(y]0)|0 € O} g1l 7|}, oA DY BLE AAste R4E2 Hot
Lo 4 %t @07 BASH| & jirh

olA $H By &oh= oo B f(y) = f(y|) o FRE g(y) o) KL-HHE= th-ga} g},

(g f) = Egllog g(y)] — Eg[log f(y)]

9ol A ALl I(g; £) O] 0] A&4-% £& Aol ol MaAF TR BE f(y) 7t FHA g(y) of & AThs

O[A| A&l thet +H Z2E F(y) Bx f(y) 2Hal ot 211 7Hs ke 9] 7Idigte 2efsiak o] o 7|Hgh2
A2 EZA ALt Z]Hgteldt.

Egllog f(y)] = [ log f(y)g(y)dy (L.1)
AA AARE BAste A9 FEEE o 2~ o] o 271 /M5 §400] 7|tig .1 & Lol AL Bl
wheba] R Iof gigh 42 ofo] Hofjof oh=d FEE Goll et FAHS A=E o|doto] & & = HY
B 234 (emprical distribution)& ©o]-&3F 4= Qlct
BEE ARy ={y;, Y-, Yn} oto] A2 HEE Gof it AEHd 4 B2 = o= ot
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, 1.2)

—

1=

o7 Aaol A Pe ATRTE AFstel 21 71T g4e] 7]tz L1 o] thek 24eRe ot bt 2o,
E qllog f(y)] = / log f(y Z log f(y;) 1.3)
e,

9] & (the law of large numbers) ol &J5to] FZ2| 7i4= n o] AX|TF th0|

% Z log f(y;) =4 Egllog f(y)]
=1

wRo| g3t B4 E RYSS Robye U, BATY (f(40) € © C R} & 1
Y= (U, Yoy} B HE DL RIS EGSL 08T} 20| FojHT}

g(z) = f(y|6,) for some 0, € ©

0 =arg max 0(0)

oA 6, < Theol FojH WA o] Tojeka At

9log f(y!6) _
[ sty = 0

o] Ao A th&3 Zo] =11 SHESTE BadE R u e g2 2509 (score function) u(f;y) o2t

ol 0
6:y) <€QM)

b g, & ohgol Foi7 WAl e] Zolck,
Ey[u(6;y)] =0
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I 2gAee] AR 7)E

qakoF JAFA Q1 274 (regularity conditions)©] TH5s6tH 21 242 AvE A& 4= Qltt.
o TP A 90(0) /00 = 0 -2 HE2 0 2 (with probability 1) A1) 8] § & 7pAct,
o AdFSEEYFOLE) § £ HTH o= g, of $E .

. AYPsEFATS YnAoR thev gL ATHES Ya

Vn(@ —0,) =, N(0,1(6,)) (.4)

19] AefA 1(0) = 1A E (Fisher information matrix) o]=tal F20 o33t Zro] A o] Hct,

10) = [ s el O0e L0,

QoA Hi7bs e o] et RE 442 HEE g(y) 7t 25A &5 B9 I {f(v|0)|0 € © C RP}
of &etehal 7R skl

g(x) = f(y18,)) for some 6

(y) 7 =7t Tefoln Gk B4 BEEY] WG SaUA b el Ta A PSR F 3%

9(x) # f(416) for all 8

oA HEE gly) 7F B E BB T SobA) gL S ety Ao,

o=t 7Hdstoll A= Hael ™.
o AYHSEEHFOMLE) § & 42802 4, o SHTh

. AW PsEFATe YnHoR thev gL ATHES Yan,

V(@ —85) =4 N(0,.J(8,)1(8,)] ' (8,))

9] A1olA] 1(8) o J(8) &= &7} o] A 2|5 aFolr.
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1(6) = /g<y) Olog f(y]0) 9log F(yl6) ,

00 00!
2
70) = [ gt =T 4,

FEY A wof AR EA BiH RO Yool £, Z g(y) = f(y16,) ©1F 1(8,) = J(B;) ©] FHkT 14

1.3. AIC

A Y = {y1, 02, -, yn} = HED g(y) AN Lol SHEZ0lAL ohat. B2 S8 220 Ao {f(y10)]6 <
0 C Rr}S 19 Bt n2l g9 = A5 E 24% 0 o oot ?@ ATl st

oA FHE BAR T HBRE [(y)0) o LI g(y) 7} Dbt Apol7t QA Blo] glon] o] AE KL
3B & ol gste] 7ot

I(g(2); f(2]8)) = Egllog g(2)] — Egllog f(218)] (I.5)

9] L5 ol A 71zt By() & BEE g(z) o] 223 22 o
=06y ) B2 yol g5 7|t By ()7 BAle] 1%

|

9191 15 ol F0171 K-L AHoIA ko] /1Hhak Egllog g(2)] & QAL Fo12 4ol B FEm} 42 L]
AeE et o K-L FuolA 59 /lhgte] 242 2R APEE Weshs F27 S=old,

Eglog f(2]8)] = / log f(2|0)g(2)dz (L.6)

2 99 1.6 ol Fol7l o] A1 245 AR xet A=V HoABr ¥ F2 229

Egllog f(218)] = / log f(2|0)dG (2 Zlog F(y:16) @7
A LT E AU A E 2O Ps R R4S n 02 U oot

oAl L7 0.2 Fol7l AR 1.6 5 FA a0 shzd] A 5 oFo] BE E2 y, y. .y, ] oI5 Poizl §9)
roltt. Wb £ BAS BE FRIE g(y) o4 Bl HE y, y,, ..y, © Lelslek Tt
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ko
oflh
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lo
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HN

Zlogf (v,16)

=1

=1 Egy) [Boslog £(210)]] (I.8)

WA= 91o] % Z1ehgte] @ol th7] whiel 1.7 of bt 242k 16 o BHEAero] ohtt. metd L7
a Uehd AR the st Zo] 2014l Hol (bias) & FalA HEE 4 et

b(G) = Egyy) [log f(yl8) — Eg(log f(210(y)))] (1.9)
1.9 o] Yepd Holof| thet 342 tf-23} Zo] 2hatk 4= it
o AAR FAoF SH ZRE By, [Egpllog £(200)]] 017 ol B y o4 3L o] &sto] Az
BHS 2 B o5Y wjo] Smoltt
o SIATF B E FAH T ZATH Eqy) >, log f(y;]0)/n] 2 EE y oA FHFE 085k thAl oA
2L N3 gLE oS5k Smelnt

o Wb £ SE Afololis Aol7h EAISIE EE A ] TAT B[S log f(y]0)] = A= Ty
d
. olHT ol §2 M ETSE et ZE 25" log f(y,10) & F4F WMol HAGFoloF 2ulE 22

gEeF 217} 1.9 off Yehd Hol b(G) & FHE 4 Avhd 27 22 Bz 22 Ry 3Ry o] K-L712]
Q =

IC(X;G) = —2(log-likelihood of the model — bias estimator)

=-2 Z log f(yl|é) + 2(bias estimator b(G))

i=1

2 oo AE T8 AR 19 o tehd Mol b(G) S & et ol £ AL Fo e goz
Urebitt,
b(G) = tr[1(60)7(B,) "] (1.10)
s1o] Aol A 1(0) 9 J(6) = tha7t 2ol Holg Folt
dlog f(y16) D1og (418
16) /g<y) ogaj;(yl ) Ogaf;fy )dy
9% 10g (418
70) =~ [ gty BT,

TheF HE Y g(z) o] that o] et B2 o] A9t {f(y]0)|0 € 6 C RP} o &Htrhd
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If g(y) (y|@,) for some 6,, then I1(0)=J(6)

o gl Z Ao A= 110 o F-0171 Ho|7} e} Zo] m4:0] 42 Lhehyiet,

et K-L AE7|E02 o9 FRygy Hrtee FAHoz dae Bxo] A2 5= AIC(Akaike
Information Criteria)+« &1} Zro] A o=},

AIC = —QZlogf(yi\é) +2p

i=1

¢F R 71F(BIC) B fpul22 AR 7]Z(SIC, SBC, SBIC)2 2351t 24 o] nddg A==
02 BIC7I Y& rdo] Ag =) o]l=8BEAHo 7 (AIC)} YHTH welo] gt
WA BIC & fkEohs IS Am R H wlo] 2|t FA Al tehhs 4ol thgh AR (prior distribution)
£ esfof

3 BE TS M = {my,..., my} Ol 2 B m € M & BRB Eote shte] RS e}

21 7Vs e 5eEtal sk okl AolA fy | 6,m) & 2 m oA Fof B o gk REg S g O

€(0) =log f(y | 6,m)

202 27 V5 E G40t AIRLE o] §3lo] @4 g 9 h B ThaTt o] HolstAt.

g(0) =p(0 | m)
. (L11)
h(9) = —4(6)

Ho]z]Qt Ao olstd wh-gHg yof tigh FHEXE (marginal distribution) p(y | m) & o3 Zo] Fof
=g

(1.12)
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This is an integral suitable for Laplace approximation which states that

o)A §lo ARe] st AEeA 2AE A8at gt Lo] Fof Ak,
5 p
™ —
/ exp[nh(6)]g(6)do = ( n) expnh (6)] (9 (6) [H (8) "% + O(1/) ) (1.13)
(C]

oF 92 (Hessian matrix) ©]tt.

CERER
6o = h(0) & Hhstshs gholn

HbeE FAWE BT gle.

H (8y) = 6, 1A AXYE h(0)%2] 64

B2 9jo] Ao A dehd 4, & At 242 4 otk

Ee Ae

6 = argmax ((6).
0

9ol Ao A 1.13 & 1.11 2F 112 o 285t v &5 &2 4 A+
5\ "
7r
ply | m) = ( n) Fly 1 0,m)p(0 | m)|H(6)]~'/>. (1.14)
L14 o 2325 st -2 b5 g2 AYE d=
—2logp(y | m) ~ —2£() + plogn — plog(27w) — 21og p(8 | m) + log |.J (0)] (I.15)
o4 Ao

FHo 717} AAH(n — o0) , 1.15 &) upx]ut 3742 gL

Ol BB M = {my, ..., my} A HH9] B2 oot 712 Rl thd AFRE p (m, | y) & A
He 7182 A SHET ol et ZARE FERE p (y | my) of v
Al 7]&0 2 BIC & Ao 4 .

) =—2log f(y | 0, m) + plogn.

BIC(m
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https://en.wikipedia.org/wiki/Laplace%27s_method
https://en.wikipedia.org/wiki/Hessian_matrix

J. R-4%: 337 28 33

ofe b= 724 and FFZ (2016) o A 3.30] U2 S} 714 =S o83 R Agdych
regbook 7|2 E F 1A A Ao|Ed] wet A& 4= gl&UTh

T 7HA = ow e WaEo] FFE F= A7 FUO FAt Aol Eofl= 7|2 082 AA ZpF, M, o],
AA, w71, A=, FEA T FE7F S2ket ok A& usedcarsw = {1 SR AR E A 2007 of
TR AR HER QR0 FPAE G o 7 Faate] digt 7H4, A4, ALY, w7, REVIFRE
ZAFSHTE oA 3.30] U2 F12 7HAZ RS o83 R Asdyth

o
)
Hl
rr
i)

(]
i3

N

(o]
e,
il
-
oX,
i)
2
30,
o

o price : 7FA (RH¢)

o year : A UND)2 A7 R o] A=AE Attt
o mileage ! A (km)

o cc: HZ|F (cc)

e automatic : M&7|EF. +5(0), A& (D).
M2 2tz e} M) 45 Lot w7t o] @A LA & o] Ql=R] A EA|T),

dim(usedcars)

[1] 30 5

head (usedcars)

price year mileage cc automatic
790 78 133462 1998
1380 39 33000 2000
270 109 120000 1800
1190 20 69727 1999
590 70 112000 2000

1
1
0
1
0
1120 58 39106 1998 1

D O W N -
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https://github.com/regbook/regbook

<«
=
{12
jil)d
of
ol
)
ko
ol
)
)

pairs(usedcars)

20 60 100 1800 1900 2000
prlce \IJI 1 11 w&% ;%I | | i E E
Eé ?@o e o
Om % S
g ] o L2 E 1L |
q o o @ 8
S 0, 9 | BB °
) e° 9% 9
gé%% o g&sg 0 mileage E@ E E Eo
o <aocﬁl o &0 ° e
o
N
: L2828 v o pe 0u)
S - o o o o) ce
§ ¢ T Ta) R an Q_QJD_@_D.ED_D M ®ﬁn OXTEN
automaticE ©
— O
i e e i o e i e T T T T T oS
400 1000 20000 120000 00 04 08
J.2. E3|9 2¥o| A¢t

= year(z,),

FAe] 2E 55 AT FHH RYE AGARA. WSHSE price(y)ol T 4

mileage(x,), cc(z;), automatic(z,) ]t}

price = 3, + [, year + B,mileage + B5cc + S automatic + €

Y; = Bo + P11 + BaTo; + BTy + By +¢€;

Z
Al

o 1m ©] A= fitoof] AAgtet

oy
ofll
filo
=

St

o

oA B2

fit0 <- lm(price ~ year + mileage + cc + automatic, usedcars)

AYAY X - theat go] 1¢ 4 k.

model .matrix(£it0)
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(Intercept) year mileage cc automatic

1 1 78 133462 1998 1
2 1 39 33000 2000 1
3 1 109 120000 1800 0
4 1 20 69727 1999 1
5 1 70 112000 2000 0
6 1 58 39106 1998 1
7 1 53 95935 1800 1
8 1 68 120000 1800 0
9 1 15 20215 1798 1
10 1 96 140000 1800 0
11 1 63 68924 1998 1
12 1 82 90000 2000 0
13 1 76 81279 1998 0
14 1 17 24070 1798 1
15 1 38 40000 2000 0
16 1 46 56887 1832 1
17 1 95 91216 1997 1
18 1 37 48680 1998 1
19 1 68 8000 2000 0
20 1 41 60634 1835 1
21 1 69 114131 1998 1
22 1 71 75000 1800 0
23 1 99 124417 1998 1
24 1 129 130000 1800 0
25 1 57 77559 1997 1
26 1 107 75216 1838 1
27 1 45 52000 2000 0
28 1 80 58000 2000 1
29 1 113 134500 1800 0
30 1 41 80000 2000 0

attr(,"assign")
[1] 01234

£10 o AP AE b3} o] F4 strg ol§ate] 2 5 ek,

str(£fit0)
List of 12
$ coefficients : Named num [1:5] 525.28696 -5.79964 -0.00226 0.38879 165.31263

..— attr(*, "names")= chr [1:5] "(Intercept)" "year" "mileage" "cc"
$ residuals : Named num [1:30] 76.98 212.69 -51.4 -4.01 -53.45 ...
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..— attr(*, "names")= chr [1:30] "1" m"2m n3" ugn

$ effects

: Named num [1:30] -4407 -1434 -369 -229 419 ...

..— attr(*, "names")= chr [1:30] "(Intercept)" "year" "mileage" "cc"

$ rank

: int 5

$ fitted.values: Named num [1:30] 713 1167 321 1194 643 ...
..— attr(x, "names")= chr [1:30] "i" n"2m n3m ugn

$ assign : int [1:5] 01 2 3 4
$ qr :List of 5
..$ qr : num [1:30, 1:5] -5.477 0.183 0.183 0.183 0.183 ...
..— attr(*, "dimnames")=List of 2

. '$ : Chr [1:30] Il1|| ||2ll "3" l|4ll
..$ : chr [1:5] "(Intercept)" "year" "mileage" "cc"

..— attr(x,

gqraux. num

"assign")= int [1:5] 0 1 2 3 4
[1:5] 1.18 1.18 1.08 1.03 1.26

©®© H H &H

pivot: int [1:5] 1 2 3 4 5
tol : num 1le-07

rank : int 5

..— attr(x, "class")= chr "qr"

$ df .residual : int 25
$ xlevels : Named list()
$ call : language lm(formula = price ~ year + mileage + cc + automatic, data = usedca
$ terms :Classes 'terms', 'formula' language price ~ year + mileage + cc + automatic
..— attr(x, "variables")= language list(price, year, mileage, cc, automatic)
..— attr(x, "factors")= int [1:5, 1:4] 01 0 0000100 ...
..— attr(x, "dimnames")=List of 2
..$ : chr [1:5] "price" "year" "mileage" "cc"
..$ : chr [1:4] "year" "mileage" "cc" "automatic"
..— attr(x, "term.labels")= chr [1:4] "year" "mileage" "cc" "automatic"
..— attr(*, "order")= int [1:4] 1 1 1 1
..— attr(x, "intercept")= int 1
..~ attr(*, "response")= int 1
..— attr(x, ".Environment")=<environment: R_GlobalEnv>
..— attr(*, "predvars")= language list(price, year, mileage, cc, automatic)
..— attr(*, "dataClasses")= Named chr [1:5] "numeric" "numeric" "numeric" "numeric"
..— attr(*, "names")= chr [1:5] "price" "year" "mileage" "cc"
$ model :'data.frame': 30 obs. of 5 variables:
..$ price : int [1:30] 790 1380 270 1190 590 1120 815 450 1290 420 ...
..$ year : int [1:30] 78 39 109 20 70 58 53 68 15 96 ...

..$ mileage
..$ cc

..$ automatic:

: int [1:30] 133462 33000 120000 69727 112000 39106 95935 120000 20215 140000 .
: int [1:30] 1998 2000 1800 1999 2000 1998 1800 1800 1798 1800 ...

int [1:30] 1101011010 ...

