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1. S9HEQ CIHYT YARE

library(Hotelling)
library(tidyverse)
library (here)
library(knitr)
library (purrr)
library(rmarkdown)
library(kableExtra)
library(flextable)
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1.1. Oj&- 221121100

FUA 1002 F0 A AT AFEAL 918) AL S
Aol o] wE A=A g

7\sig AFet.

o]t Aol = HAW (13-18A4]) Fod 3000l thaled 2024 F ol ZRIA 2100 AFF A AT AR E A2
Atgoto] thEF AR E EHshH= WHET EXE g2 7lo|tt,

flL

WA ST tiet Aol tigt A =S 2At

load(here("data", "physicallOO.RData"))
1sQ)

[1] "physicall00_df" "physicall00_df_info"



HA glo]EZH Y selected_var_df ©f

(varname_kor), S EoF(category_kor)

[
L)
=
B[}V
2

40| & (varname_eng), &= 9]

3} ol A#E o] et

N
e
B
=
ot
N—
N
—
L
lle}

varname_eng varname_kor category_kor unit

height A% AT cm

weight AE AT kg

body_fat_pct A2 A

grip_left of=l_z} -3 kg

grip_right ofel_¢ =9 kg

sit_forward ‘iO}%—‘é‘ﬁgi{:,%] 944 cm

illinois Az o] A 3

hang_time A F A7 =g ES

twall_time TWALL_A]7H 45 =

twall_errors TWALL_A4 439 3]

twall_score TWALL_Z73k s =3

bmi BMI AAT-7S

rel_grip et =4 %

abs_grip Aot = kg

el A4 300080 54 A=l di = v Eoh

sex age height weight body_fat_pct grip_left sit_forward
g4 15 166.5 68.0 26.3 31.9 22.1
k! 13 166.4 45.5 22.0 20.0 10.2
Lo 13 163.2 44.7 1.7 22.0 -2.0
4 14 156.9 44.7 26.9 17.3 -5.0
A 17 175.7 78.1 16.7 52.2 18.5
14 16 167.2 74.5 371 25.9 12.0
4 16 162.0 57.3 37.1 21.6 -4.5
4 17 169.1 75.0 39.8 21.6 0.1

™

=2 o



sit_forward
-8.0

grip_left
25.1

33.1

body_fat_pct

weight
56.8

height
160.9

age
15

Sex

28.0

39.6

18.0

57.6

162.8

13
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Y=aX+b
:/(ax+b)f($)dx
a/xf(:c)dac+b
=aE(X)+b
ap+b

Var(aX +b)
= E[aX +b— E(aX + b)]?

E(Y) = E(aX + )

V(Y)

SHEUE9} 7|2 4

AW S+EH (random variable) X 7 3
o] A o]H .

1.2.
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=

Al (linear relationship)

s

o

EX —p)(X —p)

= E(XX") — pp'

V(X) = Cov(X)

S & S
& b S
N N s%
— [a\] (2]
& b S
— ™ o
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5 b S

& (symmetric

matrix) ©|th,
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& (correlation matrix) R & e}
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E(Y) = E(AX +b)

= AE(X)+b

=Ap+b

Var(AX +b)

V(Y) =

[AX +b— E(AX +b)][AX +b— E(AX +b)]*

FIx
_\|/
| 3
=N
=3
N
[
|
bt P
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R R RR

AE[(X — p)(X — p)']A*

AT A

1.2.3. 22 A
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o|A €& HF-E(sample)
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S11 S12 S1p
s s s ~
12 S22 2
S = Pl =%
S1p Sop - Spp

ol s, = 52 £ SERS X, ©] TR Bavoln] 5, = X, o X, o W BRAFo]n] b3} Zo] AgrEt

1 7y T1p
= 7’12 1 71217
R p—
Tip Top 1

Tip = —/—» j’k:1527"°7p
VAR

1.2.4. of|3|-=2921x|24100

O[A HollM A A 100 ZAk= oA Fad E2F A=E 0|85t FrdlH, 24t Y2, A Y2
22 FAFE Axtsh 2At.

HA B2 Hd HEE ALs] Bz Folx "7 HoY 7] (height), w5 Al (weight), AAHE
(body_fat_pct), &t (grip_left), ot EY 0 25| 7] (sit_forward), FAEAF A7t hang_time) 671
Haak deisto] A4ls|] Bt

# D0 2100 At=0f|A HALEHMEASHY] C|O[E{ Zai| Y df 44
df <- physicall00_df %>%
filter(sex == "&A") %>%

select(height, weight, body_fat_pct, grip_left, sit_forward,hang time)

s

ool
Ul

# T{7|2| dplyrS| summarise ()2t across() T2 AFR5H0] 2F Ho| T AHAH
sample_mean_vector <- df %>%
summarise (across(everything(), \(x) mean(x, na.rm = TRUE))) %>%

unlist()

sample_mean_vector



1. S5 9} chaz
height weight body_fat_pct grip_left
172.0451492  69.7115470  20.9993923  36.0728729
oz Bi 324 AES ALt B4
cor(df)
height weight body_fat_pct
height 1.0000000000 0.50994161 -0.03019400
weight 0.5099416134 1.00000000  0.69156075
body_fat_pct -0.0301940037 0.69156075 1.00000000
grip_left 0.4522566754 0.46152254 -0.01208826
sit_forward 0.0008938941 0.01119109 -0.14345968
hang_time 0.1884978140 -0.14265212 -0.48446817
hang_time
height 0.1884978
weight -0.1426521
body_fat_pct -0.4844682
grip_left 0.3455952
sit_forward 0.2889235
hang_time 1.0000000
oprEto 2 B AEA S Lo ALt 2Aak
cor (df)
height weight body_fat_pct
height 1.0000000000 0.50994161 -0.03019400
weight 0.5099416134 1.00000000 0.69156075
body_fat_pct -0.0301940037 0.69156075 1.00000000
grip_left 0.4522566754 0.46152254 -0.01208826
sit_forward 0.0008938941 0.01119109 -0.14345968
hang_time 0.1884978140 -0.14265212 -0.48446817

height
weight

grip_left
sit_forward

hang_time

-0.
body_fat_pct -0.

hang_ time
0.1884978
1426521
4844682
0.3455952
0.2889235
1.0000000

Bt

S

it_forward
7.8976630

grip_left

0.45225668

.46152254
.01208826

1.00000000
0.26056543
0.34559521

grip_left

0.45225668
0.46152254

.01208826

1.00000000
0.26056543
0.34559521

0.
0.

-0

0.
1.
0.

0.
0.
-0.
0.

1

0.

hang_time
0.5593964

sit_forward
0008938941
0111910927
.1434596849
2605654264
0000000000
2889235491

sit_forward
0008938941
0111910927
1434596849
2605654264
.0000000000
2889235491



EEl
r
o
e
Y

10 40 0.2 0.6
___ L1111 [

- ] i ] ,=-;:..l_-‘ -0
e I . ., | S :
O _ T
o 4 by s . .

3 m{ . grip_left
o . TR I
o -

TTTTTTT ' T TTT FrTTTTT

130 170 10 30 50 -20 10

1.3. CpHSFHQER
A gHEds X7t

3.1, &

gus

k

pok

A
T
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1. g e} ey AT RE

£
i
il

o] 2291 SHEUE) X = (X, X,) 7H Bo] = (1, ip)! O] B4 £} thg 7} Zo] Fo]7d

o o
11 12
y =

012 022

ol¥leh AFREES RO FBUEFS f(z) A exp@e] AAHE g7} o] Fofirh

1

27y 011095(1 — P2>

(gﬂ)fp/2|g|fl/2 —

A71M p = 015//011022

A2 ATEEI} ol ThE B2 A9 FHAbo] 091 F & W4k Eo] ofd 4 9r.

1.3.2. of|x-=201x|24100

o1A] 1014 ArE R FRAA100 Aol 4 Fe] 7] (height) 9 B2 (weight) 7} o} 2 nE
Hecn 2oty SRR 4 TeR,

# TS II7|3| 2
library(mvtnorm)

library(plotly)

# =0IA|2100 AL=O0f|A] LHA0E MEHSHO] GO|E{ =2 df Y, 7|2t A H4Pt HEie}
df <- physicall00_df %>’
filter(sex == "YA") %>%

select(height, weight)

# I§7|2| dplyrQ| summarise ()2t across()

ol
]

5 AHESHo] 2F Fof B A4t
sample_mean_vector <- df %>%

summarise(across(everything(), \(x) mean(x, na.rm = TRUE))) %>%

11




unlist ()

sample_mean_vector

height weight
172.04515 69.71155

# BE S AU
sample_cov_matrix <- cov(df, use = "complete.obs")

sample_cov_matrix

height weight
height 47.51166 54.80339
weight 54.80339 243.09372

# 0| daiol s et ALt

# 7|12 RCl oM B2z} 3812l Helel 2t2 100702 U0 x,y = dd

x1_seq <- seq(sample_mean_vector[1]-3* sqrt(sample_cov_matrix[1,1]), sample_mean_vector[1]+3*
x2_seq <- seq(sample_mean_vector[2]-3* sqrt(sample_cov_matrix[2,2]), sample_mean_vector [2]+3x

grid <- expand.grid(height = x1_seq, weight = x2_seq)

# SSUTS AL (222 2D

grid$z <- dmvnorm(grid, mean = sample_mean_vector, sigma = sample_cov_matrix)

# zE HH=2 A (surface plot&)

z_matrix <- matrix(grid$z, nrow = length(xl_seq), ncol = length(x2_seq))

Tha2 9ol o e X 45 32 surface plot 2= LeRH Z o[},

Bivariate Normal PDF (Surface)

0.0015

0.001

0.0005

E9k &5 239 T4 (contour) © = LERH T o]t}

12



Bivariate Normal PDF (Contour)

|

Yo
222

t
12

211

)

|

Cov(X,, X,
V(X5,)

V(Xy)
Cov(X,X,)

t
12

Hq
Ho

(=N

— —1yt
_211_212222 12

V(X,|Xy =)

=y + B 025 (1 — 25),

BE(X,|X, ==,)

el

= pq +

E(X | Xy = x,)

13



2. CjHE 2122 Al2ts}

library(gapminder)
library(GGally)
library(pheatmap)

library(tidyverse)
library(here)
library(knitr)
library(rmarkdown)
library(kableExtra)
library(flextable)

#of2l 3 B2 5t2S E8dt ggplot 20| Z8HE HTML, PDFZ QtEE HR ALE
library(showtext)

#font_add_google("Nanum Pen Script", "gl")
font_add_google(name = "Noto Sans KR", family = "noto")

showtext_auto()

durd o2 wol] AMg-Sh= B AR Y (regression model) & ¥H-gH 48} o] JFS F= AYHSES HAE
245t Bgolnt, wpeta 2 AR oA A2 -2 kSR ot AR 40 A YR = "ol
T2 2709 M=) PAE hofot= Ak 19 (scatter plot) o] Ho] AH&-H .

o 242 o7 7l9] g HEEL] A Bk A ZIFolth IARYT 2 H2 F2 of|Sof Tilo]
U SRS Sl Aolw mraha B4 9 EAJAY 378 ool W49 WAE T I AlZ3tot= Wol
Z a5t}

o] Aol A= ohilsF EA 0|4 of 2] 7jo] MaE0] TAE SAlO AlZtet HES dotE 1 gttt

HO,

o

&

T AT} Zo] 39 ME AT e H W x &, y 5 T tlEolA] Fo EA WA, BY F)
ohq_
A

o

e

o)
4 e

-

R 117]7] gapminder °| % gapminder Blo|E= A A|A o2 =718] A, B A RE AR 7] =3
TN Ap=oltt, YE-2 [Gapminder AT {https://www.gapminder.org/} oA A3t} gapminder H o]

14



2. Thaw zpzo] A)7}5}

+ 195255 2007d712] 58 @91= S 7+ =71E AA| 1 A% dHE AAIG R Bl s sk Al
Az ot

Ha A

country =7} ol&

continent ©% ©|&

year Ax

lifeExp 714 (average life expectancy)

pop 21 (population)

gdpPercap 1319 WAL (gross domestic product per capita)

head(gapminder: :gapminder)

# A tibble: 6 x 6

country continent year lifeExp pop gdpPercap

<fct> <fct> <int>  <dbl> <int> <dbl>
1 Afghanistan Asia 1952 28.8 8425333 779.
2 Afghanistan Asia 1957 30.3 9240934 821.
3 Afghanistan Asia 1962 32.0 10267083 853.
4 Afghanistan Asia 1967 34.0 11537966 836.
5 Afghanistan Asia 1972 36.1 13079460 740.
6 Afghanistan Asia 1977 38.4 14880372 786.

o] A gapminder HloJE{ oA 2007 A= E o]-&5te] 191" =745 (gdpPercap) ¥t 7|t (1ifeExp) 2]
UAE A ER et AL, tiS (continent) o] et o] 27| & th2A Uetdl= 18-S 1B o|ZA 19

3718 W4=9] gtol whet Wslh= AFH LS WE ZE(bubble chart) 2t gt
gapminder: :gapminder %>
filter(year == 2007) %>%
ggplot (aes(x = gdpPercap, y = lifeExp, size=pop)) +
geom_point(alpha = 0.5, color="blue") +
labs(title = "1QIE FYULSI 7|Ci+Fo| 24 (2007)",
x = "19g ZULE",
y = "Jlcha,
size = "QIFL") +
theme (text = element_text(family = "noto")) # ot=2 ZE M (lib(showtext) I{7|Z| T

15



2. e A= e A7k

11g =32 A=1t 7ti=Fol 24 (2007H)

e °
o °°
80- ¢ ,"'.: oo o o
o® ° °, © O . ‘o .
e o A ‘. o .0 A
@ o .: % o °
° ® °
e ‘
¢.8 o
70- ° °
°. JEPS
) )
.‘ @ 2.50e+08
0 o,
§|_ °° @ 5.00e+08
)
Ef 60- & o @ 7.50e+08
e ° @ 100e+09
]
o : @ 125e+09
“ °
o
% .
~ L]
50- o —
)
)
L)
L]
o®
' ]
40- .
0 10000 20000 30000 40000 50000

= olth, wetA] x 2L 2 AA Y=

1o
ri
d,
N

i
o
oflt
k)
o
R
52
il

o
ul

919 1YL B 197 FULET} 7|5
wgsto] thal 1954

gapminder: :gapminder %>%
filter(year == 2007) %>
ggplot (aes(x = gdpPercap, y = lifeExp, size=pop)) +
geom_point(alpha = 0.5, color="blue") + # alphas &9 EET

scale_x_logl0() + # x2S 21 AHYU=Z Bzt

labs(title = "1Q1& ZOIAED} J|Ci4HO| A (2007E) ",
x = "10Y FUAS (2O 2AHY)",
y = "7|ti=g",
size = "QIFa") +

theme (text = element_text(family = "noto"))

16



2. e A= e A7k

11g =32 A=1t 7ti=Fol 24 (2007H)

e ,
'”
80- s82
° e @ — e
e ° ° e o @
]
° .: .o ‘. - K 1
() X ] ) “ J ‘.
O ° ‘ o® @ ’ e
© o g" g0,
70- ' - - L °
° . el74
° )
‘e @ o ‘ ® 2.50e+08
0 °
§|_ ° ° @ 5.00e+08
)
Ef 60- e o © o o @ 7.50e+08
e ° ° @ 100e+09
° 3 °
. . @ 125e+09
° ® ©
o 'Y °
(] °
50- — +— ——
@ o (<)
) L] () .
e
L]
® [}
“ e © °
40- R
300 1000 3000 10000 30000
1918 FAIAE (20 AHY)

919 T-ANA et &3 Sl whet Y A4S thEA dehlel Ba B A9 ARt 54 15uE
BA5HE 797t Y] HRe] 15 Al2PA0R Uehl o] St

gapminder: :gapminder %>%
filter(year == 2007) %>
ggplot (aes(x = gdpPercap, y = lifeExp, size=pop, color=continent)) +
geom_point(alpha = 0.5) +

scale_x_logl0() + # X%—% A7 Y= HEt

labs(title = "1QIg 2OIASD} J|ChLBO| 2| (2007E) ",
x = "9IE BAIAS (21 A",
y = "o,
size = "QlL",
color = "CHE") +

theme (text = element_text(family = "noto"))
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2. Thaw zpzo] A)7}5}

11g =2 2S00t 7ol 2| (2007'4)

80-

70-

8o

=
2 60-

50-

40-

300 1000 3000 10000
1918 FAIAE (20 AHY)

ol A TEssto] Alzke} oh A T AUEES U2 Lehs
facet 7|52 ggplot2 W 7| A | A A|-55t= 7|5 2% facet_wrap()
gapminder: :gapminder 7>7

filte
ggplo
geom_
scale
labs(

facet

theme

r(year == 2007) %>%

t(aes(x = gdpPercap, y = lifeExp, size=pop)) +
point(alpha = 0.5, color="blue") +

_x_logl0() +

title = "1QE =UASI 7|Ci+Fo| 24 (2007E)",

x = "19g FUAS (2O 2F )",

y = "Ilcjay
size = "QIFL") +

_wrap(~ continent) + # UREZ AT 02 HA|

b

(text = element_text(family = "noto"))
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2. e A= e A7k

11g A= J|oH=Fof 24| (2007')

Africa Americas Asia
(I
- (] °
80 & o o . ®e :
: ° O .? (] . ] .|
° ° %0 Y e
70- X oo ® o ¥V e
° ° L] .. v
o )
)
60- OX LI = o o
] e
o. e °® O
(] ’ e o
-’ o0 °
50 ) = ™)
@ ,° 0
]
C & oo ° g
40-
B0 ’ . - -
<k . 300 1000 3000 10000 30000
= Europe Oceania
~
[}
80 - . §.c °
l.‘ ...
8 [ ]
()
70-
60 -
50-
40-

1 1 U 1 1 1 U 1 1
300 1000 3000 10000 30000 300 1000 3000 10000 30000
1ol IFRAS (2D A7|Y)

910] 20l oxlotel] 2 Uetsut AulsA o] 2718 Q1] HlesA sha T tete] of
QA

gapminder: :gapminder 7>7
filter(year == 2007, continent == "Asia") %>%
ggplot(aes(x = gdpPercap, y = lifeExp, size=pop, label=country)) +
geom_point(alpha = 0.5, color="blue") +

geom_text(vjust = -1, size=3) + # L|2t 0|5 HA|
scale_x_logl0() + # x52 21 A7Y= st
labs(title = "1Q19 IUASD 7|ch~FO| 24 (2007'H, OFAlOF=7H",
x = MQlER=nlAr= (Elﬁﬂl%')",
y = "Jltieyn,
color = "OI§") +

theme (text = element_text(family = "noto"))
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2. Thaw zpzo] A)7}5}

11g RS0t 7[ti=F ol 24| (2007, OtA[OF =71

Kong, China
[ ]
Israel .
° Singapore
50 Korea, Refiwan °
® o Kuwait
L]
Oman Babhrain
Viet i Malavysi ° °
Wleetngrgnk and G%ga e aa.y5|a . .
e Sy Ldﬁkg'w Saudi Arabia
Philippinesg o Lebanon ®
Iflonesia Thailand ~ °© ”ﬁn
70-
Korea, D.em. Rep. et pop
fabistan® ® 2.50e+08
8o Neg@pngladesh
<k ® Yemen, Rep. @ 5.00e+08
= Myanmar P
=) ® @ 7.50e+08
~N .
60- SR SE Iraq @ 1.00e+09
@ 125e+09
50-
Afghanistan
°
1000 3000 10000 30000
1918 FUAS (27 AF|Y)
) A =
2.2, A4 @™
chaa BAOA Al ol Ao MAE 0] BAS wetsh 71 712 A e SAe 2 A A2atE o] 85t
o gA olsig 4 Ut
FEA S W E (correlation matrix)< A& Hps 1o ATA S ol & 4 s Aet It 4
A D A Zstols B 0 2= 5| EH (heatmap) ©]U Hlo] E% (pair plot) 5©] et

o
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2
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=
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)
=
o)
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re
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o
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ol
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O

W 714 e B pair() B4E o845t Mol B
A o NS 7he) A Ee 514

J8KEA} pair() g4 RO

o
=2
£ gHeel B 4 QS e

load(here("data", "physicallOO.RData"))