..— attr(*, "terms")=Classes 'terms', 'formula' language price ~ year + mileage + cc + auto
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..— attr(*, "variables")= language list(price, year, mileage, cc, automatic)
..— attr(x, "factors")= int [1:5, 1:4] 01 000 00100 ...
.— attr(*, "dimnames")=List of 2
.$ : chr [1:5]
.$ : chr [1:4]

Ilpricell llyearll llmileagell "CC"

"year" "mileage" "cc" "automatic"

..— attr(*, "term.labels")= chr [1:4] "year" "mileage" "cc" "automatic"
..— attr(*, "order")= int [1:4] 1 1 11
..— attr(*, "intercept")= int 1
..~ attr(x, "response")= int 1
..~ attr(*, ".Environment")=<environment: R_GlobalEnv>
..~ attr(*, "predvars")= language list(price, year, mileage, cc, automatic)
..— attr(x, "dataClasses")= Named chr [1:5] "numeric" "numeric" "numeric" "numeric"
.= attr(*, "names")= chr [1:5] "price" "year" "mileage" "cc"
- attr(x, "class")= chr "1m"
A& ol that Zol 2lAA9] ge 7 5 U
fitO$coefficients
(Intercept) year mileage cc automatic

525.286960604 -5.799637101 -0.002262844 0.388787346 165.312632517

&4 1m 0] AR £it0 2 class &5 AHESHA 1m 24| (object) 2t A& & = lo™ 1m ZAof A8 4

Qe T4E UYL nethods A4S ALgotH @

class(fit0)

[1]

n lmll

methods(class=class(fit0))

[1] addi addterm alias

[4] anova Anova avPlot

[7] avPlot3d Boot bootCase
[10] boxcox boxCox brief

[13] case.names ceresPlot coerce
[16] confidenceEllipse  confint Confint
[19] cooks.distance crPlot crPlot3d
[22] deltaMethod deviance dfbeta
[25] dfbetaPlots dfbetas dfbetasPlots
[28] dropl dropterm dummy . coef
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[31]
[34]
[37]
[40]
[43]
[46]
[49]
[52]
[565]
[58]
[61]
[641]
[67]
[70]
[73]
[76]
[79]
[82]
[85]
[88]
[91]

durbinWatsonTest
extractAIC
fortify
infIndexPlot
initialize
labels
linearHypothesis
logtrans
model.frame
nextBoot
ols_test_normality
powerTransform
press

qgqnorm
recover_data
residuals
rstudent
sigmaHat
spreadlLevelPlot
summary

VCcov

effects
family
hatvalues

influence

inverseResponsePlot

leveneTest
Imbeta
mcPlot

model .matrix
nobs
outlierTest
predict
print

qqPlot
residualPlot
rpredict

S

simulate
stdcoef
symbox

vif

s
ko
ofl

S|
A

ek

emm_basis
formula

hcem
influencePlot
kappa
leveragePlot
loglik

mmp

ncvTlest
ols_regress
plot
Predict
proj

qr
residualPlots
rstandard
show
slotsFromS3
sumary

variable.names

see '7methods' for accessing help and source code

1m Ao 283 4= = &= summary, anova, predict, plot 5°] St}

J.2.1. Ao 2E ZEAS

& summary = 72 | AA] FAUT M H « B, = 0 Hieh t-HA 2HE HolEr. ®

= oz,

summary (£1t0)

Call:

Im(formula = price ~ year + mileage + cc + automatic, data = usedcars)

Residuals:

Min 1Q Median 3Q Max
-177.35 -63.91 -0.99 70.34 212.69
Coefficients:

Estimate Std. Error t value Pr(>|tl)
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CEP R

(Intercept) 5.253e+02 3.998e+02 1.314 0.200823
year -5.800e+00 9.283e-01 -6.247 1.55e-06 **x*
mileage -2.263e-03 7.211e-04 -3.138 0.004324 x*x*
cc 3.888e-01 2.022e-01 1.923 0.065958 .
automatic 1.653e+02 3.986e+01 4.147 0.000339 **x*

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 101.1 on 25 degrees of freedom
Multiple R-squared: 0.9045, Adjusted R-squared: 0.8892
F-statistic: 59.21 on 4 and 25 DF, p-value: 2.184e-12

1o
1o,
i)
i
il
)
jllel
i)
My
Mo
sl
o
=
i)
o
2
ot
ftlo
12
4>
39
o

o Estimate ! 3|HAFS] =44

e Std. Error : 3|HAFS BEFLA}

e t value : t-#% SAZF

e Pr(>|tl) : p-value

e Multiple R-squared : A& A4 R?

o Adjusted R-squared : &HH ZAHA 5 Rgdj
o F-statistic: F-#A 5AF

o p-value : F-HA 9] p-value

e Residual standard error : 22}gte] EE WAt Uigt A% (VMSE = 0)
o degrees of freedom @ 72} Al EE2] AFk (n —p)

7t 31 Algeoll tig 95% A Z| 72 & confint® & 4 Qlot.

confint (£it0)

2.5 % 97.5 %
(Intercept) -2.981256e+02 1.348699e+03
year -7.711605e+00 -3.887669e+00
mileage -3.748021e-03 -7.776672e-04
cc -2.763072e-02 8.052054e-01

automatic 8.322275e+01 2.474025e+02

AA%0] 2730 0.3888 o] Hl7]Fo] 1cc Z7He uf 4L oF 0,47, =

2
i
ft
1A
o
rE
lo 4>
(¢}
(¢}
2
=
=
E

AR ce o Hiet S AA7E 0/ A YA = t-A78 SAG= 7L p-values 7+5HH Ho. t-HA

By 03888 _ .

T SE(B,) 02022
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)

p-#4< 0.0659852 °|th. & AF7Hd Hy : B, = 0 & 712 4= {ith

0= pvalue 2 o 8514 9L -4 BAFL o 85te] 5% o = 00594 AHL 4 )

2591 & o]-gstd 717+ to_975’25 = 2.059539 O1ER |ty] < tg 7505 O12E AF7HEE 712F

)

st
4 1x
)
)

qt(0.975, 25)

[1] 2.059539

3 AA S gt 95% A 77 (-2.763072e-02, 8.052054e-01) 2 02 Zgstal 9t

A BE AEws] o FAAE iR 5, BE AYAS] A7t 02 ARARA, Z AR chevt

Hy:p,=0,=p83=0,=0

t4= summary ©] A3to] A F-statistic®] g2 BH¥ F|, = 59.21 0|1 p-valuei= 2.184e-12 o[t} & 77}
o

a
72k 4 ek, 3, Holx shte] AYaSE wemsol] 9T Fokn AT 4 Urk.

ol

1w o

z

4,

Kl

2 p-value S AH85HA 9L P-4 BAZE o 851] G52 o = 0.05914 AHT 5 ek, 3, A7t
591 28 085 7120 Fy g5 4 o5 = 275871 O[BE Fy > Fy g5 4 05 OIBE FR7H8L 7]2kek 5 9lek,

[\

qf (0.95, 4, 25)

[1] 2.75871
1.2.2. o=zt
Aol ol 7k ghg sl gt ol &4t § = XBE T4 predict S o8t
predict(£it0)
1 2 3 4 5 6 7 8
713.0214 1167.3146 321.4025 1194.0114 643.4485 1042.5270 865.9501 559.1876
9 10 11 12 13 14 15 16
1256.9013 351.5409 946.0553 623.6355 677.3900 1236.5788 991.9617 1007.3483
17 18 19 20 21 22 23 24
709.6348 1142.6549 890.3836 1029.0340 808.9611 643.6167 611.6964 182.7813
25 26 27 28 29 30

960.9247 614.4275 924.2101 872.9584 265.3927 884.0490

S

Mz 2Zkzo] tiet A=53 E(y|r) 2 =3 2ol HlolH T e TEal 53t

Y
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nw <- data.frame(year=60, mileage=10000, cc=200, automatic=1)
nw

year mileage cc automatic

1 60 10000 200 1

predict(£fit0, newdata=nw, interval="confidence")

fit lwr upr

1 397.7504 -342.6272 1138.128

REEE T T EXACES L

3 Bl e el Zg) S thel o] AFTNE 73 5 ik, Fold A
A% EE g, B3 S |5 ghe thaTt 2ol 78 4 gk

Var(E(ylzy)) = Var(zl B) = %] (XTX) 'z
wakA 95% @7 o3 go] 7

T

el
-

A

—

E(ylzo) + to.grs.np\ Var(E(ylzy))

Mz BEgkel tiet d&52 vh=3 Zol 2

predict(fit0, newdata=nw, interval="prediction")

fit lwr upr
1 397.7504 -371.3501 1166.851

.  BeHA el thotel 2xgel
GaiFo] 95% A1F 7S thgwt 2ol 78 4 gtk

7} Al 27} vhSw Zeof| 1 K] ASES orobE 7] SlaA] Zbzte] gt Al et
A F T2 =2AH3H(sequential su

=

T 78 4 Ao 74 Aol o

St

um of squares) 7 B A&

o (partial sum of squares) & -2 4= it}
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TR AEAT

modell <- price ~ year + mileage + cc + automatic
model2 <- price ~ mileage + automatic + cc + year
fitl <- Im(modell, usedcars)
fit2 <- Im(model2, usedcars)

anova(fitl)

Analysis of Variance Table

Response: price

Df Sum Sq Mean Sq F value Pr (OF)

year 1 2056608 2056608 201.2036 1.841e-13 **x*
mileage 1 135864 135864 13.2919 0.0012228 **
cc 1 52409 52409 5.1273 0.0324794 =*

automatic 1 1756828 175828 17.2018 0.0003389 x*x*x
Residuals 25 255538 10222

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

anova(fit?2)

Analysis of Variance Table

Response: price

Df Sum Sq Mean Sq F value Pr(>F)
mileage 1 1637355 1637355 160.1870 2.274e-12 ***
automatic 1 341741 341741 33.4335 5.006e-06 x*x*x*
cc 1 42683 42683 4.1758 0.05168 .
year 1 398929 398929 39.0283 1.552e-06 ***
Residuals 25 255538 10222

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

shAR B AL F AT FAstet,

summary (fit1)
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Call:
Im(formula = modell, data = usedcars)
Residuals:

Min 1Q Median 3Q Max
-177.35 -63.91 -0.99 70.34 212.69
Coefficients:

Estimate Std. Error t value Pr(>lt|)

(Intercept) 5.253e+02 3.998e+02 1.314 0.200823
year -5.800e+00 9.283e-01 -6.247 1.55e-06 **x*
mileage -2.263e-03 7.211e-04 -3.138 0.004324 **
cc 3.888e-01 2.022e-01 1.923 0.065958 .
automatic 1.653e+02 3.986e+01 4.147 0.000339 *x**
Signif. codes: 0O 'sxx' 0.001 'sx' 0.01 'x' 0.05 '.' 0.1

Residual standard error: 101.1 on 25 degrees of freedom

Multiple R-squared: 0.9045,

F-statistic: 59.21 on 4 and 25 DF,

Adjusted R-squared:
p-value: 2.184e-12

summary (£it2)
Call:
Im(formula = model2, data = usedcars)
Residuals:

Min 1Q Median 3Q Max
-177.35 -63.91 -0.99 70.34 212.69
Coefficients:

Estimate Std. Error t value Pr(>lt|)

(Intercept) 5.253e+02 3.998e+02 1.314 0.200823
mileage -2.263e-03 7.211e-04 -3.138 0.004324 *x*
automatic 1.653e+02 3.986e+01 4.147 0.000339 *x**
cc 3.888e-01 2.022e-01 1.923 0.065958 .
year -5.800e+00 9.283e-01 -6.247 1.55e-06 *xx*
Signif. codes: O '*xxx' 0.001 '*x' 0.01 'x' 0.05 '.' 0.1
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Residual standard error: 101.1 on 25 degrees of freedom
Multiple R-squared: 0.9045, Adjusted R-squared: 0.8892
F-statistic: 59.21 on 4 and 25 DF, p-value: 2.184e-12

J.3.1.1. mAZs

RABEL Fold AWmsr} Asls RES th2 ¥ase R ARos Lo Bl AHsih
X -

o
717 car ol U= o=

Anova(fitl, type="III")

Anova Table (Type III tests)

Response: price
Sum Sq Df F value Pr (>F)
(Intercept) 17645 1 1.7262 0.2008228

year 398929 1 39.0283 1.552e-06 *x*x
mileage 100649 1 9.8467 0.0043244 *x
cc 37794 1 3.6975 0.0659577 .

automatic 1756828 1 17.2018 0.0003389 **x*

Residuals 255538 25

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Anova(fit2, type="III")

Anova Table (Type III tests)

Response: price
Sum Sq Df F value Pr (>F)
(Intercept) 17645 1 1.7262 0.2008228

mileage 100649 1 9.8467 0.0043244 *x
automatic 175828 1 17.2018 0.0003389 **x*
cc 37794 1 3.6975 0.0659577 .

year 398929 1 39.0283 1.552e-06 *x*x*

Residuals 255538 25

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
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HA, shute] SRS w73 (co)oll et A7 014 A si= AL

HO: 53:0

Hj71eko] 0¥ wie] 22 reducemodell = Aolstal, Hj7|2Fo] 0o] o}d wjo] R L fullmodel 2 A o3t}
& 2o 4iE &4 anova g ©|-§5to] Hlw gttt

fullmodel <- price ~ year + mileage + cc + automatic
reducemodell <- price ~ year + mileage + automatic
fitfull <- Im(fullmodel, data=usedcars)

fitreducel <- 1m(reducemodell, data=usedcars)

anova(fitreducel, fitfull)

Analysis of Variance Table

Model 1: price ~ year + mileage + automatic

Model 2: price ~ year + mileage + cc + automatic

Res.Df RSS Df Sum of Sq F Pr(GF)
1 26 293332
2 25 25656638 1 37794 3.6975 0.06596 .
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

= ngo] BAAF

]

2 ¥ deviance & ©]- 8 4= §low ot oh3 3 A

O

deviance(fitfull)

[1] 255538.1

deviance(fitreducel)

[1] 293331.9

st

webd 58 P-4 SARL et 2ol 7

% 9k,

(SSE(R)—SSE(F))/(dfr —dfr) _ (293331.9 — 255538.1) /(26 — 25) — 36975

o )
0 SSE(F)/(dfy) 255538.1/(2

5)
% @itk % vj7]eo] 0oleh
Iy <

F, ©] p-valuet= 0.06596 o|tt. & 94 o = 0.05°014 AFHES 714
THAE 1A & Qlek wEeF 714 9S ARSRITHR F g5 4 05 = 4.241699 0|22 Fy 951,25 12L& A7}
Ae 714 4 gl
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qf (0.95, 1, 25)

[1] 4.241699
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BE AP oRE Fhssle) B F-hA ol Ariet sttt

12 Y0 HAAFEL summary &5oll4 42+ Residual standard error ] AFo) AHHEE

SSE = %(n—p) = MSE(n —p)

oA T 7 ol4 o] o] tiote] H&E F-HAS sfEA AY¥S cc 9 automaticol thEt Al4=7t 0214]
Aol 2L,
Hy: B3=08,=0

reducemodel? <- price ~ year + mileage
fitreduce2 <- 1lm(reducemodel2, data=usedcars)

anova(fitreduce2, fitfull)

Analysis of Variance Table

Model 1: price ~ year + mileage

Model 2: price ~ year + mileage + cc + automatic

Res.Df RSS Df Sum of Sq F Pr (>F)
1 27 483775
2 25 255538 2 228237 11.165 0.0003429 *x*
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

ol 7] WA1E o] falo] SRAA S it WeH AAH 1A ok 1L xZo] AU §B T yHof 1S
531 727 ol &, Wb 4
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plot (fitfull, which=1)

Residuals
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-200

Residuals vs Fitted
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Fitted values
Im(fullmodel)
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o714 o] &3t 2= bug & AFA Y] SN AFA O e H S AEAMATE ATHE=R

y = By + Bitime + e

plot(y~time, regbook: :bug)
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K. R-A%: 99 29 A¢

bug2 <-regbook: :bug
bug2$logy <- log(bug2$y)
plot(logy~time, bug2)

(@]
— (@)
(@)
o _| o
EB ¥ ] 7 © o)
o Tl o
(40} (@]
_ (@]
0 (@]
[qV] @]
[ [ [ [ [ [ [
0 10 20 30 40 50 60

log(y) = By + Bitime + ¢
fitlog <- Im(logy~time, bug2)

plot(logy~time, bug2)
abline(fitlog)
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E(ylz) = Pt
bug2$pred <- exp(fitlog$fitted.values)
plot(y~time, bug2)
points(bug2$pred~bug2$time, col="red", pch=19)
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K.2. Box-Cox 3}

oA

14~ boxcox = 0|8

o}, 17] %] MASS 9] 3
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K.2.1. oj|x 4.10
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# plot histogram of foot by ggplot2

15, fill="skyblue", color="black")

histogram(binwidth

foot)) + geom

aflength %>% ggplot(aes(x
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foot

aflength)

plot(foot ~ forearm, data
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ex411 <- boxcox(lm(foot ~ forearm, data=aflength))
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K. R-AS: S99 29 At

e load : A|Hof 7}3t 5%

o amplitude :Sh5= 713 =

head (wool)

cycle length amplitude load

1 674 250 8 40
2 370 250 8 45
3 292 250 8 50
4 338 250 9 40
5 266 250 9 45
6 210 250 9 50

9SS cycle O S|IAEIRE HH @ EZ 07 Wajrt 71 X R A 2o} of$ ohE BoFS Hlr),

# plot histogram of foot by ggplot2
wool %>% ggplot(aes(x=cycle)) + geom_histogram(binwidth=200, fill="skyblue", color="black") +

6
4
c
>
o
o
2
0
0 1000 2000 3000
cycle
A2p 24 AnE B 227 08 SH o R 12 RS ¢F, Bt 7H ol TS EA] a2 & 4 St

woolfml <- Im(cycle~length + amplitude + load, data=wool)

summary (woolfm1)

Call:

Im(formula = cycle ~ length + amplitude + load, data = wool)
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K. R-A%: 99 29 A¢

Residuals:
Min 1Q Median 3Q Max
-644.5 -279.1 -150.2 199.5 1268.0

Coefficients:
Estimate Std. Error t value Pr(>lt])
(Intercept) 4521.370 1621.721 2.788 0.010454 x*

length 13.200 2.301 5.736 7.66e-06 *xx

amplitude  -535.833 115.057 -4.657 0.000109 **x*

load -62.167 23.011 -2.702 0.012734 *

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 488.1 on 23 degrees of freedom
Multiple R-squared: 0.7291, Adjusted R-squared: 0.6937
F-statistic: 20.63 on 3 and 23 DF, p-value: 1.028e-06

plot(woolfml, which=c(1,2))

Residuals vs Fitted
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Im(cycle ~ length + amplitude + load)
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a Q-Q Residuals
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Theoretical Quantiles
Im(cycle ~ length + amplitude + load)

oJA Box-Cox HeH& g3l B2},

boxcox (woolfml)

log-Likelihood

>

Ao AT A = 0°] 7H F2 Mg o= Yebgtt. ol 21 Hgho] 7P A st ejujo|tt. o]A] o] Mgk

A g B,

rlot

wool$logcycle <- log(wool$cycle)
woolfm2 <- Im(logcycle~length + amplitude + load, data=wool)

summary (woolfm?2)
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Call:
lm(formula = logcycle ~ length + amplitude + load, data = wool)

Residuals:
Min 1Q Median 3Q Max
-0.43592 -0.11250 0.00802 0.11635 0.26790

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 10.551813 0.616683 17.111 1.41e-14 *xx

length 0.016648 0.000875 19.025 1.43e-15 *x*x*
amplitude -0.630866  0.043752 -14.419 5.22e-13 *x*x
load -0.078524 0.008750 -8.974 5.66e-09 *x*x*
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.1856 on 23 degrees of freedom
Multiple R-squared: 0.9658, Adjusted R-squared: 0.9614
F-statistic: 216.8 on 3 and 23 DF, p-value: < 2.2e-16

plot(woolfm2, which=c(1,2))

Residuals vs Fitted
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Fitted values
Im(logcycle ~ length + amplitude + load)
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(XtX)Pl = \P1, (XtX>P2 = APy
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K. R-A%: 99 29 A¢

K.3.3. of|x 4.13
FAAF AAONA 7] HpE whEo] A o) S A AL EASHA A9t A HeE A= Ae
A

usedcars2 <- usedcars 7>}, mutate(ccmile = cc + mileage)
fitcolll <- lm(price ~ year + mileage + cc + automatic + ccmile, usedcars2)

summary (fitcolll)

Call:
Im(formula = price ~ year + mileage + cc + automatic + ccmile,

data = usedcars2)

Residuals:
Min 1Q Median 3Q Max
-177.35 -63.91 -0.99 70.34 212.69

Coefficients: (1 not defined because of singularities)
Estimate Std. Error t value Pr(>[tl|)
(Intercept) 5.253e+02 3.998e+02 1.314 0.200823

year -5.800e+00 9.283e-01 -6.247 1.55e-06 *xx*
mileage -2.263e-03 7.211e-04 -3.138 0.004324 x*x

cc 3.888e-01 2.022e-01 1.923 0.065958 .

automatic 1.653e+02 3.986e+01  4.147 0.000339 ***

ccmile NA NA NA NA

Signif. codes: 0O '*x*xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 101.1 on 25 degrees of freedom
Multiple R-squared: 0.9045, Adjusted R-squared: 0.8892
F-statistic: 59.21 on 4 and 25 DF, p-value: 2.184e-12

K.3.4. of# 4.14
A2 hald 19324 0] sshgst shal2lo] Wy A0 R AWES} 2L v washs defo] AMES] Y] 7]
HESo| HX)E G B oItk

o] glojH =9l th-33 F-2 = FAJE o] Qi
o vy AHE 1g3 WA= dF(cal)
o x1: AE19 FAL 14] (%)
o x2 1 A4E29 FA S u (%)
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K. R%:

o x3: 239 FA 9 44 (%)

o x4 /249 FA L 44 (%)
head (hald)

y x1 x2 x3 x4

1 78.5 7 26 6 60
2 74.3 1 29 15 b2
3 104.3 11 56 8 20
4 87.6 11 31 8 47
5 95.9 752 6 33
6 109.2 11 55 9 22
2E W47t 29 RS A A
hald.lm <- 1m(y~ ., data=hald)
summary (hald.1lm)
Call:
lm(formula = y ~ ., data = hald)
Residuals:

Min 1Q Median 3Q Max
-3.1750 -1.6709 0.2508 1.3783 3.9254
Coefficients:

Estimate Std. Error t value
(Intercept) 62.4054 70.0710 0.891
x1 1.5511 0.7448 2.083
x2 0.5102 0.7238 0.705
x3 0.1019 0.7547 0.135
x4 -0.1441 0.7091 -0.203
Signif. codes: 0 's*xx' 0.001 'xx' 0.01

ol 2 A

Pr(>|tl)

0.
0.0708 .
0.
0
0

V!

3991

5009

.8959
.8441

0.05 '.

' 0.1

Residual standard error: 2.446 on 8 degrees of freedom

Multiple R-squared: 0.9

F-statistic: 111.5 on 4 and 8 DF,

i

(¢

A

824,

JE o] Afrghe Al HAt

Adjusted R-squared:
p-value: 4.756e-07
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K. R-A%: 99 29 A¢

R <- cor(hald[2:5])
R

x1 x2 x3 x4
x1 1.0000000 0.2285795 -0.8241338 -0.2454451
x2 0.2285795 1.0000000 -0.1392424 -0.9729550
x3 -0.8241338 -0.1392424 1.0000000 0.0295370
x4 -0.2454451 -0.9729550 0.0295370 1.0000000

solve(R)

x1 x2 x3 x4
x1 38.49621 94.11969 41.88410 99.7858
x2 94.11969 254.42317 105.09139 267.5394
x3 41.88410 105.09139 46.86839 111.1451
x4 99.78580 267.53942 111.14509 282.5129

diag(solve(R))

x1 X2 x3 x4
38.49621 254.42317 46.86839 282.51286

eigenval <- eigen(R)$values

eigenval

[1] 2.235704035 1.576066070 0.186606149 0.001623746

sqrt (max(eigenval) /eigenval)

[1] 1.000000 1.191022 3.461339 37.106342

VIFE ol EAt,

car::vif(hald.lm)

x1 x2 x3 x4
38.49621 254.42317 46.86839 282.51286
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summary (regbook: : vif (hald.1lm))

VIF:
x1 x2 x3 x4
38.50 254.42 46.87 282.51

Variance Proportion:

Eigenvalues Cond.Index x1 x2 x3 x4
1 2.235704035 1.000000 0.002632084 0.0005589686 0.001481988 0.0004753347
2 1.576066070  1.191022 0.004269804 0.0004272931 0.004954638 0.0004572915
3 0.186606149  3.461339 0.063519491 0.0020822791 0.046495910 0.0007243995
4 0.001623746 37.106342 0.929578621 0.9969314592 0.947067464 0.9983429744

Ty 5 AleJokal 245 HAt,

hald.lm2 <- 1lm(y~ x1 + x3 + x4, data=hald)
summary (hald.1lm2)

Call:
Im(formula = y ~ x1 + x3 + x4, data = hald)

Residuals:
Min 1Q Median 3Q Max
-2.9323 -1.8090 0.4806 1.1398 3.7771

Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) 111.68441 4.56248 24.479 1.52e-09 **x*

x1 1.05185 0.22368 4.702 0.00112 *x

x3 -0.41004 0.19923 -2.058 0.06969 .

x4 -0.64280 0.04454 -14.431 1.58e-07 ***

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 2.377 on 9 degrees of freedom
Multiple R-squared: 0.9813, Adjusted R-squared: 0.975
F-statistic: 157.3 on 3 and 9 DF, p-value: 4.312e-08
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summary (regbook: : vif (hald.1lm2))

VIF:
x1 x3 x4
3.678 3.460 1.181

Variance Proportion:

Eigenvalues Cond.Index x1 x3 x4
1 1.8683737 1.000000 0.0720157120 0.07053018 0.02229687
2 0.9838532 1.378056 0.0002285765 0.02382939 0.79011946
3 0.1477731  3.555775 0.9277557115 0.90564042 0.18758367
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L. R-4&: &S00 chigt 2T

L.1. kA ofjx] 3.8

At usedcars °f thet 72k 24 (A 3.8, 4| 5.3) Y

WA A= usedcars oA Fol RE AYHPE ARSI SR P S Adsf FyTh

usedcars.lm <- Im(price ~ year + mileage + cc + automatic, usedcars)

summary (usedcars.lm)

Call:

lm(formula = price ~ year + mileage + cc + automatic, data = usedcars)

Residuals:
Min 1Q Median 3Q Max
-177.35 -63.91 -0.99 70.34 212.69

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 5.253e+02 .998e+02 1.314 0.200823
year -5.800e+00 9.283e-01 -6.247 1.55e-06 **x*
mileage -2.263e-03 7.211e-04 -3.138 0.004324 x*x*
2
3

w

cc 3.888e-01 .022e-01 1.923 0.065958 .
automatic 1.653e+02 .986e+01  4.147 0.000339 **x*

Signif. codes: O 'x*x' 0.001 '*x' 0.01 'x' 0.05 '.' 0.1 ' ' 1
Residual standard error: 101.1 on 25 degrees of freedom

Multiple R-squared: 0.9045, Adjusted R-squared: 0.8892
F-statistic: 59.21 on 4 and 25 DF, p-value: 2.184e-12

L.1.1. z0

R AE plot B8 o] g5te] 712 AATYE 1T 4 Gk
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e 13 Reidual vs Fitted &=
o 1%l Normal Q-Q + 27} AEZE T2
e 1% Scale-Location 2 &%k g,

2. A7 Q-Q(Quantile-Quantile)

. A7 Q-Q I mE WRpe] AL sk B gt
o AEo] ABH H4E upet ]2 wlojo} ol Ho]n, ol A7 At W AHgThe 2 Lhehiict,
. Fol7l Moz HE olge RN E ] YoldE Lehiltt,

3. 2A1Y-91A] (Scale-Location) = AXH =-9] %] (Spread-Location)

o AR} o] el Egt T E} GASHA, AAL-9A T A W2 AES BolFnE SRS
sk o) Abg-Ht.

o 2AL-9A TR L(EE AnAE9K) DM O] yES QAo EEIHE W Dzt o AR
e,

o AR A O AFLE BolFl A AR BAL ePgakehe U] g8 o, o] 87 BAHEEA
A CE EEPEEE

. WSl YFHOR SN |21 FE5H A qlolof SR 7Po] ARttty BekHct,

4. 2 of 2@zt (Residuals vs Leverage)

— x% A gk (leverage Values, h;;)
= B9 Ak (Standardized Residuals)

— 5314 Cook’s Distance

plot (usedcars.1lm)
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Im(price ~ year + mileage + cc + automatic)

ol

cheIt 2 F4E Fotol thoFd AT ANGS 7T 4 Uk

r

resid_inter <- rstandard(usedcars.lm) # internally studentized residual - L{EZF3} 2t}
resid_exter <- rstudent(usedcars.lm) # externally studentized residual - 2|EZFS| 2zt
hatval <- hatvalues(usedcars.lm) # leverage value - Z|Slgf

data.frame(resid_inter , resid_exter, hatval)

resid_inter resid_exter hatval
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L. R-ALE: IE3kel g At

1 0.859118727 0.854468915 0.21455013
2 2.223678962 2.432560486 0.10501551
3 -0.553417436 -0.545588388 0.15599165
4 -0.044084943 -0.043195925 0.18996253
5 -0.576180936 -0.568325835 0.15814304
6 0.816421059 0.810807796 0.11903880
7 -0.551399974 -0.543574935 0.16470220
8 -1.198080391 -1.209098031 0.18743332
9 0.378399054 0.371820157 0.25147525
10 0.745189938 0.738380670 0.17431785
11 -0.010873657 -0.010653990 0.07847932
12 1.537452127 1.583088042 0.11334881
13 -0.706665346 -0.699408397 0.11029244
14 1.286252868 1.304157036 0.23928783
15 0.305838319 0.300221293 0.17774944
16 -1.862061057 -1.965848316 0.11253640
17 -0.425962246 -0.418873889 0.15297508
18 -1.582023043 -1.634007936 0.08908012
19 -1.128902196 -1.135412108 0.37287989
20 0.746526192 0.739734875 0.11591279
21 -0.739861832 -0.732982630 0.15005336
22 -0.783820912 -0.777598695 0.13701582
23 0.529387292 0.521623446 0.18549015
24 1.320232140 1.341155689 0.22878139
25 -0.009531759 -0.009339195 0.07924745
26 0.414031097 0.407063963 0.27781733
27 0.813419294 0.807745473 0.15066704
28 -1.855054061 -1.957267375 0.14953912
29 0.158642701 0.155515766 0.17056129
30 -0.055408868 -0.054292716 0.18765466
L.1.3. gsd =

influence.measures 5 &0 FFH S oot A 7 5 8l

Mg Sat AT o=

e difft : DFFITS
e cook.d : Cook’s distance

e hat : leverage value
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# DFBETAS for each model variable, DFFITS, covariance ratios,

# Cook's distances and the diagonal elements of the hat matrix

# Cases which are influential with respect to any of these measures
# are marked with an asterisk.

influence.measures (usedcars.1lm)

Influence measures of

Im(formula = price ~ year + mileage + cc + automatic, data = usedcars)

dfb.1_ dfb.year dfb.milg dfb.cc dfb.atmt dffit cov.r cook.d

1 -0.20716 -0.108544 0.327125 0.17932 0.19256 0.44658 1.344 4.03e-02
2 -0.18773 0.033416 -0.347354 0.24746 0.23435 0.83326 0.455 1.16e-01
3 -0.10302 -0.086990 0.008925 0.10950 0.06372 -0.23455 1.366 1.13e-02
4 0.00469 0.016237 -0.011729 -0.00589 -0.00320 -0.02092 1.513 9.12e-05
5 0.11228 0.102465 -0.135083 -0.12498 0.13462 -0.24632 1.363 1.25e-02
6 -0.07885 0.136480 -0.181209 0.08714 0.11239 0.29805 1.216 1.80e-02
7 -0.14228 0.100579 -0.106201 0.14682 -0.10174 -0.24137 1.381 1.20e-02
8 -0.27687 0.308498 -0.320654 0.25704 0.24993 -0.58070 1.123 6.62e-02
9 0.15471 -0.066016 -0.054370 -0.13883 0.03146 0.21551 1.592 9.62e-03
10 0.13093 -0.056206 0.169173 -0.13765 -0.10220 0.33927 1.328 2.34e-02
11 0.00143 -0.000670 0.000312 -0.00142 -0.00166 -0.00311 1.331 2.01e-06
12 -0.27881 0.085189 -0.022194 0.31082 -0.33867 0.56603 0.842 6.04e-02
13 0.10909 -0.027792 0.028700 -0.12774 0.15983 -0.24625 1.246 1.24e-02
14 0.52930 -0.229975 -0.166587 -0.47750 0.11713 0.73144 1.145 1.04e-01
15 -0.02434 -0.037299 -0.032166 0.04432 -0.10023 0.13959 1.464 4.04e-03
16 -0.47183 0.092199 0.101866 0.45460 -0.29124 -0.70004 0.655 8.79e-02
17 0.08120 -0.112348 0.030779 -0.06848 -0.09956 -0.17801 1.396 6.55e-03
18 0.14607 0.138551 0.019412 -0.18052 -0.15882 -0.51098 0.795 4.90e-02
19 0.08767 -0.454297 0.733107 -0.15988 0.36621 -0.87551 1.505 1.52e-01
20 0.17302 -0.084980 0.007572 -0.16482 0.10281 0.26785 1.239 1.46e-02
21 0.14757 0.081228 -0.204480 -0.13332 -0.13993 -0.30798 1.292 1.93e-02
22 -0.21369 -0.011866 0.084126 0.19253 0.16353 -0.30984 1.255 1.95e-02
23 -0.12798 0.071546 0.083597 0.10512 0.13711 0.24893 1.423 1.28e-02
24 0.22299 0.430646 -0.103308 -0.26300 -0.09994 0.73047 1.108 1.03e-01
256 0.00129 0.000354 -0.000686 -0.00128 -0.00137 -0.00274 1.332 1.56e-06
26 0.06915 0.204983 -0.141142 -0.08585 0.12561 0.25248 1.641 1.32e-02
27 -0.08134 -0.093035 -0.048156 0.12751 -0.25004 0.34021 1.263 2.35e-02
28 0.28532 -0.571184 0.447521 -0.26551 -0.37866 -0.82073 0.688 1.21e-01
29 0.02625 0.019365 0.010861 -0.02922 -0.01619 0.07052 1.471 1.04e-03
30 0.00732 0.016726 -0.010214 -0.01018 0.01709 -0.02609 1.509 1.42e-04
hat inf
1 0.2146
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2 0.1050
3 0.1560
4 0.1900
5 0.1581
6 0.1190
7 0.1647
8 0.1874
9 0.2515
10 0.1743
11 0.0785
12 0.1133
13 0.1103
14 0.2393
15 0.1777
16 0.1125
17 0.1530
18 0.0891
19 0.3729
20 0.1159
21 0.1501
22 0.1370
23 0.1855
24 0.2288
25 0.0792
26 0.2778  *
27 0.1507
28 0.1495
29 0.1706
30 0.1877

1712 olsrr ©] ¥ ols_plot_cooksd_bar ¥} ols_plot_dffits & ©|-8&35to] 2+t Cook’s distance <}
DFFIT € AZ+eke o Qith

ols_plot_cooksd_bar(usedcars.lm)
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Cook's D Bar Plot
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head (MLB1)

hit85 hit86
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1 0.265 0.264
2 0.309 0.296
3 0.268 0.240
4 0.243 0.229
5 0.289 0.289
6 0.266 0.286

L.2.1. 3|72 A&

mlbl.1lm <- 1m(hit86 ~ hit85, data=MLB1)
summary (mlbl.1lm)

Call:
Im(formula = hit86 ~ hit85, data = MLB1)

Residuals:
Min 1Q Median 3Q Max
-0.11265 -0.01708 -0.00075 0.01887 0.05700

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 0.09470 0.02310 4.100 7.49e-05 **x*
hit85 0.63383 0.08622 7.351 2.47e-11 **x

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.02679 on 122 degrees of freedom
Multiple R-squared: 0.307, Adjusted R-squared: 0.3013
F-statistic: 54.04 on 1 and 122 DF, p-value: 2.471e-11

ggplot (MLB1, aes(x=hit85, y=hit86)) + geom_point() + labs(x = "19853 Eg", y = "1986 EI8") +

labs(title="1985E1} 19864 Et&2| &A") +
geom_line(aes(y=mlbl.1lm$fitted.values), color="blue")
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o
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o Zgko] E WS HT 1 12

mlbl.1lm <- 1m(hit86 ~ hit85, data=MLB1)
plot(mlbil.1m)

Residuals vs Fitted
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Standardized residuals
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Theoretical Quantiles
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L.2.3. 2kx}Q} 2|21zt B
olef] Ztape} A ZHS B oA 1S 1A mtelet At Ax|ehe AL sHelst 4= Qi)

resid_inter <- rstandard(mlbl.lm) # internal studentized residual
resid_exter <- rstudent(mlbl.lm) # external studentized residual
hatval <- hatvalues(mlbl.1lm) # leverage

resid_df <- data.frame(resid_inter , resid_exter, hatval)

resid_df

resid_inter
.05000699
.20604678
.92071669
. 74122875
0.41794462
0.85074812
.11752895
1.49950517
.47628862
1.22323441
.96655846
.15252304
.12220362
.94814587

© 0 N O O b W NN =

[ =
S W N, O
(=Y

resid_exter

.04980213
.20523630
.92013786
. 73985250

0.41652651
0.84977870

.11705291

1.50730174

.47477421

1.22575081

.96629590
. 15408980
.12340818
.94775033

O O O O O O O O O O o o o o

hatval

.008086100
.026823219
.008089609
.013757221
.013334552
.008066554
.021076586
.008822848
.022674209
.008655952
.016511088
.114892991
.011587908
.019727886
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15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

.65464742

0.94426865
0.29746497

.64880397

0.35993460
0.85838160

.52346010

1.54555587

.60818462
.84308211
.17556386
.21071097
.32339097
.24968479
. 78885907
.20995888

1.54555587

.40887179
.08987603
.20706156
.92405584
.61388664
.08032096
.36629192
.47981611
.68662786
.28365424
.89128320
.32339097

0.74859901
0.71830103

.66485460
. 79282669

1.63177579
0.17108078
0.65981706

.16526569
.08849917
.28750459
.14646855
.25801434
.25437758

.65310705

0.94384613
0.29635083

.64725708

0.35864690
0.85744961

.52189678

1.55450230

.60660721
.84207635
.17486494
.20988382
.32220100
.24872294
.805634673
.20913441

1.55450230

-0.
-0.