# 201321100 ZZO0|A LALTE AEl
df <- physicall00_df 7%>7%

filter(sex == "YA") %>%

select (height, weight, body_fat_pct, grip_left, sit_forward,hang time)

o

tO] CllO[E{ 22|} df 4d
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2. Thaw zpzo] A)7}5}
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19, cex

height

pairs(df, pch

130 150 170 190

#

0.1)
21

abline(lm(y ~ x), col = "red", lwd = 1.5)

cex=

=19,

function(x, y) {

points(x, y, pch

pairs(
df,
panel



2. Thaw zpzo] A)7}5}

height

130 150 170 190

120
1

80
1

weight

40

50

T
30

body fat pct

T
10

grip_left

sit_forward

hang_time

IIIII.II - I.IIII - III.III
130 150 170 190 10 30 50 20 0 20

o] FEAs FE DH F H F8F JEE Frioke g BHESol A A€ 501, GGally 37149
ggpairs ) &E o|-§ohd Al Yol FuAs gk 2 Wpo] Uit S|I2ET3e F7kste] &4

ggpairs(df,

upper = list(continuous = wrap("cor", size = 4)), # M&UAH 4 HA|

lower

list(continuous = wrap("points", alpha=0.3, size=0.5)), # AMHLC

diag = list(continuous = wrap("barDiag", fill="lightblue"))) + # S|AEM

theme (text = element_text(family = "noto"))
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2. e A= e A7k

height weight body_fat_pct grip_left sit_forward hang_time
200 -
Corr: Corr: Corr: Corr: Corr: 3
100 - 0.510%** -0.030 0.452%** 0.001 0.188*** s
0_
100- Corr: Corr: Corr: Corr: 5
0.692%** 0.462%** 0.011 -0.143*** s
50 -
50 -
40- g
30- Corr: Corr: Corr: =
20- -0.012 -0.143%** -0.484% &
©
10- ~
60 -
40 - Corr: Corr: °.§
0.261%* 0.346%* @
20-
20- o,
. |
Corr: oy
0- 0.289%* =
a
_20_
0.75-
3
0.50- ﬁ
0.25- A
140 160 180 50 100 10 20 30 40 50 20 40 60 20 0 20 0.25 0.50 0.75
F o= AeAs BES S EY (heatmap)ﬂi UrEMME gttt S|EWf AzZk= grol 4715 yEdle 11|
0 24 APAS FAL SIEYC R ehld W4T 7he] BAE 474 sebet 5 9lrt

£35], 49 7|47} u-¢- B2 = a5
UetY= Aol o] -8 4= Slrt. 1{7]2] pheatmap 2| pheatmap () T4E ©|-85 =
e E ), pheatmap () 3H9] 785 A2 ABAS7 2 W47]2] -4 8 clustering) o Al 2kt 4=
Holtt

Az FA100 2ol A dato] et LE WSS o] 85t A4S ol gt
# Y100 AHR0|M LRIQ ME510] BloE| T af AL

df <- physicall00_df %>%

filter(sex == "YA") %>%
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2. o

rE
off

72 ] X|Z}s}
select (-sex)

# g HZ AL

cor_mat <- cor(df, use="pairwise.complete.obs") # ZAZx|7| Y= AL pairwise= ALt

# 5|EW 127

pheatmap: :pheatmap(cor_mat, display_numbers = TRUE, number_format = "%.2f")

——

=

1
grip_left
grip_right 0.5
abs_grip

0
age
height I -0.5
sit_forward
hang_time

rel_grip

body_fat_pct

weight

bmi

twall_errors

illinois

twall_time

twall_score

abe
wbisy
1ybram
g
sloulj!

Sl011a” ||lemy
awn” |jemy

ya| dub
9102S™ |[em1

b dub
dub sqe
awn Buey
dub a1

premio) s
10d 7181 ApOq
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3. L I HH

o

library(Hotelling)
library(tidyverse)
library (here)
library(knitr)
library (purrr)
library(rmarkdown)
library(kableExtra)
library(flextable)

ol Aol i chier WE o] Ao that Y AR 2]
wlefof 4 0] -7 4 o] A& BHgste] olsfsh Aol Fasie.
-4 e hago 2 et wEe

1 O—

J

A= o] FoA

% =
A AT 5 UAT F o B SAZ S2o] Wast,

3.1. 44

2B ATONA kot 7P | EA 0|1 A% ol AR WS F Peke] Bitol Aol2 PASE A Y

(t-test) o]t

T Qo] Wyto] th2 a1l FAto] U ARE N(uy,0°), N(pg,0?) 5 TETHIL 7Hgsta that o] 242}

ny,ny MO =5 EES AT 51AF

919 719 S thevt 2 t-BAFL ol gste] AAT 4 AUrk.

o714 X, Y& 7z OF0 R ok EF 52 & T Hoto] FERA A= (pooled variance estimator)



Al EdA t- 24 SAFS A 719 W5 (between-group variation)& A@ He] M5 (within-group varia-
=2 g1t s g W5 AHES & g

(X —Y)? _ between-group variation (3.2)

~
[=1%)

B S2(1/ny +1/ny) ~ within-group variation

SACA S8tk Batoll et 478 SAIFS A A 3.2 ¥ o] IFI He Z1EW 52 B (ratio) & ©]F0]
737 gtk o)Al ° yoprh A4 A e s ez FAA 7129 nE AmEAL

3.2. A4 2|
TP W E O] Fotof theh 7 HAZ oA b sF WE o] FA A A2 (statistical distance) 2] 7Hd | thofA
oo,

WA Aw e o] bR el dehts -4 SAR FehS A 3.2 02 Vehiu thgvt 22 e & 5
olet.

o BAL 5 150 Bael d@ £A%e] 204 Ae, & X — ¥ 24 5 180 Bt f2ts 32
(Buclidean distance)e]4] grh} ol gl 712 ehiich. 744 EAZI A Aol A15L 4859

o

. BRLEF 5 Aelo] i3 BAH 23t .
7k AZR F2HH A7t SASE FAH oulef 4 o] Azl Fo= Aoltt,

i)
ox
filo
=
of
e
v
0,
rr
1
o
ot
1o
Eh
>~
>,
wn
|
ol

SIA Lher, 2

oAl % p-2Hed B8 W X 9} Yol thet B24 A d(X,Y) & that Zol Heojsic,

oA T &5 WE o] 2}o] X Y o] EAA-S et FE4 FE-S X o1, &5 HE 9] A 1A 77 (statistical
distnace = Mahalanobis distance) = th-&3} Zro] A o] =},

AX,YIE)?2=(X-Y)S (X-Y) (3.3)
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rr

A

7hd 473
of ehsll A Ege 4

3. thHE
S

¥ o] 9944 (inverse matrix)©]c}.
FollAd AHgE= t-A78 FAZES FEHE o

o471 ¥ & ZEA P
21 3.3 9 TAAE A= ¢
& Ao o
3.3. 2¥o T HHY
ol A chAF e o] ol gt A A $lollA A olgt BAA Al g o]8ste] SEF o] T (Hotelling’s
T? test)2 2w H A},
5 UlE X Y 7t BEo] 247y, p, 01T FEAC] T < pAbel hieF A REE 2ok 7FsH,
XNNp(iu’hE)a YNNp(l"QuE)
Aol T 44 & 180 chiz B Welt 2ol gt /Haad Wioldh. & thewt g e
AR
Hy:py = py
o)Al 71 AAE SIstel F LFONA 242t ny,ny O] S E o] BE Tk shA}
X17X27 7Xn II1D N(/“hz)ﬂ Y17Y27 7Y 11D N(ﬂ'272)
Wi o] ot FHTE 7 BE P X Y o1 FRA A0 G5 F4F S, & tht 2ol Fogt.
S =¥ = ! S (X, —X)(X —X)t—l-i(Y —l_/)(Y —Y)t (3.4)
p ny +ny—2 \ = ¢ g £ g ¢
g Buet ZeAel g AL gotel Ee] T2 4 SAFE 4 3.3 o Fe|R cF53} 2ol
golgict.
_ 1 1 -1 _
T? = (X—Y)t [( + ) Sp] (X-Y)
LS (3.5)
= MM (X yyS i (X -Y)
nqy + Ny p
ool TEge] 72 EAgke T 50 P WE X ¢Y o Holo] tigt BAA A2 (statistical distance)S
ehdch 2 5 280 B e 2o] X Y of ek AlFeS 1 Aole] B e FRA P
S o] JPE=E ol gholth. Aol A t-A 0 FUSHA 4] 3.5 9] gho] AR AF7Hf ¥t
A& Zlolth,
27



3. v 7 A4

21_0_"?4_?'“7]'/201 4l 734, éﬂl = Mo doff {7t 7—|]'Z|]'p9]'n2+n2 *1 7} A=

(nl + 1y — 2)]7 ~ Fpnytn,—p—1 if Hy : py = pgy is true

whebA] §015% a oA ARALS AAF] AL et o] F-REAA 72t Fate] T2 gkt Wi
g,

nt+ny—p—1_,
(nl 4 Mo — 2)p = > Fa;p,nlJrngfpfl

oh=3 Zol Altet p-gh(p-value) 7F ol o Ho 2t o ® F157HdS 712t

Reject H, if

L3

rr

n,+ny—p—1
-value = P | F, —— T
p-value ( pyny+ng—p—1 (nl +ny — 2)]7 )

3.4. ofA: & 2Fe| YaHE HY

of Al M= HH
2

& AN 71 A AFEE= 1A 9] ofolP] A (Fisher's Iris) &A=& ©]-85t] F 152
B e o tigt A48<

Hl| 9 2.2}

Roll WA H iris(Fisher’'s Iris) At2E= 1930W ] A&t Edgar Anderson 7} A 35F SA e B2 (iris)
dlo]HE FAeAF R. A. Fisher(1936) 7} A g EEA (Linear Discrimination Anslysis) 94| 2 FA]5HA]
g dHA F 37 F(Setosa, Versicolor, Virginica) o4 2tz 507 B2 o072 FAH & 2= (balanced
data)o|™ £29] E45 Uetl= 4719 H4-(29: cm) 2 445 o] Sl

o Sepal.Length: ZWH Zo]

o Sepal.Width @ ZHH 4H

e Petal.Length: Z¢ Zo]

o Petal.Width : Z¢ 4H]
=

=

e Species: HE (M £ setosa, versicolor, virginica)

data(iris)

str(iris)

'data.frame': 150 obs. of & variables:

$ Sepal.Length: num 5.1 4.9 4.7 4.6 5 5.4 4.6 54.44.9 ...

$ Sepal.Width : num 3.5 3 3.2 3.1 3.6 3.9 3.4 3.4 2.9 3.1 ...

$ Petal.Length: num 1.4 1.4 1.3 1.51.41.71.41.51.41.5 ...
$ Petal.Width : num 0.2 0.2 0.2 0.2 0.2 0.4 0.3 0.2 0.2 0.1 ...

$ Species : Factor w/ 3 levels "setosa","versicolor",..: 1111111111 ...
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head(iris)

Sepal.Length Sepal.Width Petal.Length Petal.Width Species

1 5.1 3.5 1.4 0.2 setosa
2 4.9 3.0 1. 0.2 setosa
3 4.7 3.2 1.3 0.2 setosa
4 4.6 3.1 1.5 0.2 setosa
5 5.0 3.6 1.4 0.2 setosa
6 5.4 3.9 1.7 0.4 setosa

O|A| iris A= | A] versicolor ¢ virginica F+ F(Z 5070 B&2, p =4 HFE F
x

594 AL R ZRIYOE SANRA WA F ) F XS ARE BED

# 47|

#install.packages(c("Hotelling", "biotools"), dependencies = TRUE)
##1ibrary (Hotelling)

#library(biotools)

df <- iris %>%

filter(Species %in)% c("versicolor", "virginica"))
df$Species <- droplevels(df$Species) # F £F0t

head (df)

Sepal.Length Sepal.Width Petal.Length Petal.Width Species

7.0 3.2 4.7 1.4 versicolor
versicolor
versicolor
versicolor

versicolor

oo s W N e
w o w oo

1
1
1.
1
1

a o o0 O O
~N o0 O © D
NONN W W
©® 0 W R~ N
N NN NN NN
o o O © o

versicolor

# 2H 1290 HE 37|

nl <- sum(df$Species=="versicolor")
n2 <- sum(df$Species=="virginica")
p <- ncol(df)-1 # BRI

nl; n2; p

[1] 50
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[1] 50

(1] 4

theog £ 1ge it W Welsh T 150] BF) AolS ek WS FaRA,

# 89 4719 B0 oifst B
mean_vec <- df %> group_by(Species) %>%
summarise (across(Sepal.Length:Petal.Width, list(mean=mean), .names="{col}_{fn}"))

mean_vec

# A tibble: 2 x 6
Species Sepal.lLength_mean Sepal.Width_mean Petal.Length_mean Petal.Width_mean

<fct> <dbl> <dbl> <dbl> <dbl>
1 versico~ 5.94 2.77 4.26 1.33
2 virgini~ 6.59 2.97 5.55 2.03

mean_x <- mean_vec %>%
filter(Species=="versicolor") %>%
select(Sepal.Length_mean, Sepal.Width_mean, Petal.Length_mean, Petal.Width_mean) 7>%

as.matrix()

mean_y <- mean_vec %>%
filter(Species=="virginica") %>%
select(Sepal.Length _mean, Sepal.Width_mean, Petal.Length_mean, Petal.Width_mean) %>’

as.matrix()

mean_diff <- mean_x - mean_y

mean_diff

Sepal.Length_mean Sepal.Width_mean Petal.Length_mean Petal.Width_mean
[1,] -0.652 -0.204 -1.292 -0.7

OlA F ol et T4t EES 7ot o A FEF S Tl EA

# OS2 419 H40f Oist SE4 AAS List FAH2=2 XY
cov_tbl <- df %>%

group_by(Species) %>%

summarise(cov = list(cov(across(where(is.numeric)))), .groups = "drop")

cov_tbl

30



# A tibble: 2 x 2

Species cov

<fct> <list>
1 versicolor <dbl [4 x 41>
2 virginica <dbl [4 x 4]>

# versicolor Fo| S24t & HLYY| (Otx|atof . [[11] = LO| JHA|OM 2 HAY LAE X E5t= Y
cov_x <- cov_tbl %>% filter(Species == "versicolor") %>% pull(cov) %>% .[[1]

COV_X

Sepal.Length Sepal.Width Petal.Length Petal.Width
Sepal.Length  0.26643265 0.08518367 0.18289796 0.05577959
Sepal.Width 0.08518367 0.09846939  0.08265306 0.04120408
Petal.Length  0.18289796 0.08265306 0.22081633 0.07310204
Petal.Width 0.05577959 0.04120408 0.07310204 0.03910612

# virginica Z9| =&t SHE THLYT|
cov_y <- cov_tbl %>% filter(Species == "virginica") %>% pull(cov) %>% .[[1]1]

cov_y

Sepal.Length Sepal.Width Petal.Length Petal.Width
Sepal.Length  0.40434286 0.09376327 0.30328980 0.04909388
Sepal.Width 0.09376327 0.10400408 0.07137959 0.04762857
Petal.Length  0.30328980 0.07137959  0.30458776 0.04882449
Petal.Width 0.04909388 0.04762857  0.04882449 0.07543265

(n1-1) * cov_x + (n2-1) * cov_,y ) / (nl + n2 - 2)

Sepal.Length Sepal.Width Petal.Length Petal.Width
Sepal.Length  0.33538776 0.08947347 0.24309388 0.05243673
Sepal.Width 0.08947347 0.10123673 0.07701633 0.04441633
Petal.Length  0.24309388 0.07701633 0.26270204 0.06096327
Petal.Width 0.05243673 0.04441633  0.06096327 0.05726939

=

oA Tkt o] SlolH 7 E2 FAFE ol-§5to] Hotelling T2 & ha3h 2ol 78 % 9k,

# TRHUEIL BRA BAO| 212 SOl

dim(mean_diff); dim(Sp)
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[1]1 1 4

[1] 4 4

# Hotelling T~2 EXZ¥ A4t
T2 <- (n1*n2/(n1+n2)) * mean_diff %*J solve(Sp) %+’ t(mean_diff)
T2

[,1]
[1,] 355.4721

oA 712k & thet o] Foka §19] 5D T2 FA ul ol R A

OO|AX
# qeleE

alpha <- 0.05
# F-2XZo| YA
F_crit <- gf(1-alpha, dfl = p, df2 = nl + n2 - p - 1)

F_crit

[1] 2.467494

sElg o] T2 EAFO 2k 355.4721452 ©] 712+ 2.4674936 Rty 3272 PRNAL 77435 = £ £
[e)

versicolor® virginica® HWHE7 TAHOZ F-9otA tt2rtal o 4= 9l

oA A2t At 5Le A3HE 5= R 1712 Hotelling®] hotelling.test () &E A8t AAHLS

=
SRR, o] P4k ST AL AR Bt

library(Hotelling)
res <- hotelling.test(Sepal.Length + Sepal.Width + Petal.Length + Petal.Width ~ Species, data

res

Test stat: 355.47
Numerator df: 4
Denominator df: 95

P-value: O
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library(MVA)

library (mvtnorm)

library(gapminder)
library(GGally)

library(pheatmap)

library (mmrm)

library(nlme)

library(tidyverse)

library(here)

library(knitr)

library(purrr)

library(rmarkdown)
library(kableExtra)
library(flextable)

Ho

AL e HojE] BAA Hls % asitt

23] F Aot

Skl

mu_.nnuo

4

A p-2

E(X-w((X—-p'], XeRr

Var(X)

)Y
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4. T4 YE o =4
Ot 22 44d-E 7EA 19l
o WA= ZF W0 B4 izt A= B 7H] FEARS UERATE
o % ¥E (symmeric matrix): X' =X
Y
o R A] P (semi-positive matrix):
a'¥a>0 forallacRP
o IRHHAE FRlote= W2 Tt FE o) ko] BT 0 Bk ZAu Aokttt
oA ot AR EE TE oA HolHE A5, Fid T4t D& Albtol] B Hot= 250
Ot 22 T4t E S 7HA = 62 b 225 el ohes A o4 100719 222
FEU oS BE FEAFEE FeljEA}
[ 1.0 0.4 0.2 0.5 0.1 —-0.2
0.4 1.0 0.3 04 —-0.3 0.01
> 0.2 0.3 1.0 0.3 0.2 —-0.1
0.5 0.4 0.3 1.0 04 —0.2
0.1 —-0.3 0.2 0.4 1.0 0.2
|—0.2 0.01 —-0.1 —-0.2 0.2 1.0 |
# Of|A| CllolE (CHH2 H)
# LA
Sigma_true <- matrix(c(
1.0, 0.4, 0.2, 0.5, 0.1, -0.2,
0.4, 1.0, 0.3, 0.4, -0.3, 0.01,
0.2, 0.3, 1.0, 0.3, 0.2, -0.1,
0.5, 0.4, 0.3, 1.0, 0.4, -0.2,
0.1, -0.3, 0.2, 0.4, 1.0, 0.2,
-0.2, 0.01, -0.1, -0.2, 0.2, 1.0
), 6, 6, byrow = TRUE)
Sigma_true
[,11 [,2]1 [,3]1 [,4]1 [,51 [,6]
[1,] 1.0 0.40 0.2 0.5 0.1 -0.20
[2,] 0.4 1.00 0.3 0.4 -0.3 0.01
[3,] 0.2 0.30 1.0 0.3 0.2 -0.10
[4,] 0.5 0.40 0.3 1.0 0.4 -0.20
[6,] 0.1 -0.30 0.2 0.4 1.0 0.20
[6,] -0.2 0.01 -0.1 -0.2 0.2 1.00
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[1] 2.1507035 1.3633588 1.0108471 0.8176237 0.4860156 0.1714512

# CHHS A EL0|M B2 4
set.seed(123) # Z{dl 7t

X <- rmvnorm(n = 100, mean = c(0, 0, 0, O, O, 0), sigma = Sigma_

Colnames(X) <- C("Xl", "X2", "X3", "X4", "X5", "X6")

4 H=o| s WY

true)

head (X)
x1 x2 x3 x4 x5 x6

[1,] -0.60697291 -0.016012988 1.3739779 -0.09555296 0.5483513 1.6489336
[2,] 0.06807651 -1.514672553 -0.7643606 -0.39888978 1.2909460 0.4933002
[3,] 0.98823956 0.285412440 -0.1300729 2.00665652 0.5701723 -2.0653381
[4,] 0.46989680 -0.333468735 -1.1591075 -0.42188577 -1.0883766 -0.8543093
[6,] -0.99065257 -1.222874588 0.3448429 -0.68099634 -0.4556374 1.0022332
[6,] 0.58628469 -0.005235656 1.0113511 1.05145508 1.2414359 0.5797083
# B2 St Ad
S_hat <- cov(X)
S_hat

x1 x2 x3 x4 x5 x6
x1 0.88057500 0.33490828 0.1872037 0.3207651 -0.05887987 -0.32665921
x2 0.33490828 0.88314376 0.3453332 0.2363243 -0.37813166 -0.06704301
x3 0.18720366 0.34533319 1.0006850 0.1587787 0.10083233 -0.01456920
x4 0.32076508 0.23632432 0.1587787 0.8100167 0.28207315 -0.44437452
x5 -0.05887987 -0.37813166 0.1008323 0.2820731 0.82579538 0.04660305
x6 -0.32665921 -0.06704301 -0.0145692 -0.4443745 0.04660305 1.06484897

# 2YYT AN IR YD U@ 2

Ao

Aot 2L Tl 22t (%)
)/

round (100 * (S_hat - Sigma_true (Sigma_true), 2)

x1 x2 x3 x4 x5 x6
x1 -11.94 -16.27 -6.40 -35.85 -158.88 63.33
x2 -16.27 -11.69 15.11 -40.92 26.04 -770.43
x3  -6.40 15.11 0.07 -47.07 -49.58 -85.43
x4 -35.85 -40.92 -47.07 -19.00 -29.48 122.19
x5 -158.88 26.04 -49.58 -29.48 -17.42 -76.70
x6  63.33 -770.43 -85.43 122.19 -76.70 6.48
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set.seed(121)
n <- 100

<
I

ol

Toir

5

p))

id <- factor(rep(l:n, each

= n)

time <- rep(l:p, times

-1

mu <- 0.5 + 0.1 * (rep(l:p, times
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make_Sigma_CS <- function(p, sigma2 = 1, rho = 0.3) {
if (rho <= -1/(p - 1) || rho >= 1) {
stop("rho must be in (-1/(p-1), 1) to ensure positive definiteness.")