.40747191
-0.
1.
-0.
1.62469547
1.08106766
1.37121192
0.
0
0

08950989
20934748
92349840

47829711

.68513312
.282568253

89052689
32220100

0.74724285
0.71686860

.66332696
.80945914

1.54036942
0.17039863
0.65828292

-1

.16699260
.08813855
.28642092
.14587986
.261056391
-1.

25736066

O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O o o o o o o o o o o

L. R-A%5:

.056746543
.017044019
.014253231
.019043095
.031379027
.015865556
.028627834
.008269034
.010534910
.0156369379
.0568014551
.012441433
.012441433
.013281927
.009668354
.008187340
.008269034
.011587908
.008187340
.013334552
.016444430
.009194229
.012877634
.012393486
.0256854922
.009668354
.010571163
.016511088
.012441433
.014253231
.008195527
.008509772
.008195527
.017113016
.010571163
.014769957
.031490124
.013281927
.011631177
.009447831
.008089609
.030515312
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57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
44
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98

.50371052
. 73588754
.355697858
.45705663
.32779322
.33805577
.84844614

0.24777624
0.51479711
0.08012340

.43719987
.95954615
.31293093
.80156331

1.98105733

. 74550574
.25726760
.07337522
.68826166
.21977971
.22738844
.85364557
.36253805
.83049085
.97690284
.16870598
.48970050
.04451327
.30800228
.40245640

0.88119841
0.01518447

.15011541

1.90682355

.23854907
.25681260
.68633876
.90035488
.32117873
.64324327
.95470304
.58748696

.50216434
. 73449735
.35470091
.45556979
.32659089
.34244750
.84746568

0.24682078
0.51324069
0.07979645

.43574587
.956923199
.31687542

0.80038181
2.00544148
0.74414103

.25628058
.07307550
.68676971
.21892046
.22996533
.85269021
.36124383
.82942806
.97671857
.16803274
.48816941
.04490630
.30685670
.40106992

0.88038574
0.01512212

.14951273

1.92793919

.23762483
.59422430
.69933527
.89965120
.31999502
.65491152
.97789425
.58590363

O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O o o o o o o o o o o

L. R-A%5:

.010225342
.008655952
.008494569
.021076586
.013757221
.016444430
.021821186
.0156369379
.009218787
.008638411
.008086100
.008187340
.008126362
.032372217
.042377621
.015865556
.008638411
.017735660
.020352702
.008638411
.028523754
.016511088
.019649534
.017735660
.008067723
.013812185
.008067723
.008638411
.0156865556
.008509772
.011216193
.008988241
.008822848
.012877634
.009010460
.024271666
.014310534
.012025947
.010571163
.010534910
.019727886
.031379027

303



99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124

.42112866
.72921841
.08361786
.30660015
.45847196
.10252512
.42714716
.13685857
.86838606
.67127243
.57561180
.06483510
.70374907
.67499469
.70374907

1.47948910

.11903487

0.73105151
0.67662401

.91392269
.17440445
.46425912
.07146215
.26258954
.58988369
.56476539

.41970434
. 74361729
.08327684
.305645871
.45698295
.10350851
.43330075
.16906138
.88791915
.68379544
.57402789
.06542465
.70228584
.67348138
.70228584

1.48681148

.118565291

0.72964915
0.67511317

-0.
-0.
1.

resid_df %>% dplyr

92
106
71
97
90
107
47
29
100
93

.91330116
.17370986
.46276146
.07117016
26158508
58830072
57421623

::arrange (desc(abs(resid_inter))) %>’ head(10)

resid_inter resid_exter

-4.256813
2.136859
1.981057

.954703

1.906824

.868386

. 792827

. 788859

.729218

1.686339

-4.594224
2.169061
2.005441

.977894

1.927939

.887919

.809459

.805347

. 743617

1.699335

O O O O O O O O O O O O O O O O O O O o o o o o o o

O O O O O O O o o o

L.

.008269034
.010903785
.023372533
.009968065
.008802968
.008988241
.012827348
.008822848
.010534910
.0356476081
.017664324
.030515312
.008802968
.008822848
.008802968
.012441433
.009968065
.011216193
.012827348
.011631177
.070186094
.013281927
.009447831
.008822848
.008509772
.009218787

hatval

.024271666
.008822848
.042377621
.019727886
.012877634
.010534910
.008195527
.009668354
.010903785
.014310534

R-AL: &
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resid_df %> dp

resid_inter

lyr:

resid_exter

12 1.1525230 1.1540898
119 0.1744045 0.1737099
25 -0.1755639 -0.1748649
15 -0.6546474 -0.6531071
71 1.9810573  2.0054415
108 -1.6712724 -1.6837954
70 0.8015633 0.8003818
51  -1.1652657 -1.1669926
19 0.3599346  0.3586469
98 0.5874870  0.5859036
L.2.4. §H &2

ole] COOK 71|19} DFFIT & Hl g

.« 92,71, 12, 108, 97

So14 ket 7]

92, 71, 12 TEZLE 7Hapet A gke] L5 27] ool COOK A @ ¢t DFFIT gto] 2A vehdtt,

influence.measu

Influence measu

Im(formula

dfb.1_
.000699
.026394
.004039
.062872
.026354
.009192

D O W N -

92k

Fato

res(mlbl.1m)

_A]
=

hatval
.11489299
.07018609
.05801455
.05674654
.04237762
.03547608
.03237222
.03149012
.03137903
.03137903

O O O O O O O o o o

A9 2 2Ngko] A o2 2ot COOK A #|et DFFIT tol 3A vt

res of

= hit86 ~ hit85, data =
dfb.ht85 dffit cov.r

0.000232 0.00450 1.025

0.028494 0.03407 1.044

0.004628 -0.08310 1.011

0.056210 -0.08738 1.022

0.030441 0.04842 1.027

0.001218 0.07663 1.013

N , W w o=

MLB1)

cook.d

.02e-05
.85e-04
.46e-03
.83e-03
.18e-03
.94e-03
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Ak

:arrange (desc(hatval)) %>% head(10)

Ap= 2429t 21Egko] 27] "iiZell COOK A2 et DFFIT o] A vehdth=

hat inf

.00809
.02682
.00809
.01376
.01333
.00807



10
11
12
13

,_.
I

15
16
17
18
19
20
21
22
23

N
W

25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

|
O O O O O O O o o o o

|
[eNe]

.014528
.027304
.063240
.018262
.079949
.387291
077277
.093863
.141276
.098625
.026146
.061989
.068748
.084010
.070568
.036802
.035849
.064199
.041733
.011921

0.018301
0.020330

.089226

0.004279
0.036802

.028029
.001831
.076515
.093489
.069829
.064901

0.103195
0.068818
0.033861

.011489

0.073680
0.018301
0.065925

.001461

0.007749
0.003689

.132459

o O O O

.013495
.041692
.058048
.029939
.089550

0.400945
0.067073
0.103379

.148373
.090211
.023481
.068474
.055642
.076341
.075934
.022323
.030310
.0725631
.040267
.013973
.021450
.018086
.072652
.002327
.022323

0.024328
0.000996
0.088384
0.085243

.054861
.075488
.090783
.064637
.027572
.014223
.082528
.021450
.0569208
.008239
.014057
.020796
.147796

.01718

0.14221
0.07232
0.11454

.12520
.41580
.12164
.13445
.16019

0.12429
0.03564

.09018

0.06455
0.10887

.08960

0.14195
0.06259

.10521
.04340
.02356
.03616
.02886
.17838

0.01900
0.14195

.04412
.00813
.14059
.11941
.15651
.12348
.15361
.07792
.06770
.02921
.11539
.03616

0.08985
0.06517

.06145
.16448
.20325

O O B B Rk B B R B B O FP, OKRKR PR P O R OR P P R RPBP PO PR P P R B PR R B R B B B O B

BEgkel digt A

1.49e-04 0.02108
1.00e-02 0.00882
2.63e-03 0.02267
6.53e-03 0.00866
7.84e-03 0.01651
8.62e-02 0.11489
7.38e-03 0.01159
9.05e-03 0.01973
1.29e-02 0.05675
7.73e-03 0.01704
6.40e-04 0.01425
4.09e-03 0.01904
2.10e-03 0.03138
5.94e-03 0.01587
4.04e-03 0.02863
9.96e-03 0.00827
1.97e-03 0.01053
5.55e-03 0.01537
9.49e-04 0.05801
2.80e-04 0.01244
6.59e-04 0.01244
4.20e-04 0.01328
1.56e-02 0.00967
1.82e-04 0.00819
9.96e-03 0.00827
9.80e-04 0.01159
3.33e-05 0.00819
9.85e-03 0.01333
7.14e-03 0.01644
1.21e-02 0.00919
7.61e-03 0.01288
1.17e-02 0.01239
3.06e-03 0.02585
2.30e-03 0.00967
4.30e-04 0.01057
6.67e-03 0.01651
6.59e-04 0.01244
4.05e-03 0.01425
2.13e-03 0.00820
1.90e-03 0.00851
1.33e-02 0.00820
2.04e-02 0.01711
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49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90

.006928

0.060215
0.169415

.007204
.014418
.004051
.005535
.178355
.028057
.010943
.010679
.056545
.027754
.135900
.107969
.018817
.012600
.002659
.006114
.019626
.022710
.133778
.3568382
.072909
.008540

0.006522
0.082988

.007295
.189194

0.070550
0.042469

.074025
.007426
.011176
.003712
.034820
.030065

0.004686
0.057715
0.000601
0.002708

.115741

.008577
.0564307
.181494

0.006409
0.017206

.006452
.006343
.191340
.023463
.017940
.007387
.05625624
.024813
.123913
.100501
.021259
.017518
.001920
.002033
.010675
.010399
.126857
.379615
.066253
.006166
.007251
.076917

0.005267
0.178493

.079022
.039270
.082301
.001756
.012828
.000878
.025141
.027320
.008499
.049704
.000462
.004136
.134624

0.01761
0.08060

.21043
.01023
.03107
.01425
.11388
.22307
.05104
.06863
.03283
.06685
.03857
.17358
.12658

0.03084
0.04951
0.00745

.03934
.08715
.11920

0.14640
0.42187
0.09448

.02392
.00982
.09899
.02044
.21076
.11048
.05114
.11145
.08809
.01989
.04403
.09754
.03896
.03716

0.09377
0.00144

.01411
.22020

[T R N T e e e = T e T e T T N e e S e Y o T e o S S e S e T e e T e = e = = T e S S S N S

BEgkel digt A
1.56e-04 0.01057
3.26e-03 0.01477
2.21e-02 0.03149
5.27e-05 0.01328
4.86e-04 0.01163
1.02e-04 0.00945
6.45e-03 0.00809
2.48e-02 0.03052
1.31e-03 0.01023
2.36e-03 0.00866
5.43e-04 0.00849
2.25e-03 0.02108
7.49e-04 0.01376
1.50e-02 0.01644
8.03e-03 0.02182
4.79e-04 0.01537
1.23e-03 0.00922
2.80e-05 0.00864
7.79e-04 0.00809
3.80e-03 0.00819
7.06e-03 0.00813
1.07e-02 0.03237
8.68e-02 0.04238
4.48e-03 0.01587
2.88e-04 0.00864
4.86e-05 0.01774
4.92e-03 0.02035
2.10e-04 0.00864
2.21e-02 0.02852
6.12e-03 0.01651
1.32e-03 0.01965
6.23e-03 0.01774
3.88e-03 0.00807
1.99e-04 0.01381
9.75e-04 0.00807
4.75e-03 0.00864
7.65e-04 0.01587
6.95e-04 0.00851
4.40e-03 0.01122
1.05e-06 0.00899
1.00e-04 0.00882
2.37e-02 0.01288
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L. R-AS: ¥5gkel vt U
91 -0.005069 0.007342 0.02266 1.025 2.59e-04 0.00901
92  0.545385 -0.592108 -0.72460 0.755 2.25e-01 0.02427  *
93 -0.118528 0.135273 0.20476 0.984 2.06e-02 0.01431
94 0.048192 -0.056968 -0.09926 1.015 4.93e-03 0.01203
95 -0.013010 0.016106 0.03308 1.026 5.51e-04 0.01057
96 -0.097802 0.082691 -0.17076 0.982 1.44e-02 0.01053
97 0.195887 -0.215746 -0.28059 0.973 3.84e-02 0.01973
98 0.095974 -0.090900 0.10546 1.044 5.59e-03 0.03138
99  0.009936 -0.006027 0.03832 1.022 7.39e-04 0.00827
100 0.076513 -0.093419 -0.18307 0.978 1.65e-02 0.01090
101 -0.011158 0.010426 -0.01288 1.041 8.37e-05 0.02337
102 0.010450 -0.013394 -0.03065 1.025 4.73e-04 0.00997
103 -0.016699 0.012473 -0.04307 1.022 9.33e-04 0.00880
104 0.043875 -0.033691 0.10509 1.005 5.51e-03 0.00899
105 -0.112509 0.099557 -0.16338 0.996 1.32e-02 0.01283
106 -0.039292 0.059996 0.20464 0.950 2.03e-02 0.00882  =*
107 -0.111573 0.094334 -0.19480 0.969 1.86e-02 0.01053
108 -0.298349 0.283857 -0.32292 1.006 5.14e-02 0.03548
109 -0.061854 0.056746 -0.07698 1.029 2.98e-03 0.01766
110 0.151129 -0.162132 -0.18902 1.029 1.78e-02 0.03052
111 0.025662 -0.019169 0.06618 1.017 2.20e-03 0.00880
112 0.012200 -0.018629 -0.06354 1.018 2.03e-03 0.00882
113 0.025662 -0.019169 0.06618 1.017 2.20e-03 0.00880
114 -0.084450 0.098983 0.16688 0.993 1.38e-02 0.01244
115 0.004056 -0.005198 -0.01190 1.027 7.13e-05 0.00997
116 0.047833 -0.041194 0.07771 1.019 3.03e-03 0.01122
117 0.052994 -0.046894 0.07696 1.022 2.97e-03 0.01283
118 0.045973 -0.054864 -0.09908 1.015 4.91e-03 0.01163
119 0.046341 -0.044900 0.04773 1.093 1.15e-03 0.07019 =
120 -0.037825 0.033650 -0.05369 1.027 1.45e-03 0.01328
121 0.001976 -0.002660 -0.00695 1.026 2.44e-05 0.00945
122 0.004739 -0.007235 -0.02468 1.024 3.07e-04 0.00882
123 0.006873 -0.012467 -0.05450 1.019 1.49e-03 0.00851
124 -0.038647 0.053732 0.15185 0.985 1.14e-02 0.00922

data.frame(influence.measures(mlbl.1lm)$infmat) %>% arrange(desc(cook.d)) %>% head(10)

dfb.1_ dfb.ht85 dffit cov.r cook.d hat
92  0.5453850 -0.5921082 -0.7245987 0.7553712 0.22537707 0.02427167
71 -0.3583817 0.3796146 0.4218724 0.9943835 0.08683731 0.04237762
12 -0.3872908 0.4009454 0.4158038 1.1236842 0.08621185 0.11489299
108 -0.2983494 0.2838571 -0.3229242 1.0062796 0.05136735 0.03547608
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97 0.1958869
56  0.1783549
90 -0.1157414
77 -0.1891943
51 0.1694152
93 -0.1185276

.2157455
.1913398

0.1346236
0.1784931

.1814937
.1352728

L. R4

-0.2805886
-0.2230737
0.2202043
-0.2107561
-0.2104279
0.2047561

ols_plot_cooksd_bar(mlbl.1lm)

0.25-

0.20 -

0.15-

Cook's D

0.10-

0.05-

12

Cook's D Bar Plot

71

jil)d
i)
i
)
<

.9731151
.0217219
.9693882
.0207619
.0264159
.9838364

O »r B O B O

Threshold:

92

197

f et Xk
0.03844727 0.01972789
0.02476301 0.03051531
0.02371680 0.01287763
0.02211610 0.02852375
0.02207447 0.03149012
0.02064312 0.01431053
0.032

Observation

III norma
III outlier

| 108

0.00

i ool

25

ols_plot_dffits(mlbl.lm)

50 75
Observation

100

Influence Diagnostics for hit86

@12

®71

b, o

125

Threshold: 0.25

0.25

0.00

Lo 1 o
il

.|
162

DFFITS

-0.50 -

-0.75-

25

50

75

Observation

309

097

692
100

0108

125



L.2.5. 22

~

QoA Lt BEGESE el A5 A 2ejR A,

influnce_obs <- c(92, 71, 12, 108, 97)
MLB1$row_number <- seq_len(nrow(MLB1))

gegplot (MLB1, aes(x=hit85, y=hit86)) + geom_point() + labs(x = "19854 EI8", y = "19864 Et8") +
labs(title="1985E1} 1986 EfE2| 2tA") +
geom_line(aes(y=mlbl.lm$fitted.values), color="blue") +
geom_point(data = MLB1[influnce_obs, ], aes(x=hit85, y=hit86),
color = "red", size = 3) +
geom_text(data = MLB1[influnce_obs, ], aes(x=hit85, y=hit86, label = row_number),
color = "black", vjust = 1.5, hjust = 0.5)

1985 1 1986 EtE2| £t

0.35-

0.30-

1986 Et&
o
&

0.20-

MLB1 clean <- MLB1 %>% filter(!'row_number %in’, influnce_obs)

mlbl_clean.lm <- Im(hit86 ~ hit85, data=MLB1_clean)

summary (mlbl_clean.lm)

Call:
Im(formula = hit86 ~ hit85, data = MLB1_clean)
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Residuals:

Min 1Q Median 3Q Max

-0.051190 -0.01654

Coefficients:

1 -0.000852 0.017538 0.056161

Estimate Std. Error t value Pr(>|t])

(Intercept) 0.101
hit85 0.610

Signif. codes: O

Residual standard

Multiple R-squared:

F-statistic: 50.65

98 0.02283 4.468 1.84e-05 *xx
39 0.08577  7.117 9.55e-11 *x*x

"¥xx' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1
error: 0.02385 on 117 degrees of freedom

0.3021, Adjusted R-squared: 0.2961
on 1 and 117 DF, p-value: 9.554e-11

QPAT} oA AAS) At 50 HAML T4 Hlws) mA
o G OIS AAS] W) 71279 2R 0.633832 o],
. G IS AAT Fo] 7127]0] FAAE 0.6103926 ©Ick.

p <- ggplot(MLB1,
labs(title="1985

aes(x=hit85, y=hit86)) + geom_point() + labs(x
Ak 19861 EFEL| 2A") +

geom_line(aes(y=mlbl.lm$fitted.values), color="blue") +
MLB1_clean, aes(y=mlbl_clean.lm$fitted.values), color="red") +

geom_line(data =
#add label for t
annotate("text",

annotate("text",

Wwo regression lines
x = 0.25, y = 0.35, label
x = 0.25, y = 0.34, label

paste("Original:

311

= "1985\ E[2", y = "1986 EIS

", round(mlbl.lm$coef [2],
paste("Cleaned: ", round(mlbl_clean.lm$coef[2],

2)),



L. R-AE: B5gke] dist Ad

1985 2t 1986\ EtE2| £t

0.35- Original: 0.63 ~t
Cleaned: 0.61

0.30 -

1986 EtE
o
&

0.20-

0.20 0.25 0.30 0.35
19854 Et&
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M. R-AS:

o>
ok

o] Aed

M.1. AIC ¢} BIC A4t

EARYS Aeste E2 A 75 Egteo] 2o 2% AIC(Akaike information criteria, 6.5 )<} #] o] 2] ¢t

AAol=of 7] 23t BIC(bayesian or schwartz information criteria, 6.4 )7} Q1.0™ A ol= g o] Hefof gt

AIC ¢} BIC & & AIC 9} BIC & ©]-85t 78 4= Sitt.

fitl <- Im(price ~ ., data=houseprice)

fitl

Call:

lm(formula = price ~ ., data = houseprice)

Coefficients:

(Intercept) tax ground floor year
1.21874 0.05195 0.01159 0.34941 -0.21894

AIC(fit1)

[1] 121.5611

BIC(fitl)

[1] 129.3361

~

2] AIC ¢} BIC oA 211 7He = &4 ¢(0) = &4 loglik & +
o]

st
>
50
kv

=z Agrde] tigt AIC ¢ BIC &= 6.6 ol &Jste] th-33k Zo] ALt 4= Slrt.

SSE
AIC =nlog(2m) +n+ nlog np+2@+1)

SSE,
BIC = nlog(27) + n + nlog - + (logn)(p + 1)
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M. R-AZ: B A
oA IARYPS AT At 6.6 & o]-&oto] 2 AIC ¢ BIC & A4tslEAL,

n <- dim(houseprice) [1]
p <- length(coef(fitl))
sse <- deviance(fitl)

c(n,p,sse)

[1] 27.00000 5.00000 91.44876

aicl <- -2xlogLik(fitl) + 2x(p+1)
bicl <- -2+logLik(fitl) + log(n)*(p+1)
c(aicl, bicl)

[1] 121.5611 129.3361

aic2 <- n*xlog(2xpi) + n + nxlog(deviance(fitl)/mn) + 2*(p+1)
bic2 <- nxlog(2*pi) + n + n*log(deviance(fitl)/n) + log(n)*(p+1)
c(aic2, bic2)

[1] 121.5611 129.3361

M.2. 0|3 6.1

1}7] 2] leaps ol 5% regsubsets() ¥+E ©|85lH 7Hseh HE ol tigh Tt A8 7|E50] ALt

B},

o rss! XA} AlEE
e rsq: R?

o adjr2: 3% R?
e cp:HEERYC,
e bic : BIC

WA Aol JeRd 2t & housepricet HHW 42| =71 47]0] B2 7H5t 894 9] 47t 24 = 16 70| B2
ol 2|3t & A8t 4= gtk SHA|vt B M40 7} 1077 HH 7153 3l 41 9] 71 1024704 F] 31 20707}
HPo 47H100%H77E donz o5 R theh FAES ALtste 22 AAlE HAgdt

o] 4| of|A] Zt= houseprice] ti5to] regsubsets @45 AHE-6Fo] 7hset 2] 9 A& B Aot ZF Alof ol
P ae o] 7127 AL EAt regsubsets @0l 4] nbest=6+= SHHF] 71 T2 HY =
2 6709 RPThE HolFets g gEolt

RE 7153 40 ta SAE summaryf TS Foto] 2 2 g,
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houseprice.rgs <- regsubsets(price ~ .

summaryf (houseprice.rgs)

tax ground floor year

1 (1) * 182.

1 (2) = 215.

1 (3) * 628.

1 (4) * 1202.

2 (1) * * 95.

2 (2) * * 153.

2 (3) * * 168.

2 (4) * * 191.

2 (5) * *x 214,

2 (6) * *  626.

3 (1) * * * 92,

3 (2) = * * 93.

3 (3) * * * 150.

3 (4) * * * 187.

4 (1) * * * * 91,
bic

1 (1) -47.022941

1 (2) -42.499601

1 (3) -13.654236

1 (4) 3.858312

2 (1) -61.323304

2 (2) -48.369244

2 (3 ) -45.892146

2 (4) -42.390102

2 (5 ) -39.371316

2 (6 ) -10.436125

3 (1) -58.855794

3 (2) -58.581513

3 (3 ) -45.732450

3 (4) -39.723741

4 (1) -55.815783

SRR B

tpehiet.

=
it}
ol
Ho
ol
1o

S

rss
66315
97764
61671
47186
19550
80917
58785
93607
64151
80968
31936
26197
10029
51305
44876

O O O O O O O O O O o o o o o

_1

-

21!
el

rsq

.86271916
.83768158
.52756188
.09627993
.92845564
.88440442
.87329747
.85575007
.83868576
.52891996
.93061720
.92990878
.88719183
.85907420
.93127151

4 tax® floor7F ZgH 3|AAlo] o

o rss. A EF (residual sum of square), SSE = 95.20

o rsq: ARAF(RY), R? = 0.92846

o adjr2: FHE 2AAS(RZ), R = 0.92249

315

oo

O O O O O O O O O O O o o o o

adjr2

.85722792
.83118885
.50866435
.06013112
.92249361
.87477146
.86273892
.84372925
.82524290
.48966329
.92156727
.92076645
.87247773
.84069258
.91877542

, data=houseprice, nbest=6)

20.
28.
128.
266.
1.
16.
19.
25.
30.
129.
3.
3.
17.
26.
5.

cp
943616
958146
227503
280912
901360
002160
557496
174420
636710
792782
209442
436208
109908
110366
000000



M. R-AL: B9 A

. cpt WESE () C, = 1.901
e bic: BIC(Bayesian Information Criteria), BIC = —61.323

7] 2] olsrroll & T4 ols_step_all_possible ()2 ©]&35HA 75 RE s|ARG | gt SA S
Totar of 2 7hA] A tis 19 plot () 48 o]8ste] 44 18 & itk

.

fitl <- lm(price ~ ., data=houseprice)
houseprice.rgs2 <- ols_step_all_possible(fit1l)

houseprice.rgs2

Index N Predictors R-Square Adj. R-Square Mallow's Cp

3 11 floor 0.86271916 0.85722792  20.943616
1 21 tax 0.83768158 0.83118885  28.958146
2 31 ground 0.52756188 0.50866435 128.227503
4 41 year 0.09627993 0.06013112 266.280912
6 52 tax floor 0.92845564 0.92249361 1.901360
10 6 2 floor year 0.88440442 0.87477146  16.002160
72 ground floor 0.87329747 0.86273892  19.557496

8 2 tax ground 0.85575007 0.84372925  25.174420

9 2 tax year 0.83868576 0.82524290  30.636710

10 2 ground year 0.52891996 0.48966329 129.792782

13 11 3 tax floor year 0.93061720 0.92156727 3.209442
11 12 3 tax ground floor 0.92990878 0.92076645 3.436208
14 13 3 ground floor year 0.88719183 0.87247773  17.109908
12 14 3 tax ground year 0.85907420 0.84069258  26.110366
15 15 4 tax ground floor year 0.93127151 0.91877542 5.000000

houseprice.rgs2$result %>, dplyr::select(mindex, n, predictors, rsquare, adjr, cp, aic, sbc) %

mindex n predictors rsquare adjr cp aic
1 52 tax floor 0.92845564 0.92249361 1.901360 118.6453
2 11 3 tax floor year 0.93061720 0.92156727  3.209442 119.8169
3 12 3 tax ground floor 0.92990878 0.92076645  3.436208 120.0912
4 15 4 tax ground floor year 0.93127151 0.91877542  5.000000 121.5611
5 6 2 floor year 0.88440442 0.87477146 16.002160 131.5993
6 1 floor 0.86271916 0.85722792 20.943616 134.2415
7 72 ground floor 0.87329747 0.86273892 19.557496 134.0764
8 13 3 ground floor year 0.88719183 0.87247773 17.109908 132.9403
9 1 tax 0.83768158 0.83118885 28.958146 138.7648
10 2 tax ground 0.85575007 0.84372925 25.174420 137.5785
11 14 3 tax ground year 0.85907420 0.84069258 26.110366 138.9490
12 9 2 tax year 0.83868576 0.82524290 30.636710 140.5973
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13 31 ground 0.52756188 0.50866435 128.227503 167.6102

14 10 2 ground year 0.52891996 0.48966329 129.792782 169.5324

15 41 year 0.09627993 0.06013112 266.280912 185.1227
sbc

123.8286

126.2961

126.5704

129.3361

136.7827

138.1290

139.2598

139.4195

142.6523

142.7618

145.4282

145.7806

171.4977

174.7158

189.0102

© 0 N O O b W N =

=
= O

[ T =
g oW N

plot(houseprice.rgs2)

All Possible Regression

R-Square Cp
A B> au e :
0.75- 200 -
0.50- ® ® 100-® °
0.25 -
3 | | | AL Bs M1 A
1 2 3 4 1 2 3 4
Adj. R-Square AIC
AL 4> g e o
0.75- 170- ¢ °
0.50- @ [ 150 -
0.25- W N ' $
o . . . T As su A
1 2 3 4 1 2 3 4
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All Possible Regression

SBIC

100- ®
° °

80-

60- g
. S
1 2 3 4
SBC
°

180- ~

160 -

140-8q ! $
. A5 A A
1 2 3

PRESS Zt2}= g4 press () 2 3 &= QJth.

n

PRESS, = Y (y; — §i»)?

i=1

g BAA 264 HoA]o) L A (cross validation)oll €171 R2, , & Th&3 o] AXFE D press ()

R 1 PRESS,
pred SST

press (houseprice.rgs)

tax ground floor year PRESS pred.r.squared
1 (1) * 220.8853 0.8339932
1 (2) = 316.0868 0.7624443
1 (3) * 838.8121 0.3695891
1 (4) * 1430.6084 0.0000000
2 (1) = * 144 .3991 0.8914766
2 (2) * * 207.6594 0.8439331
2 (3) * * 233.7615 0.8243161
2 (4) = * 358.2145 0.7307832
2 (5) = *  341.4294 0.7433981
2 (6) * * 911.3553 0.3150691
3 (1) = * * 153.5941 0.8845661
3 (2) x * * 159.1752 0.8803716
3 (3) * * * 233.2240 0.8247200
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3 (4) * * * 380.1744 0.7142792
4 (1) * * 170.4810 0.8718747

*
*

M.2.2. O|&=z|E |75t &

@apAo) A A Ro] 0,10,27 WA AR ol 47 B GFHY /b5 4ol £002 o] F A StD 2P
He 713 BhA AL 1A,

housepriceEX <- houseprice[-c(9,10,27),]
housepriceEX.1lm <- lm(price ~ . , data=housepriceEX)

summary (housepriceEX.1m)

Call:
lm(formula = price ~ ., data = housepriceEX)
Residuals:

Min 1Q Median 3Q Max

-2.4130 -1.0459 -0.25568 0.8593 2.8197

Coefficients:

Estimate Std. Error t value Pr(>lt|)

(Intercept) 6.32538 2.14531 2.948 0.00825 *x

tax 0.06589 0.01874 3.516 0.00231 *x

ground 0.00974 0.02168 0.449 0.65835

floor 0.08578 0.09057 0.947 0.35547

year -0.11142 0.26781 -0.416 0.68205

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 1.543 on 19 degrees of freedom
Multiple R-squared: 0.7819, Adjusted R-squared: 0.7359
F-statistic: 17.02 on 4 and 19 DF, p-value: 4.404e-06

OVFAE AASHH tax W EFE BPo] HHRYO R ehdel. o9} JFHol BP9 MElo|x JFS FE
Holl 2 feJsla,
housepriceEX.rgs <- regsubsets(price ~ . , data=housepriceEX, nbest=6)
summaryf (housepriceEX.rgs)
tax ground floor year rss rsq adjr2 cp
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1 (1) * 48.17790 0.7675502 0.7569843 0.2458362
1 (2) * 102.73566 0.5043188 0.4817878 23.1726808
1 (3) * 125.87070 0.3926964 0.3650917 32.8947363
1 (4) * 174.34503 0.1588164 0.1205808 53.2651405
2 (1) * * 46.18667 0.7771576 0.7559345 1.4090560
2 (2) * * 47.39011 0.7713512 0.7495751 1.9147822
2 (3) * * 48.11577 0.7678500 0.7457405 2.2197243
2 (4) * * 83.74651 0.5959380 0.5574559 17.1928590
2 (5) * * 85.27968 0.5885408 0.5493542 17.8371405
2 (6) * * 116.96847 0.4356480 0.3819002 31.1537464
3 (1) * * * 45.62514 0.7798669 0.7468469 3.1730851
3 (2) * * * 45.69348 0.7795371 0.7464677 3.2018056
3 (3) * * * 47.34784 0.7715551 0.7372884 3.8970174
3 (4) * * * 74.63053 0.6399210 0.5859092 15.3620431
4 (1) * * * * 45.21326 0.7818541 0.7359287 5.0000000

bic
1 (1) -28.661838
1 (2) -10.487628
1 (3) -5.613326
1 (4) 2.205420
2 (1) -26.496810
2 (2 ) -25.879469
2 (3) -25.514758
2 (4) -12.214327
2 (5 ) -11.778929
2 (6) -4.195690
3 (1) -23.612331
3 (2) -23.576407
3 (3) -22.722834
3 (4) -11.802150
4 (1) -20.651921
housepriceEX.rgs2 <- ols_step_all possible(lm(price ~ ., data=housepriceEX))

housepriceEX.rgs2$result 7>} as.data.frame() %>} dplyr::select(mindex, n, predictors, rsquare,

mindex n predictors  rsquare adjr cp aic
1 11 tax 0.7675502 0.7569843 0.2458362 90.83337
2 52 tax floor 0.7771576 0.7559345 1.4090560 91.82034
3 6 2 tax ground 0.7713512 0.7495751 1.9147822 92.43768
4 72 tax year 0.7678500 0.7457405 2.2197243 92.80240
5 11 3 tax ground floor 0.7798669 0.7468469 3.1730851 93.52677
6 12 3 tax floor year 0.7795371 0.7464677 3.2018056 93.56269
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13 3 tax ground year 0.7715551 0.7372884 3.8970174

15 4 tax ground floor year 0.7818541 0.7359287 5.0000000

8 2 floor year 0.5959380 0.5574559 17.1928590

10 14 3 ground floor year 0.6399210 0.5859092 15.3620431

11 2 ground floor 0.5885408 0.5493542 17.8371405

12 1 floor 0.5043188 0.4817878 23.1726808

13 1 ground 0.3926964 0.3650917 32.8947363

14 10 2 ground year 0.4356480 0.3819002 31.1537464

15 41 year 0.1588164 0.1205808 53.2651405
sbc
1 94.36753
2 96.53256
3  97.14990
4 97.51461
5 99.41704
6 99.45296
7 100.30654
8 102.37745
9 110.81504
10 111.22722
11 111.25044
12 112.54174
13 117.41604
14 118.83368
15 125.23479

press (housepriceEX.rgs)

tax ground floor year

1 (1) * 56.
1 (2) * 117.
1 (3) * 157.
1 (4) * 202.
2 (1) « * 57
2 (2) * * 64
2 (3) * *  63.
2 (4) * * 108.
2 (5) * * 114.
2 (6) * * 160.
3 (1) * * * 68
3 (2) * * * 65
3 (3) * * * 72

PRESS pred.r.squared

10399 0.72930829
36430 0.43373824
83378 0.23848023
40162 0.02344834
.66354 0.72178375
.24819 0.69001399
42708 0.69397570
09369 0.47846724
27185 0.44865875
37982 0.22619605
.98320 0.66716837
.44694 0.68423019
.26745 0.65132247
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3 (4) * * % 109.76504 0.47040332
4 (1) = * * % 79.24660 0.61764930

M.3. M u

G R EE- S b
H,: B; = 0] i3t t-SA%e B

THA 25 A= 5 112]%t housepricel tioto] 71 2 B 29HAIZ] & 2F o] theh t-4 g2 A A s AL

summary (fit1)
Call:
lm(formula = price ~ ., data = houseprice)
Residuals:
Min 1Q Median 3Q Max

-3.4891 -1.3574 0.1337 1.0686 3.4938

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 1.21874 2.04661 0.595 0.55759

tax 0.05195 0.01383 3.756 0.00109 *x

ground 0.01159 0.02534 0.458 0.65169

floor 0.34941 0.07268 4.807 8.41e-05 *x*x

year -0.21894 0.33149 -0.660 0.51582

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 2.039 on 22 degrees of freedom
Multiple R-squared: 0.9313, Adjusted R-squared: 0.9188
F-statistic: 74.53 on 4 and 22 DF, p-value: 1.817e-12

thetod 2 A52] S0l el it Avfolet. M £loor 7t 71
Fas

St ESE 27l 9] M4 year o ground= F95HA] ¢SS & &

S|
Hess o Aol wet Az R 2AIZ] A A7 sH
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M. R-A

Ae]) 718 2 29 (full model) oA A|&Fsto] g g o] W
i SIS

(forward selection; A%
W (backward elimination; A A) S TAE 2] (stepwise regression) ©] 2k
dHE

A ST Theat 2 A 74 ahgol glnt

o HXHH (forward selection)
o ZHMA| A (backward elimination)
o A A (stepwise selection)
A e A A A S et FHi A MEe Her F7HE = e nia (A=) AlAE
SR Wtsted £0]5tx] et AASHCEAA) el
M.3.1. A MdEelo] Mg
SAE Adgo A A e FA| A= add1 O €F dropt O €45 AF&-_tth
1. Hatidy
y=0+e
model0 <- 1lm(price~1, houseprice)
summary (model0)
Call:
lm(formula = price ~ 1, data = houseprice)
Residuals:
Min 1Q Median 3Q Max
-6.300 -4.275 -0.800 1.125 23.200
Coefficients
Estimate Std. Error t value Pr(>|t])
(Intercept) 19.250 1.377 13.98 1.32e-13 ***
Signif. codes: O 'x**' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 1
Residual standard error: 7.154 on 26 degrees of freedom
9. WA Wpo] 27}
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ol Al 7V AR WS Fohehit] Theat 2& 210 BRS W mehe REF AR o]-gste] 71 fole