}

J <- matrix(1, p, p) # DS QAT 101 s
Sigma <- sigma2 * ((1 - rho) * diag(p) + rho * J)
return(Sigma)

}

= THAL S
# s o8 AR SEAE

Sigma_true <- make_Sigma_CS(p, sigma2 = 1, rho = 0.6)

Sigma_true

[,11 [,21 [,3]1 [,4] [,5]
[t,] 1.0 0.6 0.6 0.6 0.6
[2,] 0.6 1.0 0.6 0.6 0.6
[3,] 0.6 0.6 1.0 0.6 0.6
[4,] 0.6 0.6 0.6 1.0 0.6
[5,] 0.6 0.6 0.6 0.6 1.0

oA 100 7He] Ee T FPZ 2 Fo= FE5HL wide F4]9] A== Hs] AL

Xmat <- rmvnorm(n = n, mean = mu, sigma = Sigma_true) # CIHIF HE ==

colnames (Xmat) <- pasteO("X", 1:p)

i

df _wide <- as.data.frame(Xmat) # wide A9l 22

head (df wide)

X1 X2 X3 X4 X5
1 0.1412804 0.47132670 0.5836000 0.55150916 0.25141129
2 1.9259813 1.19236353 1.0678925 0.50890233 1.88213477
3 1.4160815 0.08403608 0.4753524 0.47093252 1.27335173
4 1.1549582 -0.30705522 1.4909395 0.08919076 1.23971146
5 1.2631167 1.31918169 1.2023846 1.90247109 1.83556681
6 -0.6336252 0.47159709 -0.6432958 -0.37359215 -0.06331619
Z2E BES o] gsto] 4] 4.3 o Foldl EE TEA AU ANS) BAh R FEA AL A
Fe 2 Ueh] Rl BE Bl BEAt0] 22} th2 A S gt

cov(df_wide)
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X1 X2 X3 X4 X5
X1 0.7180133 0.4216849 0.3886342 0.3553769 0.4661159
X2 0.4216849 0.8704348 0.4896497 0.4478777 0.4441199
X3 0.3886342 0.4896497 0.8766630 0.4369850 0.5013652
X4 0.3553769 0.4478777 0.4369850 0.7887407 0.4043893
X5 0.4661159 0.4441199 0.5013652 0.4043893 0.9236021

A FE AT TEE TP FEAS FHT G PES Dok, WA ARE 24 A WhE SHe 1)

# pivot_longer &4E O|25t0 72| HAO| A2 E 4
df_long <- df_wide %>%
mutate(id = factor(1:n)) %>%
pivot_longer(cols = starts_with("X"),

names_to = "time",
values_to = "y",
names_prefix = "X") %>%

mutate(time = as.integer (time))
head(df_long, 10)

# A tibble: 10 x 3
id time y
<fct> <int> <dbl>

.141

471

.584

.552

.251

.93

.19

.07

.509

.88

© 00 N O gD W NN
N N NN N P B R, R e
O WN R, O W N e
P O B B B O O O O O

ol

lme £ AHgStol1r

ox
filo
do
ol
2
=]

'_l
=

0]

£
N
)
2
%0,
rr
n)
rE
o
ot
(!
I
>
lo
ﬂ
+
1>
filo
Sl
o
QL
rir
o
4>
=]

T,

= 3] | 2 9] 5 T xR A EAt o o] FAZ20.8362 = (0.9144)2,
FEAS p O FHIL 0.52078 &2 UEhdth Faz of# AutellA rho & ¥F FTAT] +74t Residual
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fit_gls_cs <- gls(y ~ time, data = df_long,

correlation = corCompSymm(form = ~ 1 | id))

summary (fit_gls_cs)

Generalized least squares fit by REML
Model: y ~ time
Data: df_long
AIC BIC loglLik
1163.245 1180.088 -577.6226

Correlation Structure: Compound symmetry
Formula: ~1 | id
Parameter estimate(s):
Rho
0.5207752

Coefficients:

Value Std.Error t-value p-value
(Intercept) 0.3750164 0.09360729 4.006274 1e-04
time 0.0817480 0.02001772 4.083779  1le-04

Correlation:
(Intr)
time -0.642

Standardized residuals:
Min Q1 Med Q3 Max

-2.76158379 -0.71458351 0.04453439 0.76834584 3.26193595

Residual standard error: 0.9144187
Degrees of freedom: 500 total; 498 residual

# rho = 2& A2t 4, Residual standard error = HZWR} 27t

o

AHollA Folzl AE 7 AL F2AT LB o] F48k

chgt 2ol 73 4 ik,

getVarCov(fit_gls_cs)

Marginal variance covariance matrix

[,1] [,2] [,3] [,4] [,5]
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4. BEA AR 7

[1,] 0.83616 0.43545 0.43545 0.43545 0.43545
[2,] 0.43545 0.83616 0.43545 0.43545 0.43545
[3,] 0.43545 0.43545 0.83616 0.43545 0.43545
[4,] 0.43545 0.43545 0.43545 0.83616 0.43545
[5,] 0.43545 0.43545 0.43545 0.43545 0.83616
Standard Deviations: 0.91442 0.91442 0.91442 0.91442 0.91442
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5. THaE

library(mvtnorm)
library (MASS)

library(tidyverse)
library(here)
library(knitr)
library(rmarkdown)
library(kableExtra)
library(flextable)

#ol2} 3 2AS 5122 La5t ggplot 120| E&HE HTML, PDF2 DHE= ZQ ALR
library(showtext)

#font_add_google("Nanum Pen Script", "gl")
font_add_google(name = "Noto Sans KR", family = "noto")

showtext_auto()
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Ry = {z|fy(x) — f1(@) <0} = {z|fi(x) > fa(x)} (5.7)

Bk R, 2 4] 5.7 1 Zo] HoHE R, & AFEOR thgwt Zo] HeAict,

Ry = {z|f3(x) > fi(x)} (5.8)
Ao FroA B S WE o 8% 3202 F SFELLETS9] H (ratio) o|th. & SELET49] H7} 1
Ho Z 43S 7= 22 ¢ o 93t 1 Hop &2 & /A= & o] goo] Z+z+k R, 3t R, 7} H&= Aottt

P 73 (Maximum Likelihood Rule)
Zy oA o] EAo] B=E 7Hs &k (likelihood
fllnCthIl) = 74]/‘}0]'04 ‘:1 Z Aol ZHAE v ot= ot &, o33 Zo] T 2SOt

(o]
o,
)
)
2
=)
o
O
%0,
i
2
)
uE
o
o
lu i
=
[
rr
N
N
oz
N
-IN re
X
0,
ol
rE
rlo
LY
7w

ze R i fi(x)> fo(z), and =z e Ry if fi(z) < fr(x)

5.1.3. H|O|R|Qt 72|

gkok 7F ko] & AFA &E (prior probability) o] 22t my , my 2 FoIH T SHAE AAHASES T5ESH=
SHEHE o] RAE Ast] Mo, of® AAI7E 2 Hte] £ 752 gEe UERd Aol

AE =l oA Azt AAellA —0“—4 & A7 9% 12 Aol £ 74y =% 1 Aol £
7Fs/dol oE & ok 29 AFEEol HES 74]@."413 Fest ATt ¢ eje] s o] gk QA THgAd o]
= 1YL 7 E T ul¢- Al @ o At ot AP AHE Asto] T 2 Hote d el Lo
GF A A P o] £ AP &g 1y ol St £ 1A P, of £ AP &Eol m, #al E 4 Q=
ol

W 22 o3 go] Foldrt, & A2 iA|S] BEA X =z 7F FolHS
% (hkehhood functlon)oﬂ /\} 52 FT @2 A4t o & Hd

z € Ry if m fi(x) > mafy(x), and x€ Ryif mifi(x) < myfs(x)

210] F2 A 7He I st AFA BHE 0] H-& AR 8HE (posterior probability) ]2kl §toh, ALS Bt THEH
T2 gro] Fold A AT Aol £ FE2 o] §irt
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P|X =z) x 7, f;(x)
1.4, 2|2 T 73]
1A gdo| A WA sh= 7ol et B8 e e & e A9 421& ejo] Hat of HoA Aot
Foll et vl 1y 9F ey & TS o) 27 T F28 th-2o) A Aogt 7|t 578§ (Expected cost of
misclassification; ECM) 2 AR dl+= 2] 0|t}
ECM = ¢15p157y + Co1P91m (5.9)
71d L 7H-E&(ECM) = 4= ot 38 22 oty o2 &2 A 1l 3 92 5 Sl
S S e | ol SRR G £ el o SR
21] L™ fo(z) Co1] LT
21 5.10 oA & 5 =ol, 7= 23 o] = i 22 7|t @ FH][-§-& X Ad)ol= 24 2] o] St
ZAgolth. &, H-go] TYUT A ¢y = oy Ol HIO|X T F AT FUstry, I ARD SHELE FYUIN AT
T, = Ty ol o 7He ke Wl 2} Fdsioh
Exercise 5.1 (% A+ 229 8 #2). & dd P, 1} P, o] £ WA= &4 X 7t 2447 o33 22
wAto] Fdet AW A4t B2 E TETHAL SHAL
X‘PlNN(:U'la0—>7 X‘P2NN(:U'2aO—2>7 M1<:U'2
oA F AHERE SEUEATY H], H7te e 9] HlES A dl HAf
fi(@) —expd— (z —py)? . _(55_,“2>2
folz) 202 202
9] Aol = Aol vi7b 1 Hop & 229 99 R, = 5HA thax At
fi(@) > 1
fo()
1 1
b= @ - ) > og()
< 2wy — pt —2zpy + p3 >0
= 20y — o) > pf — i
— < )
2
FYN D B (g + o) /2 Bk BET G 7H A oW % Py o SRtk A

whebA] £ A
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Fi= s Aqt B0 &8 Uk Ie v Eoh

@) = (2n) B exp [~ (@ - ) )|

459 o4 71t) L7818 ECM & HA5H W74 4 510 3} 2ol 78 4 900 ol 4] chas 32 re]
SEUSPSE 4 510 o] Y WEFSE Sl B

— exp :—§<x 'S e )+ g(m ) S —u2>]

i 1 1
=exp | (uy — po) Tz — S B + 2u§2‘1u2)]

r 1
=exp |(p; — py)'E e — 51— Bo)'E " (g + ﬂz)]

olAl ECM= #|&8Fste 22 7iA19 Aol ¢ = zy & FoI1 3% th=& W=sHH P o2 E/.

AAZ py, pg, B2 L 5 7] tizol B2 A2 E 085t 42 2tk
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Y11, Y125 -5 Yin, ~ind Py and Y51, Y50, - yYan, ~ind Py

7} Qo] Wue e oheat o] YW YFoz WakE
e =
Yy =a'z; and ¥y, =a'z,

7o) Aol & AU, W O] Aol S HaR S s

Ao she AL 5 Bol Aol [, — p| 7 AXA sH= Aol w AT ] Aol & HaR
[Aste Aoltt. olefd & A he] zolet AR o]

— variation between groups
191 = 5l = max group (5.15)

a S variation within group

ny +ny — 2

T AT o] ol & iz, AT Yo MEE AR she Hehe FrrsiiEAl 4] 5.15 of AAE ko] Aol
7H 4= = 44 (upper bound)& =5t T Adetgte Fshe AF e WH o & 2ot

o714 F ko] WatulE o] 2] d& v 2ol Aol

oA 4] 5.15 ofl Fo1x1 gre] Alroll Hiet Aete FIeslEAt.

P (5.16)
(a'S;/”S, ' *d)?
- atS'pa
- (a'S,a)(d'S,'d)
- atSpa

= dtS;ld
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=8,'d=8,"(x, —z,) (5.17)

_1_:’]__
T 9HE y ot vof tiste] o2 F5-4] (Cauchy—Schwarz Inequality) ©] A H 3t}

[u'v]? < (u'u)(v'v) (5.18)

}ill 517 01]/\:1 _(IPrE—é-l_ }‘\__ 15_%1. H_ﬂ]-j al‘_:: E‘I-Eﬁ%]: ZE)]—HL—E]_— 7}‘1_] 01'01]/\:1 ECM J’]/Rﬂ'—a}% o ﬁ]—-/f\_g’] /}_ﬁéaj;'E-]
X 5.12 ¢ S5t}
H o7} Exercise 5.1 ¢ Zi-& ©]-&5}

e WE AheE & Fm = (5 + 5,)/29 vt} WEF 5 ek Z, A2
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ET’__
¥4 income ¥} lotsize = 212 71 A5w} Po| 710 that Mol EAEE AT S Lehft
W4 class olpf gkl 2 oW 48514 9 AR (N0, 1§ 1), 1 o A3 e (YES, 1% 2) & vehit.

# read data

df <- read.csv(here("data","lawn.csv") , header=T, sep="")
df$class <- factor(df$class, levels=c(2,1), labels=c( "NO","YES"))
head (df)

income lotsize class

1 60.0 18.4  YES
2 85.5 16.8 YES
3 64.8 21.6 YES
4 61.5 20.8 YES
5 87.0 23.6  YES
6 110.1 19.2 YES

olA] EFE afro o ot £5 /A7 BAE LotRY] fI5te] ojakde] A= IH O R e EAL

# plot data wiyth different symbol by uisng ggplot2

df %>, ggplot(aes(x=income,y=lotsize, shape=class, color=class)) +
geom_point(size=4, alpha = 0.7) +
theme bw() +

labs(x="7I7 A5",y="2% H& " shape="AF O§&", color = "AF O48")
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# 2t 120 mE 37|
nl <- sum(df$class == "NO" )
n2 <- sum(df$class == "YES" )

nl

[1] 12

n2

[1] 12

# 2 059 BaHE
mean_vec <- df %>V
group_by(class) %>%

summarise (across(c(income, lotsize), mean))

mean_vec

# A tibble: 2 x 3
class income lotsize

<fct> <dbl> <dbl>

1 NO 57.4 17.6
2 YES 79.5 20.3
mean_x1 <- mean_vec %>/ dplyr::filter(class == "NO" ) %>%

dplyr::select(income, lotsize) %>%
as.matrix() %>% tQ)

mean_x2 <- mean_vec %>} dplyr::filter(class == "YES" ) U>%
dplyr::select(income, lotsize) %>%

as.matrix() %>% t0O

mean_x1

[,1]
income 57.40000
lotsize 17.63333
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mean_x2

[,1]
income 79.47500
lotsize 20.26667

cov_tbl <- df ¥>%
group_by(class) %>%

summarise(cov = list(cov(across(c(income, lotsize)))), .groups = "drop")
cov_x1 <- cov_tbl ¥>% filter(class == "NO" ) %>% pull(cov) %>% .[[1]1]
cov_x1

income lotsize
income 200.705455 -2.589091
lotsize -2.589091 4.464242

cov_x2 <- cov_tbl %>/ filter(class == "YES" ) %> pull(cov) %>% .[[1]]

cov_x2

income lotsize
income 352.64386 -11.818182
lotsize -11.81818 4.082424

2

L =

# e
#cov_p <- ((nl-1)*cov_xl + (n2-1)*cov_x2)/(nl1+n2-2)

cov_p <- (nl*cov_xl + n2*cov_x2)/(nl+n2)

oo

=
S

Of
o

cov_p

income lotsize
income 276.674659 -7.203636
lotsize -7.203636 4.273333

e A=l A-§to] ollM ot H Aol T 12 fFesiEA WA A 512 9F 4 5.17 of UERd

E
24 A ] a 9 4 m = eI 2ol T8 4 9lr

# find discriminant function
a <- solve(cov_p) %*), (mean_x1 - mean_x2)

a
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[,1]
income -0.1002303
lotsize -0.7851847

m <- t(mean_x1 - mean_x2) %x*J solve(cov_p) %*’ (mean_x1 + mean_x2)/2

m

[,1]
[1,] -21.73876

webd Al 22 SATEMEE 2y = (1, 250)" 0127 5 ECME H25}5he BEg4E o433} 2o] Zolai)
Z, o 2ol wHEShd 11F 1, & EFEHE A ¢ T1El &3
(—0.1002303) x (210) + (—0.7851847) x () > —21.7387617
gHoF income Tt lotsize”t 242} 70, 16 o2hH o33t 2ol a'z & 7 4= AUk
x_0 <- matrix(c(70, 16),2,1)
x_0
[,1]
(1,1 70
[2,] 16
t(a) %*% x_0
[,1]
[1,1 -19.57908
ohA] 2T
(—0.1002303) x (70) + (—0.7851847) x (16) = —19.5790766
SFA] o=

3ok ghEsi

t(a) %*% x_0 > m

[,1]
[1,] TRUE
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EAEE 247 AT 205 G AR A3} 2710 thstel oM HHREE AT 7 Hrel
PRt 5 FEAS Tote] oW ATFLE] SHEUCYSE oY Bo] BAHRIITE BT oA
3 A9 WGS9 BAM a'z = m S BASI

# SUUS st AR dd
grid <- expand.grid(
income = seq(min(df$income) - 1, max(df$income) + 1, length = 100),
lotsize = seq(min(df$lotsize) - 1, max(df$lotsize) + 1, length = 100)
)

# 2t o] 0| FREE HEUSEHA A4t

grid$dxl <- dmvnorm(grid[,c("income","lotsize")], mean = mean_x1, sigma = cov_p)

grid$dx2 <- dmvnorm(grid[,c("income","lotsize")], mean = mean_x2, sigma = cov_p)

b0 <- as.numeric(m/a[2])

bl <- -as.numeric(al[1])/as.numeric(a[2])

# Mot sad, TE FAM a2)7]
df %> ggplot(aes(x=income,y=lotsize, shape=class, color=class)) +
geom_point(size=4, alpha = 0.9) +
# ToHE B
geom_point(data = mean_vec, aes(x=income, y=lotsize, color=class), shape=3, size=5, stroke=
# S
geom_contour (
data = grid,
aes(x = income, y = lotsize, z = dx1),
color = "red", linewidth = 0.2, bins = 6,
inherit.aes = FALSE
) +
# S1M2
geom_contour (
data = grid,
aes(x = income, y = lotsize, z = dx2),
color = "blue", linewidth = 0.2, bins = 6,
inherit.aes = FALSE
)

+
# T2 FAM
geom_abline(
intercept = b0, slope = bl,
color = "black", linewidth = 1

) +

o6



theme_bw() +

labs (x="7}7 45", y="2] B1% ", shape="4% 02", color = "Ag 0{&")

22.5 4
o 20.0 1 L2F S
K
= NO
K1 YES
17.5 -
15.0 -

7] 2] MAASS ©] g 1da ()& ©]-85HH sfoll A 19t Fisher o] AdwdetsE 47 2 5 Ao

fisher model <- lda(class ~ income + lotsize, data = df, method="moment")

fisher_model

Call:

lda(class ~ income + lotsize, data = df, method = "moment")

Prior probabilities of groups:
NO YES
0.5 0.5

Group means:

income lotsize
NO 57.400 17.63333
YES 79.475 20.26667

Coefficients of linear discriminants:
LD1

income 0.0484468

lotsize 0.3795228

o7



# THel e

=

fisher_model$scaling

LD1
income 0.0484468
lotsize 0.3795228

St 1da @) ZHEEQl Coefficients of linear discriminants &= 4] 5.17 oA 5t 2] HE
|Ejo]2]qt do]7} th& Hof| f-2]s}At.

[,1]
income 1.000000
lotsize 7.833806

fisher_model$scaling/fisher_model$scaling[1]

LD1
income 1.000000
lotsize 7.833806

mm

oA Yol A 125t Zt, = income T} lotsize”} 242 70, 16 o]2HA o232 Zro] A2 Hlo[H TS 1
predict §4=5 AH&5to] grolq 4 Wl Aitet U 7S o

new_data <- data.frame(income = 70, lotsize = 16)

predict(fisher_model, newdata = new_data)

$class
[1] NO
Levels: NO YES

$posterior
NO YES
1 0.8965703 0.1034297

$x

LD1
1 -1.043894

o8
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library(tidyverse)

library (here)

library(knitr)

library (mvtnorm)

library(ggfortify)
library (HSAUR2)

library(pheatmap)

£ HTML, PDFZE DIEL Z9 Atg

I

=1
=]

o =

2|
=]

library(showtext)

#font add

google("Nanum Pen Script", "gl")

font add

"IlOtO")

"Noto Sans KR", family =

_google(name

showtext _auto()

=
=

tHA = ool €

OhE ohE 7o =

=L
oh=

shu

235

A777} HolEle] 4

It

htel 54 7de

5|

AR, 1 54 27

£ ofsfat

of, tof &

=]
=

224 (PCA, Principal Component Analysis)-2 T3]

i

R

ald

A= O
o]l HEEE

LSy
1

Wgeltt. =4 7ol g Oz vpetEd Eebae)E ol PCA

o] wo] & o] HA

=]
pLn

.

K-

A
o

o

;O_

2 49 M= (Variables) =
Z o]tk (Dimension Reduction).

=13
o

s

| 28 3oz 2

A4l

KN
=

or

o]
H 5 (Variation)

45
AE

7

o WEol A m

M%e] W%z Aol
Ao 9

Tod

o AlA

4

ol 4 A

St
=

%

= A =

5t o

EBEERE:

el 28 A

olgt= 2=

%

T

99



AN
*E = 1
X © o 0
T oy N %
o T - = <
mnﬁ % \VlAm wD_m ww 'K of
CSEEN
= 0 o ) T M M&u
0
e = oF X iy )
s N = ° S G
g
¢ T ) o % & 7
o £l 5o il Q R
il b o °, e - — =
- ° 3 L) 3 7 M
iy 1__@ G ! a =3 _uw = 8 o o
~ L 1 [Ho = —
= M oy o) L C T - X
‘_.__Mu L V [ dﬂ — q — n_AlO H__v..._
% o . 3 Q) S S ) = X
aid o oy 2 I 3 = S i T ® o NI
el ,,W ND 1_ﬁl ﬁo - NZ 17_A| _|2_ ﬂ_u | IS ,_ﬂoﬂ_ m
g BT ol — | T 3 — % =
NF Al _ | o o g v 7O .
T oor o NIl L8 a T 8 o g
: _|u._ . vAZ ~Z J o S & N
) HI.M W_._no ) = i IS e = . ) 5 =
wA. 10° ,m_IAH o_n I ﬂod _|7_ I E_E N 1_ﬁl =1 \Dl/ o = ‘mﬂ Eo
w85 Toox 5 STONQ g IR ]
pHR =K 1 2 == o N > 4 S — )
e T T o o - T - = e _Q | Q 5 M
SIS mﬂﬂ = R I %@ — X =% OW N
iny Tl =— ~ I T = o
o B X w0 N T mm QO gr | o oy 3 E = %
r w B | = ' = ! N . i | o T
) — A ‘__ob it ~ w s WW W_m WDA\ - JH — . °
eI ol 7 = = —
e ,.DIT mu.P ul .w_n_ (u.% QO MM_M_ emrm >~ = 9 = K m ~X ° s~ £y .Mu
op K o = = ol TS % QT B
aoe & m =K il T E ol N %)
o o H o o R 2 B W B n T | R
o= o o =D A x X S E e N o =
" o X o X T o =2 H N o 2
g T ® 0 @0 S ) T —— 0 X M%
qEn ¥ B PP <0 B A E PR -
E o < NE W
O % oy a P o o N T
%o B K| — - X Ho ™ [ 3T o TH
NF mv & . — — — = < ° Al o X0 B
E o X o &l N Q & 1R
o ERENI Ty oM L — N 0 N X
o o o x I
x2 N 9 ) o] §
T a W E
- g
o on qnw

o] 0°] obd SHEE X, & 1
60

o

g]

e



D
N
ox
)i
M
i)

Let X =X, — E(X,) =X, —p,, then E(X) =0, V(X)=V(X,)
ofef el S Qo] glowl HEuE X7t Bzol 002y At

22[2 15] 6.1)
15 2

4= Qleh o R T2 H2 9]

library(mvtnorm)
library(ggplot2)
library(dplyr)

### Yoot 324
mu <- c(0, 0)
sigma <- matrix(c(2, 1.5, 1.5, 2), nrow = 2)

# grid =7
x.points <- seq(-4, 4, length.out

100)
100)

y.points <- seq(-4, 4, length.out

grid <- expand.grid(xl = x.points, x2 = y.points)

#apy 29T A

grid$z <- dmvnorm(grid[, c("x1", "x2")], mean = mu, sigma = sigma)

#### ggplot2 = contour 112|7|

p <- ggplot(grid, aes(x = x1, y = x2, z = z)) +

geom_contour (color = "black") +
geom_hline(yintercept = 0, linetype = "dashed") +
geom_vline(xintercept = O, linetype = "dashed") +

geom_abline(slope = 1, intercept = 0, color = "red" ,linewidth = 1.5) +
geom_abline(slope = -1, intercept = 0, color = "blue",linewidth = 1.5) +
0, color = "black") +
geom_abline(slope = 0.5, intercept = 0, color = "black") +

labs(x = "X_1", y = "X_2", title = "O|x{Q ¥ FEEo| HEYUE34(rho = 0.75) ")

geom_abline(slope 1.5, intercept
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print (p)

A=

N

2nd Principal Component) ©]2}

AE (the

=
e

£ e X7} HAe

51

Zy & FHA

it

o

27

5t

<]

X

(principal components)& =+ 7

62



xr
il
T
,.._Ano

K-

V(X)) + V(X,)

0

1. maxV(Z,)
2. Cov(Zy,Z,)
3. V(Z,)+V(Z,)
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V(Z,) =35, V(Zy) =05, Cov(Z,,2,5) =0, V(Z,)+V(Z,) =V(X,) +V(Xy)

ohe

2 e Z 9] ol Aspg e 23}

o

SaAgo|tt

flo
Mo

=
T

# W HEel 24 A
mu <- c(0, 0)
sigmal <- matrix(c(3.5, O,

0, 0.5), nrow = 2)

#x, y A US7

100)
100)
grid <- expand.grid(x = x.points, y = y.points)

x.points <- seq(-5, 5, length.out

y.points <- seq(-5, 5, length.out

# Ol Y2 L= At

grid$z <- dmvnorm(cbind(grid$x, grid$y), mean = mu, sigma = sigmal)

# ggplot2 A|Ztst

p <- ggplot(grid, aes(x = x, y =y, z = 2)) +
geom_contour (color = "blue") +
geom_hline(yintercept = 0, linetype = "dashed") +
geom_vline(xintercept = O, linetype = "dashed") +

labs(x = "Z_1", y = "Z_2", title = "& RAMEo| Sun)

print(p)

64



xr
il
T
,.._Ano

K-

H
i[8]

ol
IH
20
Kk
u-

g,

V(Xl) + V<X2) =49] 85.7%5 A4

o A WFO] 2 K (85.7%)

i

R

. 54

O (unit) 7} 91

Ag 1w

=S4

=

7 W% SAhe e
Apgre] wat ot

At
H (cm) o

=
=

2~
T

ko1
=

Al A (m) & AR

I

Eln

I

=2

o A

o

Ho

7% 2efoll wet

Zﬁ

Bl = BhEGH

]

a

(6.4)

’

20000 150
150

|

|

1.5

)
2

(100

(10000)(2)
(100)(1.5)

65



xr
il
T
,.._Ano

K-

W5 Folu e g7 2

@t 2

=2) #

sigma <- matrix(c(20000,150,150,2) ,nrow

sigma

[,11 [,2]
[1,] 20000

[2,1]

150

150

eigen(sigma)

eigen() decomposition

$values

[1] 2.000113e+04 8.749508e-01

$vectors

[,2]

[,1]
[1,] -0.999971874 0.007500117
[2,] -0.007500117 -0.999971874

il

—_
fife)

ek

P (Fog v A4 HEe 2

Aol e
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Fgohe 739l vreht
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7F 7HAlE Wso] 2AE W Azl BAE AR e
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)

utdl

(6.5)

wheba ©9] o] F52} W] TAgl]

=2) #

sigma <- matrix(c(1,0.75,0.75,1) ,nrow

eigen(sigma)

66



D
N
oX,
)i
M
i)

eigen() decomposition
$values
(1] 1.75 0.25

$vectors
[,1] [,2]

[1,] 0.7071068 -0.7071068
[2,] 0.7071068 0.7071068

oA 3t Ao LA EE AFSR F4E 1 A 82 thaa 2o

= X 4 =Xy, Zy=-——
Vel et T R

G AL ATASRL] 7o) T A0 A (p = 29 T AVAL Wt sejets LguESE
Wst7) olob FAELS FASH Ol E A 247te] BAL e, okehis AL 0.955 1A ARALY
ECEEE DK

sigma <- matrix(c(1,0.95,0.95,1) ,nrow=2) # 2753 (427 4=0.95)

sigma

[,11 [,2]
[1,] 1.00 0.95
[2,] 0.95 1.00

eigen(sigma)

eigen() decomposition
$values
(1] 1.95 0.05

$vectors

[,1] [,2]
[1,] 0.7071068 -0.7071068
[2,] 0.7071068 0.7071068

ol AFREANA n ) A7 X, Xy, ..., X, 0] SHREOZ FEHrIA BLFEAY BEFPASE
F7ste] FHEE TWE 4 gt



mu <- c(0,0)

# Yo YE

sigma <- matrix(c(3,-2,-2,2),nrow=2) # =4S

X <- rmvnorm(100,mean=mu,sigma=sigma)

head (X)

[,1]
[1,] 4.6282705
[2,] 1.4045731
[3,] 0.4338715
[4,] 0.9394071
[5,]1 -2.1498722

[6,] 3.1633948
C <- cor(X)
©

[,1]

[1,1] 1.0000000
[2,] -0.8164816

eigen(C)

(,2]

.2243072
.8958122
.39015636
.7T978767
. 7714280
.8869771

[,2]

.8164816
.0000000

eigen() decomposition

$values

[1] 1.8164816 0.1835184

$vectors

[,1]

[,2]

[1,] -0.7071068 -0.7071068
[2,] 0.7071068 -0.7071068

So] A TR

rlo

oF&t go] Fojict,
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Z, = —0.707X, + 0.707X, Z, = —0.707X, — 0.707X,

A FARY] Bl V(Z,) = A\, = 1.816 0]|BR& EH%E p =2 9] 91% S

0
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N
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P <- eigen(C)$vectors

Z <- X %*% P

plot(X, xlab="X1",ylab="X2",ylim=c(-4,4),xlim=c(-4,4))
abline(v=0) ;abline (h=0)

q— —
o O % OOCD
~ 6°o8° 05 o ®0 o
C?F)C%ﬁi§é9 3%5900 o
C}I ] @> 0 wo OO
(@) (@]
%) Oy C oo

T -

[ [ [

-4 -2 0 2 4

X1

plot(Z, xlab="Z1",ylab="Z2",ylim=c(-4,4),xlim=c(-4,4))
abline(v=0) ;abline (h=0)
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X = (X, X,,...,X,) & 2do] pQl &-EHE (random vector) 2l 5HAF.,
EX)=0 and V(X)=X

N2 pAlel 48 Z = (2,, Z,, .., Z,)' = X, 59 AgAgo= 5ot}

Zl = ath == alle + a12X2 + a13X3 + + alp‘X

p
Z2 = aéX = CL21X1 + a22X2 + a23X3 + + a2po
Z3 == aéX == a31X1 + 0/32X2 + a33X3 + + angp (66)

M}

6.6 94 AolE FRe theat 2 EAA A4S AT et

BIOF FAES WEL A% e 0, 5L th} o] U EA|SHY

a1 Q2 ayy aj
P T I 6.7)
Ap1 p2 App al
21 6.6 o FHE WY Z = o2 Zo] FojHtt
Z=4X 6.9)

o Maximize Var(Z,) = atXa,

o subject to ata; =1, i,e,

aty +afy +ajs + - +af, =1
2. SHIA) 2R Z, = abX T 2L 20| fEoH g

o Maximize Var(Z,) = atXa,

e subject to a%l + a§2 + -+ a’%p =1
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e Z, is uncorrelated with Z;, i.e.

k. kWA FAE Z, = af X the v 22 2700] B 2ot

o Maximize Var(Z,) = a}Xa,
. 2 2 2 _
o subject to ajy +agy + -+ aj, =1

o 7, is uncorrelated with 7, Z,, ..., Z;_4,

Cov(Z, Z;) = atXa,; = for i=1,2,...,k—1
ZAB0| A2 22 A2t TEAYE NS Bey] gRe FROZHE dojd EE ZTEAYA D = §
2 olgglitt, B BE APASEY C 2 o]ttt

FE AN AFEL ol 8 HE AT a; & SEAFE Y 28 EY £l (Spectral Decomposition)& &5t
of 25 4 Qlth (4] B4 %)

FEAPHAL A9l FAH 2P (positive definite matrix)©]7] thFof| o] A5 7Fx]= 77k (eigenvalues)
[e]
=

AT px p BRA BAG Natel g7} 2 AHEY a7} A et

1714 A = diag(A; Ay, ., A BHALATH TRAGR] 142k chzgoln] nRghe vheat Lol Wy
A0 Aol ek s,

Ya, = MNa;, and afy +aj, +-+ap, =1, k=1,2,...,p
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z  zlr z;|z|=1
dlsto] Z7tstn g ol AL vH o] oo A

A= 2tsk ol

\J
-
2,
i
E

o] BAol| A 221 4] xt¥x = WE g o] Zo|E =
RESA Thg T P Arfsteie

zle 2 R0l
22+4 Al (quadratic form) 'Yz th-&7} 22 AHEJ RS 7} 7h56tet,
A 0 0
z'Szx = ' PAP'z = x'[a, a, a,) 0 A ... O @, ay ... a))'z
0 0 Ap
Zol A

T'Bx = 2'Az = M\ 2] + Mpzs + . N 22

3} g2 g R EE

kl

o
)
Mo
i
mlo
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K-

FEEe A=+

6.2.4.

bl

p_Z

Var(a'X) =a'Var(X)a = a'Xa

Var(Z,)

<

ol

Tor

Ny

o
.

TR

A

ti(/\laﬂ)

Ya,

t
1

Var(alX)=a

Var(Z,)

o5 3

sl

25

H a, 2 A}

H]
)

aévar(X)CEQ == )\2

Var(atX) =

Var(Z,)

a!Cov(X)a, = a}PAP'a, =0

Cov(a'i aag >:

Cov(Zy, Z,)

e}
a'l

P

i=1,2,..

t
a; X,

Z, =

1 (Covariance matrix) & AF-&otH ] H4=2] The7t

=
=

el

AL
;OO

T
el

X

Nl
Y

q C (Correlation matrix)

=
=

%

o] obdl AFTHAS

sl A AN 422

ME-S W50l % pot Ak,
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Fa4ol gashe
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g

=
E

Qo] Wi A5l prck

AEe grEth Hebq 24 BAo] B o] uhe}

2~
s

TR
n_mo

T

™

tol e W47} 744

S

Alofet.

S - |
IS L

ot

sfof

_IA
sld

1ol A = ddt.

cheat e

)

trace(PAP') = trace(AP'P) = trace(A)

trace(X)

(6.9)

Jeja ek m < p/H FAHAE Z,, Z,, ...

(6.10)

i

H-52] 70% 14 90%

=
S

<0.9

+Py+ -+ P,

1

0.7<P
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e Scree diagram-& ©]-&: Scree diagram-= _Tl%%k% 2R 1o I8 A d e zo|ck
TEe] Fart A A EE wi7A] 2 11625 AEsHd o

6.3.2. FHEO| A

afo] W4uE X o 748 7, 0] FRALS TheT} 2t

Cov(X, Z;) = Cov(X,a}X) = Cov(X,X")a; = Xa;

=

AFHE a0 HE2$ a_j=_ja j$o|B=2 ot g2 ENE o

o b7t gele] W X, o FA45 7, ) AuAst vt 2

Corr(X,. 2,) Cov(X;, Z;) - )\]ajZ VA
\/Var Var(Z) \/‘7” j 044

grof S Ho] AL Aol A LolATHH o, = lojnz

COTT(X,L', Z]) =4/ )\jaﬂ

watd 2HES BEE A9 2R B2 WA /X 02 o] 20l g9 Arole] TRito] AR
A% oA At

o
ok

Asel 5 € s sistel mrfel £440] Bastcrel 2 ol Al AR E SRl dE 12 4

2
)
i)
il
sl
ol
r-]u:
/..a
=,
=
8.
i)
L,
Q
©]
2
o
Q
=
D
=4
»n
Q
Q
=
&
o
o
e
iy

pA) B4E A SHENEE SYHOR n) BEFEUGT A X, i 9 BB juA) Woletn
shel i A A o] BEWEE X, et 2t
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Xi = (Xila Xi27 7Xip)t

JEA B4 BE WS X, = Y7 X, /n 08 Fojsty &9 B2 YoHHE X & 05 2oty
514
X = (XlaXm 7Xp>t
1A 2t 532 ofgots W49 o= W W Y, § 2skAt
Y, =X, - X=(X;; — X, X — Xy, ..., X5, — X))t
ol Al i AR A j A FAE 5L g} Zo] FolHrh
p -
=ajY; = Z Y Z a (X — Xy) (6.11)
k=1

FAR A5 22 BEE AL L pAe] MSE JHA T drkd FYREAS BoA § 2L 5 om < pe]
AZe AFRA TS W50 ASE FAFL A7kt Bt

6.4. ofx: 22 7F F7| A=

2 7% A7) A7 FAARLEHAS AedHAt 7E A7)0 £2L 100m 5]E, Eo]H7], EX 200m Tal7)
WelE 7], Fd2]7], 800mE a7 o|th. &9 54 A7 SR H| utet 2 2RO 3 EH o g A}

9T 7F 47 AmE vha 2ol 222 & k. 257 9] AEol tiet 9] 5] 7153 T (score) 2.2
F4% A2oltt. uhA e ¥4 score £ AW 957} 77)0] F2o| 7|2 AFHNA WHE H2A og ]
s 2

library (HSAUR2)

df_1 <- heptathlon
dim(df_1)

[1] 25 8

colnames(df_1)
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[1] "hurdles" “"highjump" "shot" "run200m" "longjump" "javelin"

[8] "score"

"run800m"

hurdles highjump shot run200m longjump javelin run800m

head(df_1)

Joyner-Kersee (USA)  12.69 1.86 15.80 22.56

John (GDR) 12.85 1.80 16.23 23.65

Behmer (GDR) 13.20 1.83 14.20 23.10

Sablovskaite (URS) 13.61 1.80 15.23 23.92

Choubenkova (URS) 13.51 1.74 14.76 23.93

Schulz (GDR) 13.75 1.83 13.50 24.65
score

Joyner-Kersee (USA) 7291

John (GDR) 6897

Behmer (GDR) 6858

Sablovskaite (URS) 6540
Choubenkova (URS) 6540
Schulz (GDR) 6411

WA 7749 2ol gol 277t AW £ 720 YEhfEE ek §
0] Zrjgrel 4 Mz Eg ok Yot A4t 1R A
Aol gy,

df _1%hurdles <- with(df_1, max(hurdles)-hurdles)
df 1$run200m <- with(df_1, max(run200m)-run200m)
df _1$run800m <- with(df_1, max(run800m)-run800m)

af_1 <- df_1 %>%

filter(!str_detect(rownames(.), "PNG"))
dim(df_1)

[1] 24 8

head(df_1)

7.
.71
.68
.25
.32
.33

D OO OO O O

27

45.
42.
44,
42.
47.
42.