Mg Fba,

Hy:y=8y+e€ vs Hy:y=py+ Bz +e

addl(model0O, scope=~tax+ ground+ floor+ year, test="F")

Single term additions

Model:
price ~ 1

Df Sum of Sq RSS AIC F value Pr(>F)
<none> 1330.58 107.233

1 1114.60 215.98 60.142 129.0183 2.310e-11 *x*x
1 701.96 628.62 88.987 27.9170 1.792e-05 **x*

floor 1 1147.92 182.66 55.619 157.1084 2.807e-12 *x*x
1 128.11 1202.47 106.500 2.6634 0.1152

tax

ground
year

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

919 Aol A 7Hg fOl5t W4T} £loorol B B 4] FohGtT MAE Fobste AL wejstt WSS
e R EeEA) o Lol JHE ot Aol S Mol W4E Adgtt

modell <- update(modelO, . ~ . + floor)

summary (model1l)

Call:

lm(formula = price ~ floor, data = houseprice)

Residuals:
Min 1Q Median 3Q Max
-4.6682 -2.1916 -0.1459 2.0517 4.9644

Coefficients:

Estimate Std. Error t value Pr(>|t])

(Intercept) 1.25296 1.52716 0.82 0.42
floor 0.59511 0.04748 12.53 2.81e-12 **x
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
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Residual standard error: 2.703 on 25 degrees of freedom

Multiple R-squared: 0.8627, Adjusted R-squared: 0.8572
F-statistic: 157.1 on 1 and 25 DF, p-value: 2.807e-12

1ol update () &= oA A9tet 29 model0o] M4 floorE F713HH.
3. 7 ¥ W42 F7F

addl(modell, scope=~tax+ ground+ floor+ year, test="F")

Single term additions

Model:
price ~ floor
Df Sum of Sq RSS AIC F value Pr(>F)
<none> 182.663 55.619
tax 1 87.468 95.195 40.023 22.0517 8.997e-05 **x*

ground 1 14.075 168.588 55.454 2.0037 0.16976
year 1 28.854 153.809 52.977 4.5023  0.04437 *

Signif. codes: O 'x*xkx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
model2 <- update(modell, . ~ . + tax)

summary (model?2)

Call:

lm(formula = price ~ floor + tax, data = houseprice)

Residuals:
Min 1Q Median 3Q Max
-3.009 -1.658 0.048 1.220 3.548

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 0.39497 1.13994 0.346 0.732

floor 0.34835 0.06313 5.518 1.13e-05 *x*x*
tax 0.05742 0.01223 4.696 9.00e-05 ***
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 1.992 on 24 degrees of freedom
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Multiple R-squared: 0.9285, Adjusted R-squared: 0.9225
F-statistic: 155.7 on 2 and 24 DF, p-value: 1.798e-14

Sl0] AR RE WA axst 7V GOl LS 4 9l ol 2 mPel Foheit

4. W49] AlA

1A 547 7 A7 Loorst tax) RG] EHELLL 7FE 220 ERE W vaxS AT ol WSS
AAT % QA FAGY FRAAE AL AAT W47t 2o BEv LA o 2y o] el
FOg o7} glofof gtk 5 P-4l o5t ghowl A A,

dropl(model2, test="F")

Single term deletions

Model:
price ~ floor + tax
Df Sum of Sq RSS AIC F value Pr(>F)
<none> 95.195 40.023
floor 1 120.782 215.978 60.142 30.451 1.126e-05 **x*
tax 1 87.468 182.663 55.619 22.0562 8.997e-05 **x
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

919 F4= dropt ) o] AN LE WSl thet P-FAFo] GGt WS A75H shet,
5. Al wiA) We] 37
57} 5 A7HELoor ¢} tax) RFe] A2 WMAE Foheke AL AAS B

add1l(model2, scope=~tax+ ground+ floor+ year, test="F")

Single term additions

Model:
price ~ floor + tax

Df Sum of Sq RSS AIC F value Pr(>F)
<none> 95.195 40.023
ground 1 1.9335 93.262 41.469 0.4768 0.4968
year 1 2.8761 92.319 41.194 0.7165 0.4060

olo] Aol A GOl W4T} glon g o o)At W4E Zrlela] ot}
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M.3.2. gt step()

QoA =007t Al F7O] HeAAEH-2 o4 step ()& o]-&sto] oF Hlof] 23S d& 4 ik

O Caution
T H2 & step() 2 Hg2] AY 7]=o] F-HA o] oY AIC & o]-&3tth= Holth

model0 <- 1lm(price~1, houseprice)

step(model0, scope=~tax+ ground+ floor+ year, direction="forward")

Start: AIC=107.23

price ~ 1

Df Sum of Sq RSS AIC
+ floor 1  1147.92 182.66 ©55.619
+ tax 1 1114.60 215.98 60.142
+ ground 1 701.96 628.62 88.987
+ year 1 128.11 1202.47 106.500
<none> 1330.58 107.233

Step: AIC=55.62

price ~ floor

Df Sum of Sq RSS AIC
+ tax 1 87.468 95.195 40.023
+ year 1 28.854 153.809 52.977
+ ground 1 14.075 168.588 55.454
<none> 182.663 55.619

Step: AIC=40.02

price ~ floor + tax

Df Sum of Sq RSS AIC
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<none> 95.195 40.023
+ year 1 2.8761 92.319 41.194
+ ground 1 1.9335 93.262 41.469

Call:

Im(formula = price ~ floor + tax, data = houseprice)

Coefficients:
(Intercept) floor tax
0.39497 0.34835 0.05742

. 39 A

fit <- Ilm(price~tax+ ground+ floor+ year, houseprice)

step(fit, direction="backward")

Start: AIC=42.94

price ~ tax + ground + floor + year

Df Sum of Sq RSS AIC
- ground 1 0.871 92.319 41.194
- year 1 1.813 93.262 41.469
<none> 91.449 42.938
- tax 1 58.652 150.100 54.318

- floor 1 96.064 187.513 60.326

Step: AIC=41.19

price ~ tax + floor + year

Df Sum of Sq RSS AIC
- year 1 2.876 95.195 40.023
<none> 92.319 41.194

- tax 1 61.490 153.809 52.977
- floor 1 122.322 214.642 61.975

Step: AIC=40.02

price ~ tax + floor

Df Sum of Sq RSS AIC
<none> 95.195 40.023
- tax 1 87.468 182.663 55.619
- floor 1 120.782 215.978 60.142
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Call:

Im(formula = price ~ tax + floor, data = houseprice)

Coefficients:
(Intercept) tax floor
0.39497 0.05742 0.34835

. B A

model0 <- 1lm(price~1, houseprice)

step(model0, scope=~tax+ ground+ floor+ year, direction="both")

Start: AIC=107.23

price ~ 1

Df Sum of Sq RSS AIC
+ floor 1 1147.92 182.66 55.619
+ tax 1 1114.60 215.98 60.142
+ ground 1 701.96 628.62 88.987
+ year 1 128.11 1202.47 106.500

<none> 1330.58 107.233

Step: AIC=55.62

price ~ floor

Df Sum of Sq RSS AIC
+ tax 1 87.47 95.20 40.023
+ year 1 28.85 1563.81 52.977
+ ground 1 14.08 168.59 55.454
<none> 182.66 55.619

- floor 1 1147.92 1330.58 107.233

Step: AIC=40.02

price ~ floor + tax

Df Sum of Sq RSS AIC
<none> 95.195 40.023
+ year 1 2.876 92.319 41.194
+ ground 1 1.934 93.262 41.469
- tax 1 87.468 182.663 55.619
- floor 1 120.782 215.978 60.142
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Call:

Im(formula = price ~ floor + tax, data = houseprice)

Coefficients:
(Intercept) floor tax
0.39497 0.34835 0.05742

M.3.3. 1§7|%] olsrr o] 0|8

1}7]2] olsrr o] 9+ ols_step_both_p() ©]&dto] F-AA S o] &g TAE A3 T 4= Q.

O WhAE A Golbz

@4 ols_step_both_p() ol Gste] F- AL fol528 AHTA 2om 9 $52 0.3
o= AgH

32 SAS o 0y Aol AFHoR AHE FobEe AAAGAALE 0.5, FHAANAE

0.1 o]t}

ols_step_forward_p(model, penter = 0.3,

progress = FALSE, details = FALSE, ...)
ols_step_backward_p(model, prem = 0.3,
progress = FALSE, details = FALSE, ...)

Forward Selection (FORWARD)

The p-values for these F statistics are compared to the SLENTRY= value that is specified ii

Backward Elimination (BACKWARD)

F statistics significant at the SLSTAY= level specified in the MODEL statement (or at the |

res <- ols_step_both_p(fitl, details = TRUE)

Stepwise Selection Method

Candidate Terms:

. tax
ground

floor

W N e

year
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Step =>0
Model
R2 => 0

=> price ~ 1

Initiating stepwise selection...

Step =>
Selected =>
Model =>
R2 =>
Step =>
Selected =>
Model =>
R2 =>

floor
price ~ floor
0.863

tax
price ~ floor + tax
0.928

No more variables to be added or removed.

0.00000
0.85723
0.92249

res
Stepwise Summary
Step Variable AIC SBC SBIC R2
0 Base Model 185.856 188.448 105.725 0.00000
floor (+) 134.241 138.129 55.779 0.86272

2 tax (+) 118.645 123.829 43.032 0.92846

Final Model Output
Model Summary

R 0.964 RMSE 1.878
R-Squared 0.928 MSE 3.526
Adj. R-Squared 0.922 Coef. Var 10.346
Pred R-Squared 0.891 AIC 118.645
MAE 1.572 SBC 123.829
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RMSE: Root Mean Square Error
MSE: Mean Square Error

MAE: Mean Absolute Error

AIC: Akaike Information Criteria

SBC: Schwarz Bayesian Criteria

ANOVA
Sum of
Squares DF Mean Square F Sig.
Regression 1235.385 2 617.692 155.728 0.0000
Residual 95.195 24 3.966
Total 1330.580 26
Parameter Estimates
model Beta Std. Error Std. Beta t Sig lower upper
(Intercept) 0.395 1.140 0.346 0.732 -1.958 2.748
floor 0.348 0.063 0.544 5.518 0.000 0.218 0.479
tax 0.057 0.012 0.463 4.696 0.000 0.032 0.083

plot(res)
Stepwise Both Direction Regression
R-Square Akaike Information Criteria
140 -
® 0.95- +floor, 134.241
CDU Base Model : 0.000 +ax, 0.928] ¢y 130- ase Model : 185.856
(%r 0.90- Final Model : 0.9 < Fin odel : 118.645
¥ 0.85- +floor, 0.863] 120~ [+tax, 118.64!
0 1 2 3 0 1 2 3
Step Step
Adjusted R-Square Root Mean Squared Error
o 2.75-
S 0:95° 2.50
o Base Model : 0.000 +ax, 0.922] W~ i
2 0.90- Final Model@:yt/l g 2.25-
. 0.85- +floor, 0.857] X 500-
g 1 1 1 1 1.75- 1 1 1 1
0 1 2 3 0 1 2 3
Step Step
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St ols_step_both_aic() &

M. R-4

7y

L ERE

ol

ols_step_forward_aic(fitl)

Stepwise Summary

G4 step() THEL7 AIC & ol&sto] WsAES g},

Step Variab
0 Base M

floor
2 tax

odel

185.856 188.448 105.725 0.00000 0.00000
134.241 138.129 55.779 0.86272 0.85723
118.645 123.829 43.032 0.92846 0.92249

Model Summary

R-Squared

Adj. R-Squared
Pred R-Squared
MAE

0.964 RMSE 1.878
0.928 MSE 3.526
0.922 Coef. Var 10.346
0.891 AIC 118.645
1.572 SBC 123.829

RMSE: Root Mean Square Error

MSE: Mean Square Error
MAE: Mean Absolute Error

AIC: Akaike Information Criteria

SBC: Schwarz Bayesian Criteria

Sum of

Squares

Regression
Residual

Total

1235.385
95.195
1330.580

ANOVA
DF Mean Square F

2 617.692 155.728
24 3.966

0.0000

Parameter Estimates
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model Beta Std. Error Std. Beta t Sig lower upper
(Intercept) 0.395 1.140 0.346 0.732 -1.958 2.748
floor 0.348 0.063 0.544 5.518 0.000 0.218 0.479

tax 0.057 0.012 0.463 4.696 0.000 0.032 0.083

M.4. 9524 6.10

&= cars93-2 1993 wl=o| A Tl 937H2] F/-9] AF Aol it A= o|th. ¥4 MPG.highway &
Hh-g-H =2 5}l EngineSize, Weight, Price, Width, Length, Horsepower, Wheelbae 7712 W&
A efste] 71 ket By Ao E At

dat93 <- Cars93[c("MPG.highway","EngineSize", "Weight", "Price", "Width", "Length", "Horsepo
head (dat93)

MPG.highway EngineSize Weight Price Width Length Horsepower Wheelbase

1 31 1.8 2705 15.9 68 177 140 102
2 25 3.2 35660 33.9 71 195 200 115
3 26 2.8 3375 29.1 67 180 172 102
4 26 2.8 3405 37.7 70 193 172 106
5 30 3.5 3640 30.0 69 186 208 109
6 31 2.2 2880 15.7 69 189 110 105

M.4.1. AXDH

carfit <- 1m(MPG.highway~ . , data=dat93)
summary (carfit)
Call:
Im(formula = MPG.highway ~ ., data = dat93)
Residuals:

Min 1Q Median 3Q Max

-6.3952 -1.9678 -0.1942 1.4516 10.1313

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 21.119770 12.809426 1.649 0.1029
EngineSize 0.483792 0.698257 0.693 0.4903
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M. RA%G: 2ego] A

Weight -0.012833 0.001726 -7.434 7.69e-11 ***
Price -0.047157  0.059498 -0.793  0.4302

Width 0.079770  0.228192 0.350 0.7275

Length 0.058766  0.043322 1.356 0.1785
Horsepower 0.013296 0.013443 0.989 0.3254
Wheelbase 0.277231 0.118027 2.349 0.0212 =*
Signif. codes: O '*¥x' 0.001 '#x' 0.01 'x' 0.056 '.' 0.1 '

Residual standard error: 2.95 on 85 degrees of freedom
Multiple R-squared: 0.7172, Adjusted R-squared: 0.694
F-statistic: 30.8 on 7 and 85 DF, p-value: < 2.2e-16

M.4.2. B E 7155t 3|4

carfit.rgs2 <- ols_step_all possible(carfit)

"1

carfit.rgs2$result 7>} dplyr::select(mindex, n, predictors, rsquare,

dplyr: :arrange(sbc) %>%

head (10)
mindex n predictors  rsquare

1 8 2 Weight Length 0.6921969 0

2 9 2 Weight Wheelbase 0.6920227 0

3 29 3 Weight Length Wheelbase 0.7065024 0

4 30 3 EngineSize Weight Wheelbase 0.7045887 0

5 31 3 Weight Width Wheelbase 0.7039881 0O

6 64 4 EngineSize Weight Length Wheelbase 0.7120588 0

7 32 3 Weight Width Length 0.6974384 0

8 65 4 Weight Width Length Wheelbase 0.7113915 0O

9 33 3 Weight Horsepower Wheelbase 0.6965448 0O

10 34 3 EngineSize Weight Length 0.6950183 0
aic sbc

1 472.6393 482.7697

2 472.6919 482.8223

3 470.2133 482.8763

4 470.8178 483.4808

5 471.0066 483.6696

6 470.4358 485.6314

7 473.0419 485.7049

8 470.6511 485.8467

9 473.3162 485.9792

10 473.7829 486.4459
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adjr

.6853568
.6851788
.6966092
.6946310
.6940102
.6989706
.6872397
.6982729
.6863160
.6847380

A OO W O W W W w oo,

adjr, cp, aic, sbc) %>%

cp

.527269
.579611
.226956
.802229
.982755
.566655
.9561620
. 757264
.220248
.679132



plot(carfit.rgs2)

All Possible Regression

R-Square Cp
- 4 /@99 /812061 125-
8:;_@1 /'\8 [.29[.6 . 100-:
0.5-. ' j 8 *c Y l b1,
0.4- 25 -
03-0 , , o-@1 A8 oo A6 8o A o081
2 4 6 2 4 6
Adj. R-Square AIC
0.7- 9 /@64 /g9y 12081 ~ S550- @
0.6-@1[.8424949 530-."...
0.5- l ' . 0 o 510 -
0.4- ¢ 490 -
03-8 | , , 470-@1 AB /.99/'64!99412‘261
2 4 6 2 4 6
All Possible Regression
SBIC
280-:
S
240 -

2081 By Boo Bsa oo Miood

SBC
0 i
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520 - | '
500 -
480-@1 ‘28 ‘99!64&9?2@1
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M.4.3. ZHZIMEelH

model0 <- 1m(MPG.highway~1, data=dat93)

step(modelO, scope=~EngineSize+ Weight+ Price+ Width+ Length+ Horsepower+ Wheelbase, direct

Start: AIC=312.3
MPG.highway ~ 1
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Df Sum of Sq
+ Weight 1 1718.70
+ Width 1 1072.43
+ EngineSize 1 1027.48
+ Horsepower 1 1002.23
+ Wheelbase 1 990.41
+ Price 1 822.16
+ Length 1 770.83
<none>
Step: AIC=214.74
MPG.highway ~ Weight

Df Sum of Sq
+ Length 1 91.615
+ Wheelbase 1 91.160
+ Width 1 53.010
+ EngineSize 1 31.068
<none>
+ Price 1 5.845
+ Horsepower 1 2.334
Step: AIC=206.72

896.
1542.
1587.
1613.
1624.
1793.
1844.
2615.

RSS
62
88
83
08
90
16
48
31

RSS

805.
805.
843.
865.
896.
890.
894.

MPG.highway ~ Weight + Length

Df Sum of Sq
+ Wheelbase 1 37.413
<none>
+ Width 1 13.708
+ EngineSize 1 7.379
+ Price 1 4.135
+ Horsepower 1 0.207
Step: AIC=204.29

00
46
61
55
62
77
28

RSS

767 .
805.
791.
T797.
800.
804.

MPG.highway ~ Weight + Length

<none>

+ EngineSize
+ Width

+ Horsepower

+ Price

Df Sum of Sq

1
1
1
1

59
00
29
62
87
79

265.
267.
269.
270.
279.
281.
312.