66
56
54
78
46
82

128.
126.
124.
132.
127.
125.

i}, orebq A7) W

2o] Wol A4 o2 B

51
12
20
24
90
79

hurdles highjump

Joyner-Kersee (USA) 3.73
John (GDR) 3.57
Behmer (GDR) 3.22
Sablovskaite (URS) 2.81

1.86
1.80
1.83
1.80

shot run200m longjump javelin run800m

15.
16.

80
23

14.20

15.

23

78

4.05
2.96
3.51
2.69

7.27
6.71
6.68
6.25

45.66
42 .56
44 .54
42.78

34.92
37.31
39.23
31.19
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Choubenkova (URS) 2.91 1.74 14.76 2.68 6.32 47 .46 35.53

Schulz (GDR) 2.67 1.83 13.50 1.96 6.33 42.82 37.64
score

Joyner-Kersee (USA) 7291

John (GDR) 6897

Behmer (GDR) 6858

Sablovskaite (URS) 6540

Choubenkova (URS) 6540

Schulz (GDR) 6411

A 7T o] AuEAE B

df 1 t <- df_1 %>%

select (-score)

cor(df_1_t)

hurdles highjump shot run200m longjump  javelin  run800m
hurdles 1.0000000 0.5817409 0.7666860 0.8300371 0.8893472 0.3324779 0.5587794
highjump 0.5817409 1.0000000 0.4646854 0.3909024 0.6626910 0.3480793 0.1523350
shot 0.7666860 0.4646854 1.0000000 0.6694330 0.7840380 0.3430333 0.4082925
run200m 0.8300371 0.3909024 0.6694330 1.0000000 0.8106176 0.4707969 0.5731902
longjump 0.8893472 0.6626910 0.7840380 0.8106176 1.0000000 0.2870826 0.5233809
javelin 0.3324779 0.3480793 0.3430333 0.4707969 0.2870826 1.0000000 0.2559348
run800m 0.5587794 0.1523350 0.4082925 0.5731902 0.5233809 0.2559348 1.0000000

>
>,
ol
el
)
ol
o
-+
o]
R
|_l.
=]
O
()
g
o]
=2
>,
o
flu)
Ao
O
(o)
B
1}
|_]
j=v)
(e}
(e}
i el
o
i)
a
&
o

pcal <- princomp(df_1_t, cor = TRUE)

summary (pcal,loadings = TRUE)

Importance of components:
Comp.1 Comp.2 Comp. 3 Comp .4 Comp.5
Standard deviation 2.0793370 0.9481532 0.9109016 0.68319667 0.54618878
Proportion of Variance 0.6176632 0.1284278 0.1185345 0.06667967 0.04261745
Cumulative Proportion 0.6176632 0.7460909 0.8646255 0.93130515 0.97392260
Comp.6 Comp.7
Standard deviation 0.33745486 0.262042024
Proportion of Variance 0.01626797 0.009809432
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Cumulative Proportion 0.99019057 1.000000000

Loadings:
Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7
hurdles 0.450 0.174 0.199 0.847
highjump 0.315 -0.651 0.209 -0.557 -0.332
shot 0.402 0.153 0.548 -0.672 -0.229
run200m 0.427 0.185 -0.130 0.231 0.618 -0.333 -0.470
longjump 0.451 0.270 0.122 -0.383 0.749
javelin 0.242 -0.326 -0.881 0.211
run800m 0.303 0.657 -0.193 -0.574 -0.319
T2 240 AWE v 2ol siAeE 4= vt
o TR 2ME AEstH THEFS 76 % & AYstal 3715 A5k 86 % & ATt
— Proportion of Variance - 4] 6.9 oA Ao|H P, 9] g2 Lrehdr
— Cumulative Proportion 4] 6.10 2] P, o] +23h-S yrebdlict.
o WA, Al Fho] = olfs AHH R 22 2 AAISHA] ghotbA otk
o« WA FE(Comp. 1) 0] ASE BH 2} F5 H4=0] 715 P 33} fAFSIT,

FAR J40] Ad o] o] 8E]= scree plot-2 T3t Z ) B o] o] FA R O] BAL

plot(pcal, main

gt

"scree plot")
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scree plot
<t —
m —
0
(¢}
(8]
c
1 B N
&
>
H —
O —

25 2] A4=of tigt 4] 6.11 of o3t FAE

At

head(pcal$scores)

Comp.1

Joyner-Kersee (USA) 4.8598544 -
John (GDR) 3.2156489
Behmer (GDR) 2.9891207
Sablovskaite (URS) 1.3158405
Choubenkova (URS) 1.56357870
Schulz (GDR) 0.9790817

Comp.6

Joyner-Kersee (USA) -0.27632076

John (GDR) 0.38582368

Behmer (GDR) -0.26334765

Sablovskaite (URS) -0.22039763
Choubenkova (URS) 0.08186703
Schulz (GDR) -0.25984050

0.

SO O O O O

o

>
i
4
sk
>

Comp.2

1428696
.9689924

.7102977 -0.
.1828572 -0.
.9824589 -1.
.3587703 -0.

Comp.7

0.48611032
0.05283965

.11292729
.54216684
.30728837
.03921361

df _pca <- as.data.frame(pcal$scores)

df_pca <- df_pca %>%

rownames_to_column("label") %>%

81

Comp.3 Comp.4

0.006170444 0.2997271
0.249166030 0.5609829

635677626 -0.5666763
256022940 0.6508784
818885157 0.8008982
421970960 -1.1374969

Comp.5

.3696153
. 7698539
.1944444
.6166041
.6023826
.7302135
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left_join(df_1 %>% rownames_to_column("label") %>% select(label, score), by="label") %>%
mutate(rank = as.integer(rank(-score))) %>7%

mutate(label = pasteO(label, "(", rank, ")"))

head (df_pca)

label Comp.1 Comp.2 Comp. 3 Comp.4
1 Joyner-Kersee (USA) (1) 4.8598544 -0.1428696 0.006170444 0.2997271
2 John (GDR) (2) 3.2156489 0.9689924 0.249166030 0.5609829
3 Behmer (GDR)(3) 2.9891207 0.7102977 -0.635677626 -0.5666763
4 Sablovskaite (URS)(4) 1.3158405 0.1828572 -0.256022940 0.6508784
5 Choubenkova (URS)(4) 1.5357870 0.9824589 -1.818885157 0.8008982
6 Schulz (GDR)(6) 0.9790817 0.3587703 -0.421970960 -1.1374969

Comp.5 Comp.6 Comp.7 score rank
0.3696153 -0.27632076 0.48611032 7291
-0.7698539 0.38582368 0.05283965 6897
0.1944444 -0.26334765 -0.11292729 6858
.6166041 -0.22039763 -0.54216684 6540
-0.6023826 0.08186703 0.30728837 6540
-0.7302135 -0.25984050 -0.03921361 6411

N O D W NN -
|
o

D D P W N

df _pca’>%
ggplot (aes(x=Comp.1, y=Comp.2 , label=label, size=score)) +
geom_point(size= 2, alpha = 0.7) +
geom_text(size= 3 ,vjust = -0.7, color = "blue", alpha=0.9) +

+

geom_hline(yintercept=0)

+

geom_vline(xintercept=0)
theme bw() +
labs(x="PCA 1", y="PCA 2", title = "FAE 4 MHT")
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-Ing ‘TAI)(23)
14 MuIIiner‘GB)(lQ) Choubenkoxa (URS)(4) John (%DR)(Z)
Hautenauvg (BEL)(ZO) B Ufaga.(URS)(9) Behmer‘GDR)(3)
mmwfg@ywa
g-Mi (KOR)(24) Kytola (EIN)(21) Preieen{iiSQR)©)
Sablovskai‘e (URS)(4)
Geremias.(BRA)(ZZ)
0
Hagger‘GB)(l?) Joyner-Kersee (U
Wijnsnta (HOL)(11) ®
N
<
O
o
Ruotsalaj
E&ﬁﬁr&ﬂb{)é]@za(g)
_1 -
Scheider‘SWl)(lS)
Braun (I:F G)(14)
Yuping (CHN)(16)
27 Brown (gSA)(i%)
25 0.0 25 5.0
PCA 1

Biplot 2 2571¢] ZiA|of] thste] 2719] /& 4o 71 ek oAb F3te] ®A]
olgfist=t] & Z-&o] Hr}. Biplot 2 M7]#] ggfortify 9] autoplot TS

A

autoplot(pcal, label = TRUE, loadings

83

= TRUE, loadings.label = TRUE)



Comp.2 (12.84%)
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Comp.1 (61.77%)
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Ji-Ing (TAI)
02- Mulliner (GB) Choybenl®va (URS)John ¢GDR)
Hautenawve (BEL) Bourage (URS) Behmes (GDR)
00m
ng-Mi (KOR)  Kytol2 (FIN) Gred
les
0.0- Geremias (BRA) —
Hagger (GB) . Joyner-Kessee
Wijns
Ruotsalaaardwlicz
-0.2-
Scheider (SWI)
Braune(FRG) highfump
-0.4-
Yupinge(CHN
Browne US% )
0.25 0.00 0.25 0.50

o] lgoh= 5+ Al4=(Comp. 1, Comp . 2)

i

rE
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~ 800mS} highjump W W] A= Nrtholn] 2} Ml FFo] 7phe HeFol i FE H47)

O O OoF A O
E2e %49

1S So] A% Yuping 2 highjump H57F £ 2 & highjump BaFel ofefjZof 92]6t1 g}

H

£

=)
R

1=}
o
fr
sl
rE
=
n

S

i Aot 9T A9 7 ST BAE AL T gho] vl A AdAE

cor(df_1$score, df_pca$ Comp.17)

[1] 0.9931168

plot(df_1$score, df_pca$ Comp.1~, xlab="Olympic Score", ylab="PCA1")

o)
<t —
P
N p—
5:') Oo©ooo °
o © o) o
A 0@
o)
< 40
[ [ [ [
5500 6000 6500 7000

Olympic Score

6.5. Of|H: Z=F 2t=

w55 A WA 197819] oo} Mo 2 (Piedmont) A Aol A AuIE Al 717 B EE (cultivar) 2h21°]
syst AJRe 2% Azolth, A4 178 742 ehelo] 3719] 1E 02 LirolA] 9lrk. W% Class = B o] 52

Class XEE ZZA9)

Barolo (HFE2)
Grignolino (Z18]=¢]k)
Barbera (Hf=2H]|2})
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137§ 9] WMg=of gt v of23t 2t

Rp Ay

Class T Z5(1, 2,3 A
72 FE )

Alcohol L FF (%)

Malic_Acid AbabAt Sk — 2ol o]
ke sk o1

Ash S8 - 27171 9 AR

Alcalinity_of_Ash o gk
-edzre) 39 AR

Magnesium n 1l b (mg/L)

Total Phenols Z 9= AR - g uh
FAtel g 3te] 71

Flavanoids ZTtH L olE B -
wou 4, g} gl

Nonflavanoid_ Phenols HEZtE o|E H&=
e

Proanthocyanins IZZotEAoTY — &
SRR TS L

Color_Intensity A = glo] o] MAto]
Anh} g

Hue % - A ] A
H]-&

0D280_0D315 280nm/315nm FFx
HE - His gdd 9 54
2 ®

Proline o= gtk — ofu| AL
oFQl it /g0 F a7
gt

6.5.1. ZI& 22{27|

url <- "https://archive.ics.uci.edu/ml/machine-learning-databases/wine/wine.data"

wine <- read.csv(url, header = FALSE)

# Add column names from UCI description

colnames(wine) <- c("Class","Alcohol","Malic_Acid","Ash","Alcalinity_Ash","Magnesium",

86
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"Total_Phenols","Flavanoids","Nonflav_Phenols","Proanthocyanins",
"Color_Intensity","Hue","0D280_0D315","Proline")

head (wine)

Class Alcohol Malic_Acid Ash Alcalinity_Ash Magnesium Total_Phenols

1 1 14.23 1.71 2.43 15.6 127 2.80

2 1 13.20 1.78 2.14 11.2 100 2.65

3 1 13.16 2.36 2.67 18.6 101 2.80

4 1 14.37 1.95 2.50 16.8 113 3.85

5 1 13.24 2.59 2.87 21.0 118 2.80

6 1 14.20 1.76 2.45 15.2 112 3.27
Flavanoids Nonflav_Phenols Proanthocyanins Color_Intensity Hue 0D280_0D315

1 3.06 0.28 2.29 5.64 1.04 3.92

2 2.76 0.26 1.28 4.38 1.05 3.40

3 3.24 0.30 2.81 5.68 1.03 3.17

4 3.49 0.24 2.18 7.80 0.86 3.45

5 2.69 0.39 1.82 4.32 1.04 2.93

6 3.39 0.34 1.97 6.75 1.05 2.85
Proline

1 1065

2 1050

3 1185

4 1480

5 735

6 1450

WA FF(Class)2 A LIt 13779 Wo] Aot E S A2} s H A

## BE M5 Ha My

df _2 <- wine %>% select(-Class)

## oA AZ AL

cor_mat <- cor(df_2, use="pairwise.complete.obs")

# 5|EW 12|7)

pheatmap(cor_mat, display_numbers = TRUE, number_format = "%.2f")
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.050.09r0.190.160.25| Malic_Acid 1
00803 0.4410.02| Alcalinity_Ash
m -0.160.810.19/0.14| Nonflav_Phenols
-0.070.2410.0 Hue
-0.20 0.14/0.33/0.010.03 Proanthocyanins
10.28 0.07/0.31/0.00 0OD280_0D315 0.5
0.29/0.50/0.13}0.06 Total Phenols
0.49/0.120.17 Flavanoids
.050.080. .21[0. 0.39/0.29/0.20| Magnesium
. . .29/0. Alcohol
0. . .500. Proline
.16/0.44(0. .13(0.12[0. . Ash ) 0
.25(0.02/0. .06:0.170.20/0.55/0.32/0.26 Color_Intensity
=T >zIJOJT=ZT2>0T P9
S820°§388588¢55¢%
s 2 2 5SS 13 g 2" 5 I'O'5
o < | o > g = =
g1l T e O a g @
> = < g 3 3 S
@ @ g ® 2 o,
=} 5 o ? <
wn (72}
A LS B S50 3719 AT R oA intAlS & &
6.5.2. F4& 24
oAl wine Aol tfste] F4E A A8 B
pca_wine <- princomp(df_2, cor = TRUE)
summary (pca_wine, loadings = TRUE)
Importance of components:
Comp.1 Comp.2 Comp. 3 Comp.4 Comp.5

Standard deviation 2.
Proportion of Variance

Cumulative Proportion

1692972 1.5801816 1.
.3619885 0.1920749 O.
.3619885 0.5540634 0.

2025273 0.9586313 0.92370351
1112363 0.0706903 0.06563294
6652997 0.7359900 0.80162293

Comp.6 Comp.7 Comp.8 Comp.9 Comp.10
Standard deviation 0.80103498 0.74231281 0.59033665 0.53747553 0.50090167
Proportion of Variance 0.04935823 0.04238679 0.02680749 0.02222153 0.01930019
Cumulative Proportion 0.85098116 0.89336795 0.92017544 0.94239698 0.96169717
Comp.11 Comp.12 Comp.13
Standard deviation 0.47517222 0.41081655 0.321524394
Proportion of Variance 0.01736836 0.01298233 0.007952149
Cumulative Proportion 0.97906553 0.99204785 1.000000000

Loadings:
Comp.1

Alcohol 0.144 0.484 0.207
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Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8 Comp.9

0.266 0.214 0.396 0.509



Malic_Acid -0.245 0.225 -0.537 0.537 -0.421

Ash 0.316 -0.626 0.214 0.143 0.154 0.149 -0.170 -0.308

Alcalinity_Ash -0.239 -0.612 -0.101 0.287 0.428 0.200

Magnesium 0.142 0.300 -0.131 0.352 -0.727 -0.323 -0.156 0.271

Total_Phenols 0.395 -0.146 -0.198 0.149 -0.406 0.286

Flavanoids 0.423 -0.151 -0.152 0.109 -0.187

Nonflav_Phenols -0.299 -0.170 0.203 0.501 -0.259 -0.595 -0.233 0.196

Proanthocyanins 0.313 -0.149 -0.399 -0.137 -0.534 -0.372 0.368 -0.209

Color_Intensity 0.530 0.137 -0.419 0.228

Hue 0.297 -0.279 0.428 0.174 0.106 -0.232 0.437

0D280_0D315 0.376 -0.164 -0.166 -0.184 0.101 0.266 0.137

Proline 0.287 0.365 0.127 0.232 0.158 0.120 0.120 -0.576
Comp.10 Comp.11 Comp.12 Comp.13

Alcohol 0.212 0.226 0.266

Malic_Acid -0.309 -0.122

Ash 0.499 -0.141

Alcalinity_Ash -0.479

Magnesium

Total_Phenols -0.320 -0.304 0.304 -0.464

Flavanoids -0.163 0.832

Nonflav_Phenols 0.216 -0.117 0.114

Proanthocyanins 0.134 0.237 -0.117

Color_Intensity -0.291 -0.604

Hue -0.522 -0.259

0D280_0D315 0.524 -0.601 -0.157

Proline 0.162 -0.539

A HA F4E] A4E KW Flavanoids , Total_Phenols, 0D280_0D315, Proanthocyanins 2]

A%gho] Sf ThE WASol ulshe] A H .02 I et A2 oF = glth. Eok oko] AT B4
AME 47) WSSO ATTAT} b A L 5 Yok 4719 MASL 9o BRG EX gro] Fre}
Belg Wesot,

A A EC] A& HH Color_Intensity, Alcohol, Ash, Hue 9] Al5gto] =2 A4 of2
H|sto] A o= FA yehd 2S5 & 4 Aok o2t ibEe AR A8 EArZE o AS 4 5 At
|

Color_Intensity 2} Hue + Aol A HE EAS 7HA] 1 it}

(g
4
m{n
ol

o) MES ARt M &S 1] YA scree plot & TS0] 1A}, ore] AT RFEo] % Ao F4 kol

plot(pca_wine, main = "scree plot")
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scree plot
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Comp.1 Comp.3 Comp.5 Comp.7 Comp.9

Biplot 2 178719] 25 MEe] tiste 270¢] F4& Aot 2 02 olAkd 3
TZ2E olsfstedl & =0l dt. off 2 Hxo] A v 442 F WA

3-g AZksfste] & 4 giek.

autoplot(pca_wine, label = FALSE, loadings = TRUE, loadings.label = TRUE)
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o
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o
e
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M| M7} obd 27)9] R0 ' A4S FAaPFolE BT 3719 FFol & FEEE= A
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#- ZANE A OO|E Iy Q AN

ok oT O oo

df_pca <- as.data.frame(pca_wine$scores)

#- ZZ A2 0|o|E{ ol 27t

df_pca$Class <- factor(wine$Class)

#- R He AMEE 027
ggplot(df_pca, aes(Comp.1, Comp.2, color = Class)) +
geom_point(size = 2) +

labs(title = "PCA on Wine dataset")

PCA on Wine dataset
°
° o, °
2- o of ‘ o
® 2° o ®  oo%% o,
" o o X4 s
° e —~ Class
~ 0oe®® .d YR B X
S ,. ® e % 20,0008 o ® 1
=] ° o ° o .. [ ]
o [ % 0 o 2
O oe® . . ® o0,
I ..~ % L J “’0. B 3
2= ‘e, }’3 0% o °*°
:..s A
°
°
4 - [ ]
25 00 25
Comp.1
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7. yRamEA

library(tidyverse)
library (here)
library(knitr)
library (CCA)

#0j2ff 3 2L 5122 Lalst ggplot 1210| I3HEl HTML, PDFZ Qo= 2R ALE
library(showtext)

#font_add_google("Nanum Pen Script", "gl")
font_add_google(name = "Noto Sans KR", family = "noto")

showtext_auto()

7.1.

(0)al

24

= Jjol %1 Hp0] A5 (Correlation Cefficient) = F ¥4-9] A% #A ] Y= & HeY= S&olt. F
7He] EEWs X, 3t X, o ABAIS p & o3 Zol Fojdrt

Cov(Xy, X))
\/Va'r (X,)Var(X,)

(X17 X2) - COT(XD XQ)

AL pe 13 1 ALl 9] ZHe 7HAm FASIL 0 o] | F SHEWSe] AFTAL
S7H1 o PSS T MR Y AFTACL FAA D W -1 o] FEES4E T Mek g HFA)

= a3
oAk, F A AWA ST 00]=2kl SfA THA (relation) 7F itk @A 4= gk, fukstA WA F=
= H40] 4T (linear relationship) T2 UEHY = Sk ol1l A BA 5 o E S JA & dHsHA] =

(7.2)

o714 X, 3} X, 747} R A Waol
oltt.

==

%X117X217"'Xn1jq-17:— H‘jZZH %Z‘:g] EE— X127X227 XnZ‘O’] %‘_‘EL
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7. AEATEA
Example 7.1 (29129 4778 = 2k=). R 7|2 o] WA H swiss AR 1988 A9A0] 477) Feof tfgh
S4HET APS| A A S E Bobs2 Ak R olth(n = 47). 6709] Wl st At Apr o] YR oha} Zrt

o Fertility: [, common standardized fertility measure

e Agriculture: % of males involved in agriculture as occupation

o Examination: % draftees receiving highest mark on army examination
e Education: % education beyond primary school for draftees.

e Catholic: % catholic (as opposed to protestant).

e Infant.Mortality: live births who live less than 1 year.

head (swiss)
Fertility Agriculture Examination Education Catholic
Courtelary 80.2 17.0 15 12 9.96
Delemont 83.1 45.1 84.84
Franches-Mnt 92.5 39.7 93.40
Moutier 85.8 36.5 12 7 33.77
Neuveville 76.9 43.5 17 15 5.16
Porrentruy 76.1 35.3 9 7 90.57
Infant.Mortality
Courtelary 22.2
Delemont 22.2
Franches-Mnt 20.2
Moutier 20.3
Neuveville 20.6
Porrentruy 26.6
Ao A FA o] W] tiet AT cor AR thad Zo] At & 1AL o Yoprt glolE 2 swiss

o e Ee Haso] i duAsHEE FA o At 4 ek

cor (swiss)

Fertility Agriculture Examination Education  Catholic
Fertility 1.0000000 0.35307918 -0.6458827 -0.663783886 0.4636847
Agriculture 0.3530792 1.00000000 -0.6865422 -0.63952252 0.4010951
Examination -0.6458827 -0.68654221 1.0000000 0.69841530 -0.5727418
Education -0.6637889 -0.63952252  0.6984153 1.00000000 -0.1538589
Catholic 0.4636847 0.40109505 -0.5727418 -0.15385892 1.0000000

Infant.Mortality 0.4165560 -0.06085861 -0.1140216 -0.09932185 0.1754959
Infant.Mortality

Fertility 0.41655603

Agriculture -0.06085861
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-0.11402160
-0.09932185
0.17549591
1.00000000

Examination

Education
Catholic

Infant.Mortality

o]
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ol
10
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Zﬁ
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et

1}
EHlelof it FUTAE e

stg e of et PAIS
B

7hel

=
s

Fi+A 4= (Canonical Correlation Coeffcient)

.
gttt o] Ao e T 7o) FEHEH o

=
a

o5

s} &40}

Ftel

171 dell 5

S

AEFEATE B9
O5AF A9 (Multiple Correlation Coefficient)

= WA

wE o] TS Leh=

a5

o

o2} /o M-S &

gt

gelstas

—_
jo

—_—
[ife]

o

FUSE o] 2olZ

WE] X 2 priol &

S5

5.

X, @1

=
=

o Yo7 p— 17]9] W T4H shaul

o

X (p—1)x(p—1)-7

1 EA U, By,

A

X, 7 X, 9 (p— 1)

o
X19’] '_E"T/ﬂ-, 0-12?

[e]
—

219 2A]ofl A 011

142} o] 7] 9]

st

tol 217} p — 1749 ABASE 7

)

Pl

S

o¥e 4 9lek.

Jo] ope we o

<]

o

) plp = COT(XDXp)

cor(Xy, X3), ...

COT(XD X2>a P13 =

P12

Fitel

©

TA =A

5

27} 5 o] WS of

Tl

T2 tenys] 95

£ shte] &

Aol SEHE | A

o
EHE X, ol

]

7

=1
o

A3} §Apsl A 8t

cor(Xy,a, Xy + agXs + - +a,X,) = cor(X;,a'X,)

fhofl meh gk, o= A

<

A%o] g folet,
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p(X,,X,) =maxcor(X;,a'X,) (7.3)

o] FASE 7 AE o] flste] WA oo HE aof Wste] X, 7 a'X, o] FEAGFE F =
B2 WA

Cov(Xy,a'X,) = E[(X, — E(X,)][a’X, — E(a'X.,)]
=a'E[(X, — B(X))][X, — E(X,)]
=a'oy,

Var(a'X,) =a'Var(X,)a

wtetAf
Cov(X, alo,,

a'X,)
\/V‘”“ X1>Va (a'X,) - \/‘711 (a'¥y,a)

o714 ot 71 frolslord A2 AleHE a o] AFE] F2wE vHH G gEAe £t sttE A
olt}.

cor(X,,a'X,) =

—aloy :
= —cor(X{,a'X,
\/‘711 [(—a')Eys(—a)] % :

whebd] CHEARAISE Fohe Aol 1 Baol BAglel Arigle] 4 2 A2 Telsor @t ol e
Tefste] CHEATASE thavt 2ol AH410] ABRE Fote] HET 5 Atk oA EATASY ASuEE

T5H7] e e AT Algol Wt HdigkS T2 Ak

cor(X;,—a'X,) =

2
cor?(X,,a!X,) = M
011 (atEya)

_(a t2§é22221/20.12>
o11(a'y0a)
< (a t25é221/2 a)(o 322;21/22;21/2012)
N 011(a'Ey,a)
_ (a'Ey5a)(01,555015)
011(a'Ex,a)

t y—1
_ 019%9019
%11
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E 919] GEANA 254 ] S40] HYsHe 9L A0)9] 44 Aol thste] that 2 WAL At
Aol

oAl X, ¥ X, o v/ Al E v 2ol Xt

¢ _ (04,850 015)"/?
p(X,a'X,) = BRI (7.5)

71K a = N850, ,0 < p(X,,a'X,) <1

sk

R EA40] ARRE THeTH ol ABASER T

% gt

p(Xy, atX*) = (PtizREQlPlz)l/Q

7]H plQ% XIEI]'X*Q] %371’_]'7:"!!\‘ “—“.Eio]”% R225X 9/] %%7:"-’}6&4%0]1:]—_ o]g{@_} 74]/‘&_]./}1]9/] ‘IQFFI—% O}EHEZ]-
PP o] A (2214 st E o] o) 2 HE G st 4 9}

o Py R R e | R P
0 1/\/os 0 1/\/da

FROo2A =7t Fol7 Aol A 7.5 oA Z7he] R Histe] I %S Fotd B S AUATE

022

St T N1/2
(612%2015)"/ P PRI

ﬁ(Xl,atX*) = (a, )1/2 = (p12R22p12)
11

swiss AEOIA S4HE (X)) Yoz 5709 ARl AR (X ) o] 2 348 AsE =3 2o 78 +
At

n<-dim(swiss) [1] ; p <- dim(swiss) [2]

dim(swiss)

[1] 47 6
R <- cor(swiss)

R12 <- matrix(R[2:p,1],p-1,1)
R12
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[,1]
[1,] 0.3530792
[2,] -0.6458827
[3,] -0.6637889
[4,] 0.4636847
[5,] 0.4165560

R22 <- matrix(R[2:p,2:p],p-1,p-1)
R22

[,1] [,2] [,3] [,4] [,5]
[1,] 1.00000000 -0.6865422 -0.63952252 0.4010951 -0.06085861
[2,] -0.68654221 1.0000000 0.69841530 -0.5727418 -0.11402160
[3,] -0.63952252 0.6984153 1.00000000 -0.1538589 -0.09932185
[4,] 0.40109505 -0.5727418 -0.15385892 1.0000000 0.17549591
[5,]1 -0.06085861 -0.1140216 -0.09932185 0.1754959 1.00000000

mulcor <- sqrt(t(R12) %xY solve(R22) %xJ, R12)

mulcor

[,1]
[1,] 0.8406753

o
[

= B3 g3AIAT) AFae = X, & S5, X, & 59852 AF 22 (linear regression) &
o R Z

5198 ¢ AA A4 (coefficient of determination)

F(X.a'X.) = R?

obel R iz 10| Aol 4 AT 4= Ik,

res <- Im(Fertility~ Agriculture + Examination + Education + Catholic + Infant.Mortality,data=

summary (res)

Call:
lm(formula = Fertility ~ Agriculture + Examination + Education +

Catholic + Infant.Mortality, data = swiss)
Residuals:

Min 1Q Median 3Q Max
-15.2743 -5.2617 0.5032 4.1198 15.3213
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Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 66.91518 10.70604 6.250 1.91e-07 *x*x
Agriculture -0.17211 0.07030 -2.448 0.01873 *
Examination -0.25801 0.25388 -1.016 0.31546
Education -0.87094 0.18303 -4.758 2.43e-05 **x*
Catholic 0.10412 0.03526 2.953 0.00519 x*x

Infant.Mortality 1.07705 0.38172 2.822 0.00734 *x*

Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 7.165 on 41 degrees of freedom
Multiple R-squared: 0.7067, Adjusted R-squared: 0.671
F-statistic: 19.76 on 5 and 41 DF, p-value: 5.594e-10

mulcor™2

[,1]
[1,] 0.706735

oA & 7He] EEH Hof tigt ATAE UEtHE SE 9 A=A A4 (Canonical Correlation Coeffcient) o]l
tfoto] dotEzt, SHEHE X7t F /fe] gHEHEH X, 3 X, 2 oA lokal 7 skaE & 2 HE o] 22
ZYZ¥ p o} g 2ol skAF (o)A p < g2t 7HgSitt)

p(X,,X,) =max cor(a'X,,b'X,) (7.6)

a,b
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Cov(a'X,,b'X,) = E[(a'X, — E(a'X,)][b'X, — E(b'X,)]

w4

a'¥ b
\/(atEHa) (b'355b)

CO""(atX1 ) thz) = = (atzlla)_l/z (atzmb) (bt222b)_1/2

oAl Mz F B2 FeATE Az St= HEH a2t bE A AESEATTT FAT. o7 AESE

21
_—
A|4=34E (canonical correlation matrix) C& th-21} Zo] A o514},

C=x."%,,5," (7.7)

8
=
(=
=
Q
=
Q
=
=
=
=
99
-+
=.
¥
e
R
19,
hS
X
L
=)
)
fu

AZI UV = 22 2Hol p x p, ¢ x ¢ BFH P E
e aE CC o A3t A, o AlgdE Hiagdas st

VAL 0 0 0 0] [v}
0 ) 0 0 0f |vt
C=USV'=[u, uy ... u) 2 Y2
0 0 0 0 0f | :
0 0 VA, 0 0] |}
A7V FIR uy,uy, ..., u,= CCH O] LHHE I v v, ..., v+ C'C 2 THHEloltt. B3 & P CC!
St C'C=00] obd I/FOI A > Ny > . > N & ATk

CC' =3,,°8,5550L,5,7 C'C =5,°8,518,,5,,"

SVD &3l gt ZtAIet Wi-8-2 Section C.4 & x5HA
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Ag2] ool mE WH et bE Zs AR SO 7 WH X, 7 X, BESRY o) A%

o&

Z=a'S (X, — ), W=b5"(X, —p,)

o 7| AASE A4 FotAL s Wito] gons BRWHE M .
g 4lel 21_11/2612} 517268 Ml oj2tu] 5 Ao] gloje] Mol n PR AA40] Hololl S mAA

[1 A

o 1o
p(X1,X,) = max Cor[atzil/Q(Xl *l-"1>abt2;21/2(X2 — )]
= max cor(a'X,,b:X,)
T e Z9k W O] FE4tat AR thg i Zo] Foix]aL
Cov(Z, W) = Cov(a'Sy,* (X, — uy),b'S0 > (X5 — )
=a'y}*5,,5,5"%
=a'Ch
Var(Z) = a'a
Var(W) = b'b
wf2hA

a'Ch at

b
/(ata)(b') \/(ata)C\/(btb)

9)o] Ao A SHeHs: Z 9t W o] ATAISE £ ¥E a/valaStb/Vbtb o] Zo]7t 10| 2 F HlE] g9l ho] ZolS
1= 7HFgsl e OOPE’r (@'a =b'b = 1). WtA o33} Zo] BAIE 4= Qitt.

cor(Z,W) =

cor(Z,W) =a'Cb, a'a=b'b=1 (7.9)
o17] 4] WE F7ko] A AL o] 87t F ¥IE a9 b 717} pot g WMHo|ng T} 2 M § §
o B7F EA oL thgt o] AR 4= Qi

a=Ua = au; +ayuy + -+ a,u,

b=Vp = pv; + Bovy + - + B,

(7.10)

9714 ala = BB = 1.
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oAl A 7.9 of Al 7.10 = tjlsl 1 A A 7.8 o] SVDZ o]-&35}

a'Ch

cor(Z,W)

o'UtUSV'VA

Zkupper bound) 9t 2ot 2w a st go] 4

gt

1] Aof|A cor(Z, W) 7} %

A AR E 7

A

= Cov(Z,W)

p<X17X2)

(X5 —no))

~1/2
22
(X5 — )

(at2I11/2 (X1 —ny), b’y

max cor

a,b

—1/2
22

1_11/2<X1 _#1)7”3

cor(u}

714 a =u,, b=wv, oIt}
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a
o
B
L~
rlo
4
o
e
filo
4
S
O

E, =R/R,R,;R!,

E,=R,;R,R R,

5 uE X, X, BE JEYRASE B, E- E, o Ar) 1429 AF2olth. F12 E, 9 E,2 o] ohd

swiss Atm oA E4H& (Fertility) ¥ 4 oA & (Infant. Mortality) & stuhe] HE| 2 vhm 2] 4712] A8 H AW

5 e MR st 22 WA that 2ol € 4 ek

n <-dim(swiss) [1]

p <-2

q <-4

swissO <- swiss[,c(1,6,2,3,4,5)] # &=ANE HH= &Y
R <- cor(swissO0)

R11 <- matrix(R[1:p,1:p],p,p)

R22 <- matrix(R[(p+1):(p+q), (p+1): (p+q)],q,q)
R12 <- matrix(R[1:p, (p+1): (p+q)]1,p,q)

R11

[,1] [,2]
[1,] 1.000000 0.416556
[2,] 0.416556 1.000000

R22

[,1] [,2] [,3] [,4]
[1,] 1.0000000 -0.6865422 -0.6395225 0.4010951
[2,] -0.6865422 1.0000000 0.6984153 -0.5727418
[3,] -0.6395225 0.6984153 1.0000000 -0.1538589
[4,] 0.4010951 -0.5727418 -0.1538589 1.0000000

R12
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[,1] [,2] [,3] [,4]
[1,] 0.35307918 -0.6458827 -0.66378886 0.4636847
[2,] -0.06085861 -0.1140216 -0.09932185 0.1754959

El <- solve(R11) %*% R12 %xJ, solve(R22) %x’, t(R12)
E2 <- solve(R22) %x% t(R12) %% solve(R11) ¥%x*J, R12
El.eigen <- eigen(E1)

E2.eigen <- eigen(E2)

rho <- sqrt(El.eigen$value[1])

rho # sample CCA

[1] 0.8142291

sqrt (E2.eigen$value[1])

[1] 0.8142291+0i

R m7] ] CCA]

el

g cc 5 ol 85tH H FEgTATet A9
library(CCA)

X1 <- swiss[,c(1,6)]

X2 <- swiss[,c(2,3,4,5)]
resl <- cc(X1,X2)
resl$cor # sample CCA

[1] 0.8142291 0.2222637

resl$xcoef # vectors for linear transformation for X1

[,1] [,2]
Fertility -0.08456464 -0.02455185
Infant.Mortality 0.05534823 0.37357101

resl$ycoef # vectors for linear transformation for X2

[,1] [,2]

Agriculture 0.01985292 -0.05136137
Examination 0.02690124 0.02476760
0.09414900 -0.03527373
-0.01164052 0.01793981

Education

Catholic
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library(tidyverse)
library (here)
library(knitr)
library (mvtnorm)
library(ggfortify)
library (HSAUR2)
library(pheatmap)
library (psych)

#0t2f 3 A2 st=2 E&st ggplot 20| Z8HE HTML, PDFZ UtE= B3R ALE
library(showtext)

#font_add_google("Nanum Pen Script", "gl")
font_add_google(name = "Noto Sans KR", family = "noto")

showtext _auto()

QAR (factor analysis)& BEE of 2] WHE 2] FPUAE APa7] 915, BEH ol Ao WSol
4-0] BRI 291 latent factors)e] o5 AFS Wtk 74 sto] ALHE FAH o],

o e wSak=ol 2ohd FHI7F 2o FA 82l (atent factors) @ 2 AJHTAL ZH s 22 ¢

S22 Byolth. AAR 4o A g<lo] theket AR ST i E o] Johd o] Yehe of 7hA]
oFe ddEE 4ol olslistal & Aol & 4 ek, JIAFEAS EXS HiolE X E @<e3lstal o|dfish= |
Eee £

E3t A sl Arstel, AAsto A= A Teta} = A A9 di4de] He MdE A SAS + fle A9t
EoH dojdtt. ol g o AHAFSH A £ (temperature) 2H= 7iE -2 1}5H4 Q1 A oo uhabA] st HiH o
2§31 A5t 4T 4= Q. sHATE A5 (intelligence), ~E# A (stress), 115 (pain), THSEet 2 A+
WdE2 2Eet =2 Folk oyl 542 ¢ o Zlo] d4o|t

A& Sol SN WS ofe] B2 APHSE Aol /AT 9t A% (intelligence) S FAE7}
FEH 0 TS nATL AT 5 ek, o1 AL £ 5 glom A@e Fik Aol 73 A5
G wor] A5 AR 7T 4 At

o5 Holot ZHo] ojele AEL A4 BAY 4 gl 22 (latent factor; A BT o] g 4]
Y2 Wob 1 3re AAZ BEF 4 9t T 522 W (manifest variables; BAES, BEHS)
2 BET 4 Ui PET S Aek ol2A £%0) AR thho B2 JbsE WSS WA 4 A=
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8. gz

=

M)
ro
N,
Mo
%

ol

Al ek BAS 12 24 (factor analysis) 2HT g}, Q1A14.e Alals niAE, AAs gA)st
o9 TheFgh Bopol A S a s BA vyl ow ATt

)
e
ot

1o
Z Q9l Tv‘i—@] (conﬁrmatory factor analysis) &2, Ao = 7t
A o] AgetA] AF k= dl AFEE . o] oA = A gl AS e %}%Z ¢ 4

0 o U rE O
BN >

Fof FFE A= FFo FAHFE FFAAHcommon factor) 2kl Wt}

8.1. 2z 2§

8.1.1. Che oIzt 2 d

o] Ao M= T 917} B (one factor model)E A-&5F] 1AEA o] 7|1 Ade At} the o7 BEL
shite] A .9l (factor) o] o2 T3 WSSo] AL v AT 7145k melo]t},

A A o1zt B o]89t the 912} RS Spearman ©] 19044 SHIE9] A A AT} 2]5of tigt E S

his

st A A2 At At ©]A] Spearman ©] AQFSE T Q12F B o gt BA A 71} B2 AR A}
Spearman > A| I-59] Ao it ZtmE HojA] TR 22 AUl E RS A3l

e X, ! Classics
e X, : French
o X3 : English

1.00
R = 10.83 1.00
0.78 0.67 1.0

rr
Y
o,

A5 (intelligence) & YetH= A M2l f7F 3709 Al Ao =3 22 #AE 7HRITaL 71 s)
LA} 12 2 (one factor model)ol‘jr- RSt g2 pAor md

Xy =Mf+u

Xo =M f +uy (8.1)
X3 =3[ +uy
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A1 8.1 oA AAE LAt myef et E4-2 ohaat Zr
o = 3% 2A(common factor, latent variable) 2 #Z% 4 9l= €& W4 (random variable) ©|T}.
o A, Ag, Ay 1A AAFE (factor loading) o2yl 2 1A H FHS 711 Alg=o]tt,

o u; & Y9 ¥F (andom disturbance) @2 4 X, o §tdE= Fo= Q1o S45 5 (specific

factor) ¥ T @2} (random error) 2] o2 A= TH

oA T2 W X,'s o] BN TRAE Astel 4 8.1 oA AAE 2P0l 4PAE RE o[D7] At
A A,

WA X,'s o BALS Asteld ohew) 2o,

V(X;,)=1
= V(A f +uy)
= NV(f)+ V()
= /\12 +

Oel2 X,'s of FAte AAtshE a3 2t

Cov(X;, X;) = Cov( A\, f +uy, A\ f +uy)
= N\ Cou(f, f) + N Covu(f,u;) + A;Covu(f,u;) + Cov(uy, u,)
=\\V(f)+0+0+0 (8.2)
= corr(X;, X;) since V(X;) =1
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8.1.2. k-2t 2H

o 7] Q14 B4 0] Bl npeb Q14te] A k = 7Fs e B8 Wge] gt q Bk A AAshs Zlo] 4y

oltt (k < @).