A
206.
206.
211.
213.
214.
216.
216.

A
204.
206.
207.
207.
208.
208.

IC
72
77
07
46
74
13
50

IC
29
72
12
86
24
69

+ Wheelbase

RSS

767 .

59

14.5319 753.06
12.7865 754.80
7.7950 759.79
1.0351 766.55

AIC

204.
204.
204.
205.
206.

29
51
73
34
16
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Call:
lm(formula = MPG.highway ~ Weight + Length + Wheelbase, data = dat93)

Coefficients:
(Intercept) Weight Length Wheelbase
26.31687 -0.01107 0.08170 0.21005

M.4.4. SHA|A

step(carfit, direction="backward")

Start: AIC=208.83
MPG.highway ~ EngineSize + Weight + Price + Width + Length +

Horsepower + Wheelbase

Df Sum of Sq RSS AIC
- Width 1 1.06 740.58 206.96
- EngineSize 1 4.18 743.69 207.35
- Price 1 5.47 744.98 207.51
- Horsepower 1 8.51 748.02 207.89
- Length 1 16.01 755.52 208.82
<none> 739.51 208.82
- Wheelbase 1 48.00 787.51 212.67
- Weight 1 480.82 1220.33 253.41

Step: AIC=206.96
MPG.highway ~ EngineSize + Weight + Price + Length + Horsepower +

Wheelbase

Df Sum of Sq RSS AIC
- EngineSize 1 7.73 T748.31 205.93
- Price 1 9.67 750.25 206.17
- Horsepower 1 10.29 750.87 206.24
<none> 740.58 206.96
- Length 1 19.54 760.12 207.38
- Wheelbase 1 51.04 791.62 211.16
- Weight 1 514.25 1254.83 254.00

Step: AIC=205.93
MPG.highway ~ Weight + Price + Length + Horsepower + Wheelbase
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Df Sum of Sq RSS AIC
- Price 1 11.48 759.79 205.34
<none> 748.31 205.93
- Horsepower 1 18.24 766.55 206.16
- Length 1 32.26 780.57 207.85
- Wheelbase 1 51.62 799.93 210.13
- Weight 1 516.55 1264.86 252.74

Step: AIC=205.34
MPG.highway ~ Weight + Length + Horsepower + Wheelbase

Df Sum of Sq RSS AIC
- Horsepower 1 7.79 T67.59 204.29
<none> 759.79 205.34
- Length 1 33.84 793.63 207.39
- Wheelbase 1 45.00 804.79 208.69
- Weight 1 508.94 1268.73 251.03

Step: AIC=204.29
MPG.highway ~ Weight + Length + Wheelbase

Df Sum of Sq RSS AIC
<none> 767.59 204.29
- Wheelbase 1 37.41 805.00 206.72
- Length 1 37.87 805.46 206.77
- Weight 1 846.75 1614.34 271.43

Call:
Im(formula = MPG.highway ~ Weight + Length + Wheelbase, data = dat93)

Coefficients:
(Intercept) Weight Length Wheelbase
26.31687 -0.01107 0.08170 0.21005

M.4.5. A dEH

model0 <- 1m(MPG.highway~1, data=dat93)

step(modelO, scope=~EngineSize+ Weight+ Price+ Width+ Length+ Horsepower+ Wheelbase, direct

Start: AIC=312.3
MPG.highway ~ 1
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Df Sum of Sq
+ Weight 1 1718.70 896.
+ Width 1 1072.43 1542.
+ EngineSize 1 1027.48 1587.
+ Horsepower 1 1002.23 1613.
+ Wheelbase 1 990.41 1624.
+ Price 1 822.16 1793.
+ Length 1 770.83 1844.
<none> 2615.
Step: AIC=214.74
MPG.highway ~ Weight

Df Sum of Sq
+ Length 1 91.62 805.
+ Wheelbase 1 91.16 805.
+ Width 1 53.01 843.
+ EngineSize 1 31.07 865.
<none> 896.
+ Price 1 5.85 890.
+ Horsepower 1 2.33 894.
- Weight 1 1718.70 2615.
Step: AIC=206.72
MPG.highway ~ Weight + Length

Df Sum of Sq
+ Wheelbase 1 37.41 T67.
<none> 805.
+ Width 1 13.71 791.
+ EngineSize 1 7.38 T97.
+ Price 1 4.14 800.
+ Horsepower 1 0.21 804.
- Length 1 91.62 896.
- Weight 1 1039.48 1844.

Step: AIC=204.29
MPG.highway ~ Weight +

Df Sum of

<none>

RSS
62
88
83
08
90
16
48
31

RSS
00
46
61
55
62
4
28
31

RSS
59
00
29
62
87
79
62
48

AIC
214.74
265.22
267.89
269.36
270.04
279.20
281.82
312.30

AIC
206.72
206.77
211.07
213.46
214.74
216.13
216.50
312.30

AIC
204.29
206.72
207.12
207.86
208.24
208.69
214.74
281.82

Length + Wheelbase

Sq

RSS

AIC

767.59 204.29
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+ EngineSize 1 14.53
+ Width 1 12.79
+ Horsepower 1 7.79
+ Price 1 1.04
- Wheelbase 1 37.41
- Length 1 37.87
- Weight 1 846.75
Call:

Im(formula = MPG.highway ~ Weight + Length + Wheelbase, data

Coefficients:
(Intercept) Weight
26.31687 -0.01107

753.
754.
759.
766.
805.
805.
1614.

06
80
79
55
00
46
34

Length Wheelbase

0.08170 0.21005

ols_step_forward_aic(carfit, details = TRUE)

Forward Selection Method

Candidate Terms:

EngineSize
Weight

. Price

. Width

. Length

. Horsepower
. Wheelbase

N O O WwN =

Step => 0
Model => MPG.highway ~
AIC => 578.2207

1

Initiating stepwise selection...

Table: Adding New Variables

dat93)

341



0.69661
0.68724
0.68474
0.68346

M. R-A%: 239 AH

Weight 1 480.663 488.261 216.331
Width 1 531.141 538.739 264 .864
EngineSize 1 533.812 541.410 267 .447
Horsepower 1 535.280 542.878 268.867
Wheelbase 1 535.959 543.556 269.524
Price 1 545.122 5562.720 278.402
Length 1 547.746 555.344 280.948
Step => 1
Added => Weight
Model => MPG.highway ~ Weight
AIC => 480.6632

Table: Adding New Variables
Predictor DF AIC SBC SBIC
Length 1 472.639 482.770 208.747
Wheelbase 1 472.692 482.822 208.797
Width 1 476.996 487.126 212.824
EngineSize 1 479.384 489.514 215.061
Price 1 482.055 492.185 217.566
Horsepower 1 482.421 492.5561 217.909
Step => 2
Added => Length
Model => MPG.highway ~ Weight + Length
AIC => 472.6393

Table: Adding New Variables
Predictor DF AIC SBC SBIC
Wheelbase 1 470.213 482.876 206.718
Width 1 473.042 485.705 209.299
EngineSize 1 473.783 486.446 209.975
Price 1 474.160 486.823 210.320
Horsepower 1 474.615 487.278 210.736

0.68190
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0.71206
0.71139
0.70948

0.69897
0.69827
0.69628

Step => 3
Added => Wheelbase
Model => MPG.highway ~ Weight + Length + Wheelbase
AIC => 470.2133

Table: Adding New Variables
Predictor DF AIC SBC SBIC
EngineSize 1 470.436 485.631 207.247
Width 1 470.651 485.847 207.438
Horsepower 1 471.264 486.460 207.982
Price 1 472.088 487.283 208.714

0.70690

0.69358

No more variables to be added.

Variables Selected:

=> Weight
=> Length
=> Wheelbase

Stepwise Summary

0 Base Model
1 Weight

2 Length

3 Wheelbase

578.221
480.663
472.639
470.213

583.286
488.261
482.770
482.876

311.963
216.331
208.747
206.718

0.00000
0.65717
0.69220
0.70650

0.00000
0.65340
0.68536
0.69661

R-Squared

Mode

1 Summary
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Adj. R-Squared 0.697 Coef. Var 10.097
Pred R-Squared 0.665 AIC 470.213
MAE 2.139 SBC 482.876

RMSE: Root Mean Square Error
MSE: Mean Square Error

MAE: Mean Absolute Error

AIC: Akaike Information Criteria

SBC: Schwarz Bayesian Criteria

ANOVA
Sum of
Squares DF Mean Square F Sig.
Regression 1847.724 3 615.908 71.413 0.0000
Residual 767.588 89 8.625
Total 2615.312 92
Parameter Estimates
model Beta Std. Error Std. Beta t Sig lower upper
(Intercept) 26.317 7.088 3.713 0.000 12.233 40.401
Weight -0.011 0.001 -1.225 -9.909 0.000 -0.013 -0.009
Length 0.082 0.039 0.224 2.095 0.039 0.004 0.159
Wheelbase 0.210 0.101 0.269 2.083 0.040 0.010 0.410

ols_step_forward_p(carfit, details = TRUE)

Forward Selection Method

Candidate Terms:

EngineSize
Weight
Price
Width
Length

g > W NN -
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6. Horsepower
7. Wheelbase

Step =>0
Model => MPG.highway ~ 1
R2 => 0

Initiating stepwise selection...

Selection Metrics Table

Weight
Width
EngineSize
Horsepower
Wheelbase
Price

Length

Step
Selected
Model

R2

Selection Metrics Table

Pr(>Itl) R-Squared
0.00000 0.657
0.00000 0.410
0.00000 0.393
0.00000 0.383
0.00000 0.379
0.00000 0.314
0.00000 0.295

=> Weight
=> MPG.highway ~ Weight
=> 0.657

R-Squared

Adj.

R-Squared

Length
Wheelbase
Width
EngineSize
Price

Horsepower
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Selected =>
Model
R2 =>

Length

0.692

=> MPG.highway ~ Weight + Length

Selection Metrics Table

Wheelbase
Width
EngineSize
Price

Horsepower

0.04014
0.21761
0.36665
0.49960
0.88015

470.213
473.042
473.783
474.160
474.615

Step =>
Selected =>
Model =>
R2 =>

Wheelbase

MPG.highway ~ Weight + Length + Wheelbase

0.707

Selection Metrics Table

EngineSize
Width
Horsepower

Price

0.19593
0.22536
0.34463
0.73113

470.436
470.651
471.264
472.088

Step =>
Selected =>
Model =>
R2 =>

EngineSize

MPG.highway ~ Weight + Length + Wheelbase + EngineSize

0.712

Selection Metrics Table

Adj. R-Squared

Width
Horsepower

Price

0.46764
0.56977
0.61570

0.714
0.713
0.713

0.697
0.697
0.696
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No more variables to be added.

Variables Selected:

=> Weight
=> Length
=> Wheelbase

=> EngineSize

Stepwise Summary

Step  Variable AIC SBC SBIC R2 Adj. R2
0 Base Model  578.221  583.286  311.963  0.00000  0.00000
1 Weight 480.663  488.261  216.331  0.65717  0.65340
2 Length 472.639  482.770  208.747  0.69220  0.68536
3 Wheelbase 470.213  482.876  206.718  0.70650  0.69661
4 FngineSize  470.436  485.631  207.247  0.71206  0.69897

Model Summary

R 0.844 RMSE 2.846
R-Squared 0.712 MSE 8.097
Adj. R-Squared 0.699 Coef. Var 10.057
Pred R-Squared 0.664 AIC 470.436
MAE 2.081 SBC 485.631

RMSE: Root Mean Square Error
MSE: Mean Square Error

MAE: Mean Absolute Error

AIC: Akaike Information Criteria

SBC: Schwarz Bayesian Criteria

ANOVA
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Sum of
Squares DF Mean Square F Sig.
Regression 1862.256 4 465.564 54.404 0.0000
Residual 753.056 88 8.557
Total 2615.312 92
Parameter Estimates
model Beta Std. Error Std. Beta t Sig lower upper
(Intercept) 28.439 7.246 3.925 0.000 14.040 42.839
Weight -0.012 0.001 -1.334 -8.960 0.000 -0.015 -0.009
Length 0.063 0.041 0.172 1.511 0.134 -0.020 0.145
Wheelbase 0.233 0.102 0.298 2.282 0.025 0.030 0.435
EngineSize 0.766 0.587 0.149 1.303 0.196 -0.402 1.933
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set.seed(13111)

Nsim <- 10
num_of_ind_var <- 50
n <- 100

N <- (num_of_ind_var+1)*n

randata <- matrix(rnorm(N), ncol=num_of_ind_var+1)
randata <- data.frame(randata)

indvarname <- names(randata) [1:50]

variables.set <- NULL
r2.set <- NULL
r2adj.set <- NULL

p <- NULL

for (i in 1:Nsim) {

randata <- matrix(rnorm(N), ncol=num_of_ind_var+1)

randata <- data.frame(randata)

=== &4 step(..direction="backward")= AIC £ 0|2
fit.1lm <- 1m(X51 ~ ., data=randata)
res <- step(fit.lm, direction="backward", trace=0)

variable.entered <- as.character(attr(res$terms, "variables")) [-c(1,2)]

# ==== &4 step(...direction = "forward"..) 2AIC E0|&

# fit.null <- 1m(X51 ~ 1, data=randata)

# res <- step(fit.null, scope~ X1 + X2 + X3 + X4 + X5 + X6 + X7 + X8 + X9 + X10 ¢+ X11 + X1
# X13 + X14 + X15 + X16 + X17 + X18 + X19 + X20 + X21 + X22 +

# X23 + X24 + X25 + X26 + X27 + X28 + X29 + X30 + X31 + X32 +

# X33 + X34 + X35 + X36 + X37 + X38 + X39 + X40 + X41 + X42 +

# X43 + X44 + X45 + X46 + X47 + X48 + X49 + X50 , direction = "forward", trace=0)

#

ariable.entered <- as.character(attr(res$terms, "variables")) [-c(1,2)]

=== 9l ols_step_backward_p =F-ZZ 20|
fit.1lm <- 1m(X51 ~ ., data=randata)
aa <- ols_step_backward_p(fit.lm)

H OH H =

variable.entered <- names(aa$model$coefficients) [-1]

=== Sl ols_step_forward_p =F-4dZ2 0|2
fit.lm <- 1Im(X51 ~ ., data=randata)
aa <- ols_step_forward_p(fit.1lm) 349

H H H

variable.entered <- names(aa$model$coefficients) [-1]



variables.set

X1 X2 X3 X4 X5 X6
2 3 3 3 2 b

X21 X22 X23 X24 X25 X26
6 3 4 2 4 4

X41 X42 X43 X44 X45 X46
2 2 3 2 2 3

summary (p)

Min. 1st Qu. Median

7.0 9.0 14.0

summary (r2.set)

Min. 1st Qu. Median

0.2228 0.2909 0.3612

summary (r2adj.set)

Min. 1st Qu. Median

0.1545 0.2094 0.2635

X7 X8
5 1
X27 X28
3 1
X47 X48
1 2

Mean
13.4

Mean
0.3570

Mean
0.2595

X9 X10 X11 X12 X13 X14 X15 X16 X17 X18 X19 X20

5 0 3 4

0

4

2

4

3

2

1

2

X29 X30 X31 X32 X33 X34 X35 X36 X37 X38 X39 X40

4 3 2 3

X49 X50

4 0
3rd Qu. Max.
17.0 20.0
3rd Qu. Max.

0.4050 0.5094

3rd Qu. Max.
0.2938 0.3852
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company<- as.factor(rep(c(1:4), each=4))
response<- c(1.93, 2.38, 2.20, 2.25,
2.55, 2.72, 2.75, 2.70,
2.40, 2.68, 2.32, 2.28,
2.33, 2.38, 2.28, 2.25)
df31<- data.frame(company=company, response= response)
df31

company response

1 1.93
.38
.20
.25
.65
.72
.75
.70
.40
.68
.32
.28
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df31s <- df31 >} group_by(company)

min

5>

max

<dbl> <dbl> <dbl> <dbl>

df31s
# A tibble: 4 x 6
company mean median sd
<fct> <dbl>
11 2.19 2.22 0.189
22 2.68 2.71 0.0891
33 2.42 2.36 0.180
4 4 2.31 2.30 0.0572

N.1.3. M2l

oA A2

&t 7

E

° 4q Bgoz AP At 4P 239 AFL IO F4E A§A

A5t (set-to-zero)

1.93
2.55
2.28
2.25

2.38
2.75
2.68
2.38

summarise (mean=mean(response), median= median(resp

¢ (Intercept)
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Ho
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B
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fitl <- lm(response~company,data=df31)
summary (£fit1)

Call:

Im(formula = response ~ company, data = df31)

Residuals:
Min 1Q Median 3Q Max
-0.2600 -0.0700 0.0150 0.0625 0.2600

Coefficients:
Estimate Std. Error t value Pr(>|t|)
(Intercept) 2.19000 0.07050 31.062 7.79e-13 **x

company2 0.49000 0.09971 4.914 0.000357 ***

company3 0.23000 0.09971 2.307 0.039710 *

company4 0.12000 0.09971 1.204 0.251982

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.141 on 12 degrees of freedom
Multiple R-squared: 0.6871, Adjusted R-squared: 0.6089
F-statistic: 8.785 on 3 and 12 DF, p-value: 0.002353

AoNA Hget AvE B Hat p ot 4702 A2 ay, o, ag, ay 7F RO QAT R40] A
(intercept) ¥} 370¢] 2 4=(company?2, company3, company4) Tt S &Fo] F=o]Zlt},

R oA FAE Aok &3 &4 Im () 22 AP R P S Aotk A5 set-to-zero 275 285 2p=0|
UEht A2 FE F a7 P B2 50 95 022 AAdH (company1=0 ). set-to-zero
Z& BAE Aot thai 42 PEEs WA At

rlo
o,

ot

options(contrasts=c("contr.treatment", "contr.poly"))

o] TS HH (Intercept) o tiet FA o] 2 ®iA| #2] companyl 9] Bt 22 A& & 5 AUt
set-to-zero oA o] ALPE L thzt Zo] = & AU

model .matrix(fitl)

(Intercept) company2 company3 company4

1 1 0 0 0
2 1 0 0 0
3 1 0 0 0
4 1 0 0 0
5 1 1 0 0
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6 1 1 0 0
7 1 1 0 0
8 1 1 0 0
9 1 0 1 0
10 1 0 1 0
11 1 0 1 0
12 1 0 1 0
13 1 0 0 1
14 1 0 0 1
15 1 0 0 1
16 1 0 0 1
attr(,"assign")
[1J o111
attr(,"contrasts")
attr(,"contrasts")$company
[1] "contr.treatment"
o|A Zt A] Btoll Wiet 2% p+ oy & FAlEAL
emmeans (fitl, "company")
company emmean SE df lower.CL upper.CL