Xy = A f1 H Aafo+ o A Ty
Xo = Ao f1 + Aaafo + oo Agp fre + uy

(8.3)
Xq = )‘qlfl + )‘q2f2 + . /\qkfk + uq
2] 8.3 oA AojH FEo B 7 UE Hao] B4t 2 E vh i Eh
o TE WHF Xs = Hato] 0 o]l Z4te] 141 sHEH ot} (E+2h
o k-QlA HE] f = Bapo] 0 o] RAlo] I, <l SHEu o]},
E(f)=0, Var(f)=1,
o u's Byro] 0 0]aL Zf E4to] o), o] A& Y3l sHEHsoltt
v, 0 0
0
Eu)=0, Var(u)=¥ = ¥2
0 0 b,
. fouSE A= =g,
483 0 koAt BEE 40w BAs et g}
X=Af+u (8.4)

X 8.3 o4 ANE k-2t g EAA 7P et B2 W5Ee) B L aE bt 2t
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it (8.5)
= hi+v;
=1
A 8.5 oA LER 2A4T0] 5 P8-S chga} o] RE

o},
Ch2=Y7 A2 2 W50 F54 (communality) g} F-2c},

5 (communality) ] oJu]= #HESH4E B57F FF5 o2 JFS T k7fo] AAE o8 A==
w4kl 3718 Yehdith, FFAo] Atk A2 ol "t AAE] o) & A Hnt= AL ou|giet

QYORAFE WS X, o £AT o)A AAFE] oo HPEA] P HE2 vehich, QoiFo] Arke AL
sl W47k 5 AAbSol obd AT 2o ojs) §FS o Wo Witk 212 oJnjgict

q q
cor(X;, X;) = COT’(Z Ay + ug, Z A fi +uy)

q
:Z adaVar(f) +0+0+0

¥ =Cov(X)
= Cov(Af +u)
= ACou(f)A" + Cov(u) (8.6)
=AAN' + 0

Y 0 0
o |0 W 0
0 0 b,
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el 3
ALt oA &4 X, 7he] BAto] 10] opety 7HAst X, of thet 2 ¥ (scale transformation)
CMER FEHF Y, E X ol vt A Hgho = ohgi} Zho] A ottt

}/i:C,L'Xi, Z:1’2,3,q

Pd CE ¢, B2 o|Fojx thz} Folztar hrhH
¢, O 0
0 0
C = K
0 O C

Mz =5 SEHEHE Y = CXo|al Mgt Y o] 32482 4] 8.6 ol &Jsto] th=3 o] & 4= 3l

Cov(Y) = Cov(CX)
=CCov(X)C"
= CAA'Ct + COC!

s10] oA A, = CAZ 43k u, = Cu 2 FO¥ A 25 Mg Yol et I4mge cheat 2k

Y =A,f+u, (8.7)

ol

4872 A% A% G ol AW e 2t

o
M

Yi = 1 fi H e hafo + o+ e A fr + ey
Y5y = codor f1 + ohanfo + o+ ooy fir + coug

Yq = Cq)‘qlfl + Cq)\q2f2 + -+ cq/\qkfk + Cquq

Qo] HENEE shel 21 clate] A YNFO] FE 2L A= WMot AL & 5

CERE R
¢, 2 BEUSY BEWA 5, O A4 O ¢, = 1/s, Y O TR BLL X o AL Aol

At grefe] ¢
Hoth.

ot QAFRAE SHE A9 X o FRAT FEL o §5HE 2k FTAS PEL o185 Zlo] YA 3
Zr} QAjoh ATt AL HEse] doto] AL S ASE T8 4 rhe ojulolt (HEe] 24y

scale invariance)
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A BB ol g5k A9 VAL BB ol gk A9 Hms} Fetay] B

8.1.4. QIzjo| HISUM

QY k x ko] ALY P2 A2t

Z
N
~
d
Rl
rO
by
K
ofl
mlo

[l

Hekste] Hap

X=Af+u
=APP'f +u
= (AP)(P'f)+u
=Afi+u

o714 A, = APol3L f, = P'folch. $]o] Mg oAzt RgelAo] Az} f, o] BIeh T4 X o] FEARS
e} 7} f o] Lot FAFY.

E(f,) = E(P'f)=P'E(f) =0, Couv(f,)=PVar(f)P=P'P=1

wheb] A2 Q14 Lol A BEuE X o FRAL Tt gt

Cov(X) = Cov(A f, +u) = Cov(Af +u) =AA"+ ¥

wrebA] JIZFAA G2 T2 Azt F Yo 2A5HA] =T (mon-uniquesness). EHol7} 12H2] A2 Hof
Aot 274& FH F-AotA AT 4= JTH(QIAFS] 3] ;5 factor rotation)

oA A% BFL FHoHe ol heiAl Lohu,

8.2.1. cha QAR

[

A18.1 ol Urehd T Q12 =@t B Ato] ist At 4] 8.2 5 Lejshul cha vt 2 WAL $EY 4

%0 2

A
o}
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of
— o) O_E
RL g :M_V o ol <
B 2w = e T o
™ — X ~ 7o o =
=3 g R N mp
o o = ® o o T "
) B 19 [ o
< 2 %o 5 <
e b S o
ol g s ' : TN
=T Pa z n 4 N
H.mo _,Ul X0 ﬂx_ ul‘._ ‘__Lou qu ‘Mﬂ
D o o mo 5 N o 5% 5l
° e < ol 2 w502 & o
o £ o P o do m > ol R
= 3 ‘_lr.w\ ~r N oo ﬂE T ajo ~H
_ o o> 9 ny = o mH = o
T feo T4t ¥ % N c o
oH ~ < a» B R oA S R ® e < To o T
~ + = o b S WV c < < E N o0 _MT W_L 70
oy — LS I n_u_ S S = o~ e __1 [ 1 o =T o 1 Nk
i ~ LT E Lol : & g g o o]l T s 70 G
=r = N = < gl o] — ~ o ,Dl Fa o ZT R
an o TN % LN e s Co B o wr G
. T AL+ 4+ B = I I N W
S = < S Ql Gooe ae S o S " w ol mﬂ_u !
TS TR T o3 TR Ll ™ 50 2 go
RN B ol S o 2 =3 xw AL
> BN TaTINe & R = ~ u7un o o % i
I I ! il 7 R = = o
& B olp N A N w_.:c [y
(e T WP 76! N2 oy
<0 - o O
< e G T o = X ~a
or Ay NS T -
<F G F1 N
T O_E o ol = o
H ey £ " do o I %o N Y
s % I T 5
~ T A N oA o T T xr o =
of = v o B R o 1H o —
< LH X Jo v 5
~ o o Jjo =H&% H4+ N® ~ T
Sl NS e i = __01_ aod = H_T_
= ™ N ~ = A B ooy = o I
Tor HT o _Vl_ T
NS B oy T Lz M I do ™ om I X
) T o Ny Xoo = U Aoy <0 - ol
o o = O o = Z_I X =
= 70 o o & o on XN o) N
Ul o AT Ewm fom 2 4 o o B
oF 8 XzE PR T o N e
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A
=

M}

8. B Q1A

-

Mo

122 A (Principal Component Factor Analysis) ©]2tal 2t}

-

-, X,) 7} ko] 00]1L FHA4to] Bolat 7145,

Zq == aqul + CLq2X2 + e aquq

BeAl o2 Uerfe okt 2o,
Z =AX
A A0] AALE Section 6.2.4 of OJste] TR FEA ALo] gt n4uE] ol mr Amaolrt (AA!
D). whebA TheTt 2e ek mejsit,
X=AZ

Xog= 1427 + ay0Z5 + ... a4y Z,

o)Al q MO FARE FoIA k < g4 FALE Ausich, AdE FHES a2 A4S

Xl == anZl + a21Z2 + aklzk + ul
Xy =192y + G992y + ... Ao 2, + Uy 8.8)

Xq - alqzl + anZ2 + aquk + U3

o714 §o1F AL u, £ oA F

z FHR 21 Dpgs o 2,9 RBEFOZ A AR FRS bk,
AR AAS 2k 200] U] A 2,8 € LEATEL § A T BUE KL T PR
WA DRAIEE (Var(Z,) = A) 2 2,8 DR AR thire] 11 2 A4o] Bat.
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Xy =Anfi + Afot o A Huy
Xo = A1 f1 + Aoafo + o Agp fre +ug

Xq = >\q1f1 + )\q2f2 + ... )\qkfk: —+ uq

8.2.4. olzjo| Me#q} 5|

8.2.4.1. QIALREM Jlj40| A

TS FEATOIY ATEAE AEs 23 = e AR A ko] Aol Fastth dAe S AAshe

Yo g ohEa 22 IREe] At

WA, A7t FAR A 7Hemr] AL o] 85t Az MeE M HA o] Aoz AT 4= ok AR
H Hy oA 222 /i€ k7l 2 st 7Fe ] fAo] 7Hssttt. it

7 AR G QIZE A M= el Hieh o o] SR ghE TBste] FA4E A AR o7 At

Mg 2T

8.2.4.2. Qlze| 3|
Section 8.1.4 oA A3t vle} Zro] 91z} oA olzte] AAgLe GAstA] &t olzte] AAZLS S5t
wHE7] $1ste] olel 7hA] ASkAS ALg T 4 e,

21 8.4 o 4] gt 2o ol W Gol thAaTo] M1 thAUaSo] Hob AR i AAtE A5ty
q

e | 4
FE ANt FAFSH 1AFe] T840l BAte AXste AR JE

o

G =AW 'A, G is diagonal with decreasing elements

o1zto] AAgro] G Fol A= AFz2 AL th2 3 Zro| At AAgHS A5t A Ao A uPES FalF=
Ao 2 A= 4= 9lom o] 5 QA9 3|H (factor rotation) o]2tal ek,
A*=AP

Q1Are] 212 g o] Aol tiet S24Q1 £4& WA o wA sy 7S Eole el 4 Wt
shte] @Qlof =2 AYE 710, 231 AR Fro] AMAH o R IAY B A9] 0o /YA E7H3E0] AL §lS
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o
ol
=
2
o
N,
AT
X

B=)
:oé
1
o
in)
>
=)
)
o
&
o
4
rok
:?L_‘,
1%
2
>
1o
o
i)
o
2
n}
rok
=)
o2
rlo
N
o
Sl
HT

Hell A o] ojnl s 4sh Ht

AAREC] BP9 HH S 7T & 2T 5 e BFer Addst= Ao
S}
=

11— — —
HhgrA st The st 2 41 TAE 4 9l 8ol Slrhel sj4o] gol

o ARAALO] A5 vlnG Y W45 E0] thulHW Frhel: T Dol 23 ThE Aol 2 7

QA7 5L Tyt We 7127 o] AT tlEAQl ¥ 228 A (orthogonal rotation) © 2 ¥4
QIAFS0] Az AHpE|7] g RHEE s otk T3 A12H8] A (oblique rotation) & 7F5atH o] AhE Q121E

A w22 def et AR E S A s 2 4 ek A o] tfE A Q] R Varimax 2|0 g
AAgke] 7He & FaE THAY B 00l 7P @2 7HAA stol iAol HAEES ot BHE 7M1
011—4-
AN .

Q7o) SA S AgHE AR ATAH ARE WEoA 84 At Fo] AL H @A,

ey o] I 3-& /el /int/LSD /271 of] tet ARE H=E 49A (O=never, 3=regularly) 2] H =} 5232
T A ARE TS0 At o] A 2709 JIAE 7HA = B FER (LA vs Bl A 919 25 HlolH
A3 A

H

0

o r

dstal, g FYEg o8 Hi7be e TN AAE A5HA] = 472 varimax 23S 283 o]

X=X afi +Ainfo+uy, 1=1,2,3,4,5

slo) mgol vhste] chet 2o Hae} b ARGt

[0.20 0.70]

; . L s 0.25 0.75

=" ~nN : ' . A=10.70 0.30
I ol 025 1

0.80 0.10

10.85 0.10]

e 2128 YAst= R Fo|t}

# {72
library (psych)

# HYE A= AT Y S 2I5H0] He AlE 1Y

set.seed(2025)

# H=E 37
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o
ol

)
)
Ko,
)
Hr
%

n <- 400

#
# ZA 20 274: F1=9|d-&4H, F2=¢4(SF/EH)
SigmaF <- matrix(c(1, 0.25,

0.25, 1), 2, 2) # Q0OI 7t okst o AR (HRA| 022 21 1)

!

# 22 201 %

2l g 48

F <- MASS::mvrnorm(n, mu = c(0,0), Sigma = SigmaF)

# 2 A2t (HEA (528
# F1(loadings): marijuana, lsd, cocaine
# F2(loadings): alcohol, cigarette
L <- matrix(c(

# F1 F2

0.20, 0.70, # alcohol

0.25, 0.75, # cigarette

0.70, 0.30, # marijuana

0.80, 0.10, # 1sd

0.85, 0.10 # cocaine

), nrow=5, byrow=TRUE)

# S Ha=L Yxp F + 2%
err <- MASS::mvrnorm(n, mu = rep(0,5), Sigma = diag(5)*0.5)
Z <= F ¥x% t(L) #nxb

Z <- scale(Z) + scale(err)

colnames(Z) <- c("alcohol","cigarette","marijuana","lsd","cocaine")

# % -> 438 MEH(0,1,2,3)

cuts <- c(-Inf, -0.2, 0.6, 1.4, Inf)

X <- apply(Z, 2, function(v) as.integer(cut(v, breaks = cuts, labels = FALSE)) - 1)

X <- as.data.frame(X)

head (X)

alcohol cigarette marijuana 1lsd cocaine

1 2 3 2 2 1
2 2 1 1 1 1
3 1 0 2 3 3
4 1 3 1 2 2
5 1 2 1 1 1
6 1 0 0 O 0
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olAl AR Azl thote] AAEA S SysEt H
o]-gsto] Hi7hs e FAWE o8 AR

# doAs
R <- cor(X)
R

alcohol 1.

cigarette O

marijuana O

1sd 0.

cocaine 0.

# ML 20124

o

=]
=

alcohol cigare
0000000 0.4362
.4362218 1.0000
.3260260 0.3764
3131031 0.3001
3216480 0.2764

+ 2719 20l + B23|HA

tte marijuana
218 0.3260260
000 0.3764078
078 1.0000000
491 0.3942864
881 0.4267750

fa fitl <- fa(R, nfactors = 2, fm

print(fa_fi

tl, digits = 2,

cut

Factor Analysis using method =

=0

ml

SO = O O O

= "p1" ,

.30)

Call: fa(r = R, nfactors = 2, rotate =

1sd

.3131031
.3001491
.3942864
.0000000
.4648938

rotate

"none", fm

=, O O O O

cocaine
.3216480
.2764881
.4267750
.4648938
.0000000

"IlOIle n

umln)

Standardized loadings (pattern matrix) based upon correlation matrix

alcohol O
cigarette O
marijuana O
1sd 0

cocaine 0

SS loadings
Proportion
Cumulative
Proportion

Cumulative

Mean item c

ML1 ML2 h2

.55 0.31
.84 0.79
.55 0.39

.50 0.41 0.42
.51 0.51 0.52

ML1
1.82
Var 0.36
Var 0.36

Explained 0.75
Proportion 0.75

omplexity = 1.

u2 com

0.69
0.21
0.61
0.58
0.48

ML2
0.60
0.12
0.49
0.25
1.00

5

1.0
1.2
1.5
1.9
2.0

Test of the hypothesis that 2 factors are sufficient.

df null mod
df of the

el = 10 with the objective function

model are 1

The root mean square of the residuals (RMSR) is
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0.99

and the objective function was O
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A9
~

8. B Q1A

-1

Mo

The df corrected root mean square of the residuals is O

Fit based upon off diagonal values = 1

Measures of factor score adequacy

ML1 ML2
Correlation of (regression) scores with factors 0.92 0.76
Multiple R square of scores with factors 0.84 0.58
Minimum correlation of possible factor scores 0.68 0.17
# Al2fst

fa.diagram(fa_fit1)

Factor Analysis

sd

cigarette|s
D.
D.
cocaine
cocanel” @2

o] A5 B 17re] AAigho] RE jgofl AA 24tE o] 9lof sfAo] o] ft. oA varimax 23S 28

QA AZES ThA] A4t A,

# ML SQEAM + 2719 292 + varimax 3|
fa fit2 <- fa(R, nfactors = 2, fm = "ml", rotate = "varimax")

print(fa_fit2, digits = 2, cut = 0.30)

Factor Analysis using method = ml

Call: fa(r = R, nfactors = 2, rotate = "varimax", fm = "ml")

Standardized loadings (pattern matrix) based upon correlation matrix
ML2 ML1 h2 u2 com

alcohol 0.36 0.42 0.31 0.69 2.0

cigarette 0.87 0.79 0.21 1.1

marijuana 0.54 0.31 0.39 0.61 1.6
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1sd 0.62 0.42 0.58 1.2
cocaine 0.70 0.52 0.48 1.1
ML2 ML1
3S loadings 1.33 1.10
Proportion Var 0.27 0.22
Cumulative Var 0.27 0.49

Proportion Explained 0.55 0.45
Cumulative Proportion 0.55 1.00

Mean item complexity = 1.4

Test of the hypothesis that 2 factors are sufficient.

df null model = 10 with the objective function = 0.99

df of the model are 1 and the objective function was O

The root mean square of the residuals (RMSR) is O

The df corrected root mean square of the residuals is O

Fit based upon off diagonal values = 1

Measures of factor score adequacy

ML2 ML1
Correlation of (regression) scores with factors 0.81 0.88
Multiple R square of scores with factors 0.66 0.77
Minimum correlation of possible factor scores 0.31 0.54
# AlZst

fa.diagram(fa_£fit2)
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8 BEHAA o

Factor Analysis

0.6

ML2
1arijuanalK '
cigarettek——6.9 MLI

alcoholl

oA @ }LIﬂﬂf;LSD Sje1s} e Base] A
AR G327} He} A BeiEle] A B4 ALgT}

Q17 8 74L g ol Q1are] AART A2 A =gH(He ol 8

olefat Q4 A4 TR B Aot gAFsH ALgHTt

X =Af

119
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8-5to] A2 4= (factor score) & AAE

A9
~
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ol FollME 224 9l ol 2 A el Batt FE o2 A9 tiao] 71 zol Histe] gotbE Zloltt.