2.19 0.0705 12 2.04 2.34
2 2.68 0.0705 12 2.53 2.83
3 2.42 0.0705 12 2.27 2.57
4 2.31 0.0705 12 2.16 2.46

Confidence level used: 0.95

Ay

o] 3¢ A2 Bl tiet FHg2 Ate P FLSHA 2.

e

2

1.4, M Eo| 28t (sum-to-zero)

o
2

1
chew

‘IO]

A A8 2] oA sum-to-zero 7S H-g5to] R4E FAS] Bt sum-to-zero 271 -85t H

o Wejols Aasiof g,

m. e

options(contrasts=c("contr.sum", "contr.poly"))
o)A o] AL Agksln FHATE BA,

fit2 <- Im(response~company,data=df31)
summary (£it2)
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Call:

Im(formula = response ~ company, data = df31)

Residuals:
Min 1Q Median 3Q Max
-0.2600 -0.0700 0.0150 0.0625 0.2600

Coefficients:
Estimate Std. Error t value Pr(>|tl|)
(Intercept) 2.40000 0.03525 68.081 < 2e-16 **x*

companyl -0.21000 0.06106 -3.439 0.004901 *x

company?2 0.28000 0.06106 4.586 0.000626 *x*x*

company3 0.02000 0.06106  0.328 0.748892

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.141 on 12 degrees of freedom
Multiple R-squared: 0.6871, Adjusted R-squared: 0.6089
F-statistic: 8.785 on 3 and 12 DF, p-value: 0.002353

o] 4| sum-to-zero Z71of w2bA] 919] set-to-zero AT}e} H0] A gho] thEA] LrERLE

1SS o]
1 = S
upA]e ©4> company4 ()£ sum-to-zero 25 ©]-&5t] ot 2 BAE 185t 7€ 4 Ut

ay = —(a; +ay + )

sum-to-zero X104 o] AlFPEL th33} Zo] & 4= QT
model .matrix(fit2)

(Intercept) companyl company2 company3

1 1 1 0 0
2 1 1 0 0
3 1 1 0 0
4 1 1 0 0
5 1 0 1 0
6 1 0 1 0
7 1 0 1 0
8 1 0 1 0
9 1 0 0 1
10 1 0 0 1
11 1 0 0 1
12 1 0 0 1
13 1 -1 -1 -1
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14 1 -1
15 1 -1
16 1 -1

attr(,"assign")

(1] o111

attr(,"contrasts")

attr(,"contrasts")$company

[1] "contr.

sum"

o|Al 7t A Watel et 2 i+ oy &

emmeans (fit2, "company")

company emmean

1 2.19 0.0705 12
2 2.68 0.0705 12
3 2.42 0.0705 12
4 2.31 0.0705 12

Confidence level used: 0.95

resl <- anova(fitl)

resl

Analysis of Variance Table

Response: response

2.04
2.53
2.27
2.16

TSE T set-to-zero oA 9] FAHYT sLES & 4 A

SE df lower.CL upper.CL

2.34
2.83
2.57
2.46

2= FLstt.

Df Sum Sq Mean Sq F value Pr(>F)
company 3 0.5240 0.174667 8.7846 0.002353 **

Residuals 12 0.2386 0.019883

Signif. codes: 0O '**x'

res2<- anova(fit2)

res2

Analysis of Variance Table

Response: response

Uk !

0.01 'x* 0.05 '." 0.1 " ' 1
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Df Sum Sq Mean Sq F value Pr(>F)
company 3 0.5240 0.174667 8.7846 0.002353 *x*
Residuals 12 0.2386 0.019883

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.06 '.' 0.1 " ' 1

N.1.6. Ci=H|m ofj#|

Srof| Al A2 A A 47]9] A7} Tt whEbA (;‘) =6 M9 7Hd AA(FE= AFEHS
Z=g3fjoF gt
47§9] company 7} A | =olw] ZF A 2 1, 2, 3, 4% A HTL

df31s

# A tibble: 4 x 6
company mean median sd min max
<fct> <dbl> <dbl> <dbl> <dbl> <dbl>

1 2.19 2.22 0.189 1.93 2.38
22 2.68 2.71 0.0891 2.55 2.75
33 2.42 2.36 0.180 2.28 2.68
4 4 2.31 2.30 0.0572 2.25 2.38

HA ohEEl L e A-8oA] e 73 AYE EAF o4 LSD. test oA p.adj=c("none") & #7451
o) =
p

% HE A8t ¢k g9 p.adj & AAHA oH £4E 514 &= LSD ol ot 41 =]
TF7F7.24 oF HA HH 7.25 2 #5F A= Fot

anova.res <- aov(response~company,data=df31) #Llb{|

testl <- LSD.test(anova.res, "company", alpha = 0.05, group = FALSE, console = FALSE, p.adj=

test1$comparison

difference pvalue signif. LCL UCL
1 -2 -0.49 0.0004 ¥k —-0.70724487 -0.27275513
1 -3 -0.23 0.0397 * =0.44724487 -0.01275513
1 -4 -0.12 0.2520 -0.33724487 0.09724487
2 -3 0.26 0.0229 * 0.04275513 0.47724487
2 -4 0.37 0.0030 **x (0.15275513 0.58724487
3 -4 0.11 0.2916 -0.10724487 0.32724487

N.1.6.2. 20j2L| £ (Bonferroni correction)

olA okl WY Fo 7Y E4AQ EHl2Y 47 (Bonferroni correction)< &85 B2}, o4

LSD.test o4 p.adj=c("bonferroni") & °©]-&3ltc}.
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ofefo] At Br|2u] 44 el ok Alw) 771 b @A WO T Afoltt,
J o

H
Ho2Y o] H-gH AZ77he LSD W o] A8 1tHet Ae =45 p-gh-2> LSD $Hoz 3t
7o) 6ufoltt. LSD 2 285k A Fogh 2po| & Kol 2go] 4712 Uetut=tl(1-2,1-3,2-3,2-4)
B2y 42 183 FolE 2702 Eo EATH1-2,2-4)
FA% p-gto] 10] 2}etH gHgel”] miof 12 FolXk

test2 <- LSD.test(anova.res, "company", alpha = 0.05, group = FALSE, console = FALSE, p.adj=

test2$comparison

difference pvalue signif. LCL UCL
1 -2 -0.49 0.0021 **x —-0.80434725 -0.17565275
1 -3 -0.23 0.2383 -0.54434725 0.08434725
1 -4 -0.12 1.0000 -0.43434725 0.19434725
2 -3 0.26 0.1374 -0.05434725 0.57434725
2 -4 0.37 0.0179 * 0.05565275 0.68434725
3 -4 0.11 1.0000 -0.20434725 0.42434725

N.1.6.3. Tukey2| HSD

FrTukeyHSD = EAHEA S A5)gh
Significant Difference (HSD) H'¥
Tukey ©] HSD= UF B4l ANE = 2H2Y 43S
B2 A= e45HA] b= LDS 9] 2319} Bonferoni W ] F3F :
Tukey ©] HSD olA= 2# 242} F-AFSHA 2709] 28H(1-2,2-4) 7] f-2J3t 2po| 7} Qlrkal vehdtt.,

=
=
ol
Y
o
v
=)
)
o)
)
<

1o
s
w2
)
2
o

anova.res <- aov(response~company,data=df31) #eltfiz]
test3 <- TukeyHSD(anova.res, conf.level = 0.95, ordered=FALSE)
test3

Tukey multiple comparisons of means

95% family-wise confidence level

Fit: aov(formula = response ~ company, data = df31)

$company

diff lwr upr p adj
2-1 0.49 0.19397708 0.78602292 0.0017496
3-1 0.23 -0.06602292 0.52602292 0.1509207
4-1 0.12 -0.17602292 0.41602292 0.6362891
3-2 -0.26 -0.556602292 0.03602292 0.0924227
4-2 -0.37 -0.66602292 -0.07397708 0.0136804
4-3 -0.11 -0.40602292 0.18602292 0.6943908
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plot (test3)

4-3

Differences in mean levels of company

N.1.6.4. M| 2HojlA2| p-Z} Hl

¥ N.2.: LSD, Bonferoni, HSD #'# 9] p-gf |1
B Hw 23 LSD  HSD  Bonf

1-2 0.0004 0.0017 0.0021
1-3 0.0397 0.1509 0.2383
1-4 0.2520 0.6363 1.0000
2-3 0.0229 0.0924 0.1374
2-4 0.0030 0.0137 0.0179
3-4 0.2916 0.6944 1.0000
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N.2. oA 7.1 - L]

oA WA oA 7.1 (271 o] oA BH] A7 adsaleol ] TujH-S o &5h= 3942 15| Bt

7] adsale Hlo|H X Aol A F ¥4 FA1H] ad 2 iA| media H15-9] Zpol S ot zt WA FalH|

ad= %] ¥4 (numeric variable) 24 &4 class () & ©]-85IH A4 (integer) FEfl A2 & 4= ot

A= A, A, BAg 52 u|gih

QP A=A 4 class O & o8t H59 (factor) FEI] A2 & 5 AUTh
L= T

2 ehf: Ao WFF

A~
T

head(adsale)

sale ad media

1 39 4 8
2 42 6 A2
3 45 6 &
4 47 8 AIZ2
5 50 8 =&
6 50 9 AIZ
adsale$ad

[1] 4 6 6 8 8 9 9 10 12 12

adsale$media
[1] && AME Ehs MR ghS AR gk ghs MR g

class(adsale$ad)

[1] "integer"

class(adsale$media)

[1] "factor"
I 7|2 AEFS ALt = A}

adsalesum <- adsale %>} group_by(media) %>% summarise(mean=mean(ad), median= med

adsalesum
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# A tibble: 2 x 6

media mean median sd min max

<fct> <dbl> <dbl> <dbl> <int> <int>

8t& 8.17 8.5 2.86 4 12
2 AME 8.75 8.5 2.5 6 12
dr Im( 22 AP ngS H3she 4§ set-to-zero 27 A-got Ao Yepd Helo] £5E5 F &
A7) A e 20 aE 022 A AT} set-to-zero 22 A2 A A5 H o2 e U RS

options(contrasts=c("contr.treatment", "contr.poly"))

oAl WiH] ad 9 MhA] media B LT 5| UAES HPAA Bt RO 1n W4 WFFASE AFHL
A%z v 2o S740] A48E HAVALL Y mediad] A|FsHs o] 0 7 12 o] o]
LR L R R

fitl <- Im(sale~ ad + media, data=adsale)

summary (£it1)

Call:

Im(formula = sale ~ ad + media, data = adsale)

Residuals:
Min 1Q Median 3Q Max
-0.47902 -0.24720 0.02727 0.22832 0.39091

Coefficients:

Estimate Std. Error t value Pr(>ltl)
(Intercept) 29.21888 0.38588 75.72 1.84e-11 *x*x
ad 2.56503 0.04408 58.19 1.16e-10 *x*x
mediatl® -2.66294 0.22114 -12.04 6.21e-06 ***

Signif. codes: O '*x*xx' 0.001 '#x' 0.01 'x' 0.05 '.' 0.1 ' ' 1
Residual standard error: 0.3403 on 7 degrees of freedom
Multiple R-squared: 0.998, Adjusted R-squared: 0.9974
F-statistic: 1707 on 2 and 7 DF, p-value: 3.875e-10

model .matrix(fitl)

(Intercept) ad mediall®
1 1 4 0
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B

2 1 6 1
3 1 6 0
4 1 8 1
5 1 8 0
6 1 9 1
7 1 9 0
8 110 0
9 112 1
10 112 0
attr(,"assign")

(11 012

attr(,"contrasts")
attr(,"contrasts")$media
[1] "contr.treatment"

data.frame(media=adsale$media, z=model.matrix(fit1l)[,3])

media z

O© 0 N OO O P W NN =
o Mo of o Mo of Mo of Mo op
O r O Ok Ok O +~ O

OL > 0L O r> 0L > 0T r> o

[EY
o

N.3. oj#| 7.2 - n=2&

fit2 <- Im(sale ~ ad + media + ad:media, data=adsale)

summary (£it2)

Call:

Im(formula = sale ~ ad + media + ad:media, data = adsale)
Residuals:

Min 1Q Median 3Q Max
-0.3674 -0.1400 -0.1043 0.2194 0.4490
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Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 29.00000 0.46388 62.516 1.13e-09 **x*
ad 2.59184 0.05411 47.901 5.55e-09 **x*
mediaflE& -1.93333 0.85628 -2.258 0.0647 .
ad:mediatlE -0.08517 0.09645 -0.883 0.4112

Signif. codes: O 'x*xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' '

Residual standard error: 0.3458 on 6 degrees of freedom
Multiple R-squared: 0.9982, Adjusted R-squared: 0.9973
F-statistic: 1102 on 3 and 6 DF, p-value: 1.298e-08

anova(fit2)

Analysis of Variance Table

Response: sale

Df Sum Sq Mean Sq F value Pr (>F)
ad 1 378.50 378.50 3166.1379 2.116e-09 *x*x
media 1 16.79 16.79 140.4378 2.183e-05 **x
ad:media 1 0.09 0.09 0.7797 0.4112
Residuals 6 0.72 0.12

Signif. codes: O 'x*x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' '

model .matrix(fit2)

(Intercept) ad mediatl® ad:mediall®

1 1 4 0 0
2 1 6 1 6
3 1 6 0 0
4 1 8 1 8
5 1 8 0 0
6 1 9 1 9
7 1 9 0 0
8 110 0 0
9 112 1 12
10 112 0 0
attr(,"assign")

[11 0123

attr(,"contrasts")
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attr(,"contrasts")$media

[1] "contr.treatment"

N.4. of|x] 7.3 - L:HHZ| 2

englishl

score grade

1 81 1
2 75 1
3 69 1
4 90 1
5 72 1
6 83 1
7 65 2
8 80 2
9 73 2
10 79 2
11 81 2
12 69 2
13 72 3
14 67 3
15 62 3
16 76 3
17 80 3
18 89 4
19 94 4
20 79 4
21 88 4

class(englishi$grade)

[1] "integer"

1] A7tE B WS grade= 543
%‘Eé%% @ factor O 5 A& 4] M4¢l grades &5

21 WY MAE o] T Zlolt,

[

englishl$grade <- factor(englishl$grade, levels=c(4,
englishi$grade
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englishisum <-englishl %>J group_by(grade) ¥%>% summarise(mean=mean(score), median= median(

englishlsum

# A tibble: 4 x 6
grade mean median sd min max

<fct> <dbl> <dbl> <dbl> <int> <int>

1 454 87.5 88.5 6.24 79 94
2 1std 78.3 78 7.79 69 90
3284 74.5 76 6.57 65 81
4

(¢l

384 71.4 72 7.13 62 80

J

o|A] AU Y& A 712 ANOVA F-HA S Bl B4}

fit3 <- lm(score ~ grade, englishl)
summary (£it3)

Call:

Im(formula = score ~ grade, data = englishl)

Residuals:
Min 1Q Median 3Q Max
-9.500 -5.500 0.600 4.667 11.667

Coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept) 87.500 3.513 24.910 8.06e-15 *x*x*

gradelstd -9.167 4.535 -2.021 0.05927 .

grade2std -13.000 4.535 -2.867 0.01069 *

grade3std -16.100 4.713 -3.416 0.00329 *x*

Signif. codes: O 'x*x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 7.025 on 17 degrees of freedom
Multiple R-squared: 0.4341, Adjusted R-squared: 0.3342
F-statistic: 4.347 on 3 and 17 DF, p-value: 0.01905
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anova(fit3)

Analysis of Variance Table

Response: score

Df Sum Sq Mean Sq F value Pr(>F)
grade 3 643.63 214.544  4.347 0.01905 *
Residuals 17 839.03 49.355

Signif. codes: O 'x*x*' 0.001 '*x*' 0.01 'x' 0.05 '.' 0.1 ' ' 1
ATt RS o] 8ot HAAE BahS oA
emmeans (fit3, "grade")

grade emmean SE df lower.CL upper.CL
87.5 3.51 17 80.1 94.9
78.3 2.87 17 72.3 84.4
74.5 2.87 17 68.4 80.6
71.4 3.14 17 64.8 78.0

N D
Job jo ol
Mo i rf

w
o
i

Confidence level used: 0.95

—

iE|

o H L Y Sk

o

=857 9w 7}

5
ol
EN]
1o
i
)
i
=
=1
o

ol
R

i

anova.res <- aov(fit3)

testl <- LSD.test(anova.res, "grade", alpha = 0.05, group = FALSE, console = FALSE|, p.adj=c(

testl$comparison
difference pvalue signif. LCL UCL

13t - 28Hd  3.833333 0.3579 -4.724208 12.3908748
15td - 38Hd 6.933333 0.12156 -2.041892 15.9085586
13Hd - 4s8Hd -9.166667 0.0593 . —18.734289 0.4009556
2s8td - 334 3.100000 0.4761 -5.875225 12.0752252
25H - 435H4 -13.000000 0.0107 * —22.567622 -3.4323777
3stH - 4354 -16.100000 0.0033 *x -26.042965 -6.1570353

2H2Y 44 (Bonferroni correction)S #-85t0] ZF shAH Wt 2| x}o| & H]| w54t

test2 <- LSD.test(anova.res, "grade", alpha = 0.05, group = FALSE, console = FALSE|, p.adj=c(

test2$comparison

difference pvalue signif. LCL UCL

368



M. R-A%G: B0 A
184 - 28Hd  3.833333 1.0000 -8.270123 15.9367895
18H4 - 38Hd  6.933333 0.7292 -5.760879 19.6275452
184 - 45Hd -9.166667 0.3556 -22.698742 4.3654087
25t - 354 3.100000 1.0000 -9.594212 15.7942119
25Hd - 438H4 -13.000000 0.0641 . -26.532075 0.5320754
35t - 43H4 -16.100000 0.0197 * -30.162945 -2.0370548

v W 5 7P @ol o] 85+ Tukey’s Honest Significant Difference (HSD) =

test3 <- TukeyHSD(anova.res, conf.level = 0.95, ordered=FALSE)
test3

Tukey multiple comparisons of means

95, family-wise confidence level
Fit: aov(formula = fit3)

$grade
diff lwr upr p adj

Hd -9.166667 -22.05714 3.7238087 0.2190188
FH -13.000000 -25.89048 -0.1095246 0.0476922
fd -16.100000 -29.49617 -2.7038250 0.0157259
HH -3.833333 -15.36293 7.6962583 0.7813729
fd -6.933333 -19.02567 5.1590044 0.3891708
HH -3.100000 -15.19234 8.9923378 0.8842429
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