S p-2Hd #E (vector) T FHE (column vector) a = p7He] ¥4 ay,as, ...

a2 et FEIE 7H Aol

,a, E 8he] 9 (column)©f

a= (A1)

Aol n x p o FE A = v 2ol n7le] At p 7He] Foll Y4 a,;E thadt Zol wiAet FHE 7.

P
A= Qg1 Qg2 Aoy,
an1  Qn2 anp

B
. 5 9Y A% B : A 49 257} Zolof et
A C o1 s, Ao stz wEold 9E Ok g 2L 5o it A& AA Y 7

e
b
rr

A+B=C — c¢,=a;+b

ij i i
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o SOl A =2, A€ RS A 39

)\A:2[1 9 3]:[2 4 6]
10 2 92 0 4

>
i
I
n
i
o

a=|o| M
=2—lga

ap; Qg - Gy, | by
a a .. a b
Ap = |2 %22 2p 2
LOn1  Qna anp bp
Mot
1| b
¢
T b
2 2
= | ; where r! = [ail Qo - aip]
t
LT, bp
_rtb Zp a b
1 =1 "13"]
t p
_ r5b _ i1 ag;b;
¢ P
) ijl anjbj
<r;,b>
<1y,b >
|<r,,b>

AA < a,b > = a3 22 F #E 2 W4 (inner product)& 2Ju|gt},
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A.4.2. FHIE{o| MEH X!
LE

oAl WL vE o B AL A

a;; QA2 a1p by
a a a b
Ap— |21 22 2p 2
Ap1  Gp2 anp bp
b, a;
b a
_ 2 _ 25
=le; ¢y cp] ; where ¢; =
bp Ay
a1 5D Qy1p

An2

Al = P 9] ] (transpose) & UEPATE PF o] Ax]= Y4 0] Pt S vpLo]
a;; Q12 Qyp aj; Ao
Qg1 Qg2 ... Qgp t A1z Qg2
A= . - {aij}nxp - A= . .
An1 Qpo a’np a’lp a2p
=| 1 |
A.6. BHo| ZY
W 5§ A 9 B o] 341
AxB=AB

2 Aolstewl gt 2 27do] W E ofof g,

. WY A ©] o] A49 WY B o] W] A4t Zoto gt

123

(linear combination) 22 epbd £~ 9lth,



wetd F B FAL £AE HHRE o] A7 okE 4 gle,

o)A % WP A € R 9} B € Rk o] FA-L thgat 2o Hojgrt,

FD C £ m o] B3t ko] A= 13 FHoH(C e R™F) 7 4 ¢ ot 2ol A ojdrt,

ij &

Cij = Zailblkv i=1,2,....m;j=1,2,.... k
=1

HA Zhet oA 2 e 22 7 NS FE O w52 Al EAt

[o 1]:[<1><o>+ )1 (WD) +(
—1 2] 3O+ @) B)1)+ @)
=

—
[\]
|
—_
=
—_
_l’_
[\)
SN~—
—
[\]
S~—
IS
I
|
[\]
ot
IS

n
ok
i)
lo
e
0
rlo
o
o
i)
My
o
X
2
ok
+
%9,
o)

123 02 2 3
3 2 1 2 5
T 29 Fok £AS ulRA 2] A8 thE Po] Yok,

0 2 1 2 3 6 4 2
BA=|1 -1 =|1-2 0 2
3 21

B o] B wePEH o] Aysta erch,
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O Caution

WLEhg Ao] HsHA Tt ofnli

wgHol JYsHE 9= ek

A.7.

cro|u

zlo

a

o
o
ook

o

AB + BA (A.2)

A.2 0] A AT olul= ol ofefie} o] SHE A

(AB)C = A(BC)

(A+ B)C = AC + BC

i) SHSIE] e, 2 Holo}Al, BIUE e, no A1) MERA] (A Y4TH 10]T L2 091 WEjolch,

E

T=n7ho] H9HE 5 Robse Zlolth, P hzreart 10]n Yoixle 09 4

I=le; e ... €
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]

=

(trace)

H

SH

[¢]

9l

j
=

F o] 7} Y4 (diagonal element)
y'r € R.

tr(KLA)

ol

[
s O

o

BN

tr (y'z)

tr(AB) = tr(BA)

tr(A+ B) = tr(A) + tr(B)
tr(AKL)

tr (zy')

tr (S~1AS) = tr (ASS~1) = tr(A)

4 (square matrix) ¢! 7

iz gl o

o
S
i

Y

[¢]

K

1] 5 ()] o

{a;;}EnxnA
=

=
O Caution

[

il

A
l[:__

o|J
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o tr(ad) =atr(A),a € Rfor A € R™"

. tr(I,)



det(A) = |A| 2 E7]

[e)

=

& Al (determinant)

[¢]
[e]

Y

A9

olJ

11099 — A12Q927.

Q19
Qoo

a1y
Qa1

det(A) =

B

1 (diagonal matrix)©]

RE

°

T

°

tal HE y 2f v o o

°

A

742
=

=

=

|

A22

A12
Al(L +v' A )

Ap
0

|AB| = |A]|B]|

|A’ = |A11HA22‘

(partitioned matrix) ] F=j
|A + uv'|

§e

O
(o)

g AV orea 2L B

o

Gl

S

. A" = 4]
. |cA| = c"|A|

bot

o
B

an
===
110

ar

=1

AlA

=

& (invertible matrix T+ nonsingular matrix)©]=2t1l
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2 (inverse matrix) °|2}
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o]
o2
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A 9ge] 7z

oJq o] AT AL WY A°] BPAJo] 0] or]ojof G},

|PP!| = |P||P'| = |P]* = |I| = 1
o Aolo] AL Ao tisto] thEo] e

tr(PAP') = tr(AP'P) = tr(A)

A.12. HIE{o| MY

Jin
(11

0|

n N HME vy, vy, ... v, AAFEF(EE AFZ, linear combination) o]k 2} WE o] 2Z2hE 55}
ook Aol

T ry g, ., 7EAOO A W, o 22 FEHiO AFAS AH vy, vy, ... v, 2 AP A (inear

=
combination) ©]2kal gt}:

TV + Uy + o+ T, (A.3)

Definition A.1 (¥ o] AF=H AFFH). n Mo WH vy, vy, ... ,v, 7F AHAL 5pAF Thef oh&

Alo] ghoF BE 091 n 7R o] 2zt 1y, ry, ..., r, ol HSHARE S o AE vy, vy, ... v, E2AFE=SH
(linearly independent) =il ghet,

v+ Uy + e+, =0 Sy =ryg=-=17,=0 (A.4)
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VW EC RS

EAAEH vy, vy, ... v, 7t APYEFHo] ofH AP FZ (linear dependent) 2l ek WE v, v,, ... v,
7HAREEECIH =5F 00] obd 1y, 1y, ..., 1y, O EANSI] thEo] - Th= Aol

371y, re, e,y €ER st (1,79, y ) F O, 0 1905 + -+ 10, =0 (A.5)
|

o2 Sof b} o] Fol 7 3719 37 ME| S-S HPFLolct,

1 3
'01 = |2 B 'U2 - O 5 'U3 = |2 (A6)
3 1 5

dFshel Tk} o] B Qo] obdl 27keto] oJsA] Tk Aol AYslr] Wholeh. Z He] vy v, o 25 Foto]
v, °l EI%F gkt 2o,

’U3:’U1+2’02 <~ '1)1+21)2*’U3:0

=

ol Al thg} o] Foi7] 37)¢] 321 ME S MGEolth, Z 37 WE o Hg 2ol 00] B 5 YIS PeEL
szrebs B 091 A9 o] gtk

1 1 3
v = (2], vy= (0], v3= |2 (A.7)
3 1 4

1 1 3 0
3 1 4 1

vy 7F H= 2ol e W o A AT s UEhdE AL HoEH.

3 0
vy= 12| = (v, + vy + (—1)v, = (1) |2]| +(2) [0] +(—1) |0
4 3 1 1
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A.13. 2cH|2| 2Al

=

ohg

rlo

S |25 (Woodbury formula) ¥ oY= -85+ F4] 50|t}

(A+UCV) ' =A™ — AU + VAU 'VA
I+UCV)'=I-UC'+VU)'V

A luptA!
ty—1 _ 4—1 4 uwvwa -
(A—l-'u,’v ) =A 1+vtA 1y (A.9)

1 b
(al, +b1,1t)" = = |I, —
a

11¢
a+nb
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T4 T4 EE G (square matrix)of e AT ejEIc,

pa(\) 1= det(A — AT)
= Cy + Cl)‘ + 02)\2 + 4 Cn_l)\nil + (*].)n)\n,

(B.1)

B.2.1. e
A A A o] 9 1), ok A WEFHE A o WE g7k EA5HA A 2 W A ©f 1H3 (eigenvalue),

n o
z S PF A 9 759 (eigenvector) 2FL Stet (LAY definition 4.6)

Ax = )z (B.2)

. AGEEHE §elA ek Z WE g 7} 14 E cx & g g o]k,

A(cx) = cAz = c\x = \(cx)
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B.2.2. A4t

4719 B2 FAloltt

[e]
=

A ©] Tggtelet.

s

)

7Htt (nontrivial solution)

iz &

S

CREE

°] 0 ofrt.

qA]

o

3Y

5]

A\ 9

Gl

(B.3)

det(A — AI) =0

H A — A\ 9 rank7} n Bt} &t}

gl

Exercise B.1.

1 3

4 2

det(A — \I)

pa(N)

3—A

4—A

=@=-NB-2-2)1)

= (2=M)(5—2A)

ot

91o] g Aol A Al of

A =28\, =5 °|tt

Sl X A},

[e)

sfof 7

<]

ch&at o] TfuE o] o] 4] B2 o 9

0

|
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o Zol7k 1 ¢l

fe] gl ot o8 5

)

2 e Fof
11 Aot glo) WEE Aol 1] TheuE 2 Hpw o,

S

ol
1o

57

S € (unit vector) 1 I-FH] €]

2/v/5
1/V5

|

o} gho] ThejulE 2 gt

tog

off Tk a-f-ul e

2

1:

A

o/

L5

0

1/v/2
~1/v2

T =

o d44 FEZ (algebraic multiplicity) = S/t

£ A5 olulgn,

= e

e

Zrol S (multiple root) 2]

514 T2 T (geometric multiplicity)

07]

At 42 ot

o 1 F7Heigenspace)

9 A7} e

3

_(‘?ﬂ

Exercise B.2. 3}

m._.mo

— A= 1)(A—2)?

-1

-1 A=-2

det(\I — A) =

S 71&o 2 Al

750

919] 4ol 4 374
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det(\l — A) = —\ -

= =Al2=XNB =) =0 =2[(1)(0) = (1)(2 = )]

!
H
el
,_.._NO
Ho
o1
oF

S O O

22l

-1
—1

M —Azx=(I—-A)z=

Lo = T3

T, = —2x3,

14 FEEE 1olg ojnli

ik

14 2R 100,

5]

FELL 10|11 7]

A
&

1 ol 4

THIE N, =
TGE 7L AGEYQ 17]9] W2 o] FojA glrks ofmjo]t. o]

o

o
ol

Ho
TR
il

J
-

o
0

=0

—1
-1

0
-1 0
-1 0

— (I —A)z =

I — Az
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xl - _IBB

3} 7o) A=

©
=

ol o

J1}ol7] o

S

Ay =209 of

K@

™

al
1

A

1ol
7]

12 FEZ L 20}

5]

=
T

AAE Eolu

5

14 FR57) e 49 of

FEL9} 7|5

Z
Al

A
M

ofA o

ol
A

<

9 A7) et

3

2]

Exercise B.3. 32}

mnnuo

= (A =122 -2)

-3

det(\[ — A) =

MI—A)zx=0

W
H

o
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r,=x53=0

ZFHL L 10|t} o]

84

20]A¢t 7

TELEE

3]
]

A = 1ojs %

Fra2

A 3

(A — A)x

3:'2 - 5%3

T, = —2x3,

K

} %

1o]t}.

L=

T
Nfo
X

i

3|

Xy =2 015 o

KB
—

&
10]ct.

o
T

™

ol
1

A

el A
7]

.
-

14 FEE

5]
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Exercise B.4. o]A]

)

o-3) -

21
4

2
/\> —1=X—-5\+

3
= §P2

7
§P17 Ap,

AP1 =

o7} 2},

EE 7ok of

=il
=il

o
j

[k

)
—

pip, =0

ez 2yEgona

=] -
O]'T:

&

gyl
o

I
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ol

W

=4 Zo] of

L ptolnz t}

E H B3| (Spectral Decomposition) ©]2}

=
=2

%

olAl P ¢ 4

ol

iz
|

(B.4)

Pt

%
<
(i)l

o] vet

NI
ojn

ol
I
o
oF
!

H
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}

s Cp

C = span{a,,a,;...,a,}
={ 1@y + a5 + -+ cpa, | all possible real values of ¢, ¢y,
TS o

where gjq; =0, ¢iq; =1
(C.1)

o|A] $-gl= flet TY?
qva27 7qp

}

Sa,

C = span{qi,qs; ---,q,} = span{ay,a,,
o] wjele] Aol thet AE AHgate] thedt 2L ALske p o] WHES FAHOR e

J83
oA oF A
Bzt
61 =a,
62 = a9 proj;l (a’2)
43 = a3 — projg (as) — projs (as)
4, = ay — projg (ay) — projg (ay) —pr 0jg, (ay)
P
9, =8p— mej& ()
k=1
2o s HEHES A HEHE TEE A2 MEHE ay,a,, ..., 0,0 St A € TEE
A WE qq,9,,...,9,E = AT
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Gram—Schmidt ¥#H o2 = W o] Audt= A2 o33 Zo] SHT 4= lth. A4 ?@eq-proofortho
of &Jste] g, ¥ q,= At oA 49 iof W5ty q,,q,,--,q, ;, WEESC] Autty 7HPsHAE B
1<j<i—1¢] st

o
i)
o
X
.
rlo

A C.2 3 A C.2 9 d18E&L Gram—Schmidt HHolat B2}, o] & Alof oot 8=
A S o] 85t & o 7Sk Hi o] e Fo] Y2t

=) 1

a,q; - a;& ~
projz (@) = = g, . 54, = (ajay)q,
94y, (A

1. p7iel 9El a,,a,, ..., a,° tate]

2. fori=1,2,...,p

e 4, =a;—(qia;)q; — - — (¢;_1a;)q;, (H2LZD)
« ¢; =4,/ g C8++3h

22 Gram—Schmidt WH-S Agst T o[},
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az

1]
=y

q1

a ¢
as —(qf a2)q

; qz

Figure 5.3 Gram-Schmidt algorithm applied to two 2-vectors ay, az. Top.
The original vectors a1 and a2. The gray circle shows the points with norm
one. Middle left. The orthogonalization step in the first iteration vields
q1 = ai. Muiddle right. The normalization step in the first iteration scales
g1 to have norm one, which yields qi. Bottom leff. The orthogonalization
step in the second iteration subtracts a multiple of ¢; to yield the vector
G2, which is orthogonal to ¢1. Bottom right. The normalization step in the
second iteration scales g2 to have norm one, which vields g».

I% C.1.: Gram-Schmidt %% (&4 :Introduction to Applied Linear Algebra by Boyd and Vanden-
berghe, 2019)

141



a9 C.2.: LU &4

U Edle= AE Ao Fdr= 7‘4%3}04 %1711 —TL%* # 2111}. AE ol FlollA et 2 x 2 Y] Pt
LU

[_z, ?] !i il :

|
1
[
|
ML\D
_ 1

e

C.3. QR &3

A C.2 3% 4} C.2 o %017 Cram- Schmidt B8-S Ao} WEI S a,,ay, ..., @, ol okl ThA] chga} Zo] Lieha
% gl

a; = 61
=|@,[la:
a, =q,+ projg, (as)
. ahq, .
=gy + N?glql

as; =q; + projg. (ag) + proja, (a3)

tﬂ
~ al q ~ q, -
:q3+~f~1q1+ % 2‘12
q.49, q2q2

= (a3q,)q, + (a3q,)q, + HQBH%

a, = (abg,)q, + (alg,)q, + -+ (abg, ,)a, | +|d,||a,
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C. Agel B

& 2 4 WE a; = Gram-Schmidt ®H o2 73 HFALHH qy,q,,...,q, & AF =F
o

A=QR (C.3)

o1 7] 4]

Q=1 ¢ .. q), QQ=1I

_HalH "'3‘11 a'gql a;l;ql_

0 ||62|| asq, . af,q2
R=1]0 0 ||63|| a,;q3
L0 0 0 @,

oA Gram-Schmidt Wi ¥ QR &Zs1E AA| AAE F5to] o)At

obeiel ol 4719 ¥E] 3707} it

(C.4)

|
—_
|
—_
N Ot W =

91e] WE a,,a,,as°l ot Gram-Schmidt HH-S 2§54t

1 i=1 94 |lg,|| = |a,| = 20122 A A ¢, & TET.

—1/2
1/2
—1/2
1/2

@ =4/l =

2. i =2. oA FHA A ¢, 5 TFEA gla, = 40122
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—1 —1/2 1
3 1/2 1
a. — (dta _ _ =
q; 2 — (q185)q 1 ~1/2 1
3 1/2 1
2 (g, = 20122
1/2
. 1/2
9> = q2/Hq2|| = 1/2
1/2
3. i =3 AR glay = 2, ghay =8 °|B&
1 —1/2 1/2
) 3 1/2 1/2
=a;— (qia — (¢ta = — —8 =
qs 5 — (g1a3)91 — (9583)9> 5 ~1/2 1/2
7 1/2 1/2
| = 40l
—1/2
3 1/2
a5 = s/ [[as] = 1/2
1/2

w2t Gram-—Schmidt ¥H o 2 7= JH 2 wHl g = o230 2t

~1/2 1/2 —1/2
|12 12 |12
D002l 27 ] BT e
1/2 1/2 1/2

oA f1el A F+&F Gram-Schmidt Wi o2 4 AiE o835t QR &3S s =4t

A C.4 oA Fold Mg E2 42 71 2 A9 QRES|E FallEAt.
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o] Aol A et A wHHE T2 o]-8stH Q= A FaXIch

~1/2 1/2 —1/2
0 12 1/2 —1/2
=172 172 1)2

/2 1/2 1/2

N}

ok

T3 A C.3 o ol FA4& o] g0t Pd RS thxt o] & &= ik
||61|| abq, aiq, 2
R=|0 g a%e,| =0
0 0 Ja 0

S N
= 00 N

a3t DguE s AUEE A AolEE AoaA o] FuAHo] ofd Aol 73 4 gtk ol
o o]
= =

RFg ol A A o= At

1 7H85kal 11 Algs roletal Skt (r(A) = r). oAl A= AW SkE n-AHE 2] HE 2
2 m

;}g(l):}‘vlalQ)Qa 7vnjq- —11—1—1’—6—]-% 'i}%g’} EJE1%—4 11:1?3“17“27 ’um—% ]\(])421—6—]'1}-

A Ao Eo|gk(singular values) o, > oy > ... > 0, > 07 Y& EoHH (left singular vectors)

Uy, Uy, ..., U, 1B LEZ S0 (right singular vectors) vy, v, ..., v, © =t 2 A& THE3et
Av, = oy, Avy,=o05uy, .. Av,.=ou,., Av,. ,=0, .., Av, =0 (C.5)

nxnAFFED VA mxm AFPE U & 2424 A= Auste ZH4HH v,v,,...,v, Ty, uy,...,u, OF

A C.5 o et A4S A8 Vel U2 Yehd o33 o] 29

sk
4
30,
iy

AV =U% (C.6)

Aol m x n 8 S o33 2L Fehg A
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. 0
0 0

™
Il

C.4.2. SVD 28

flo

Z2 SVD 3l (singular value decomposition; E°]%t £3f)

oAl HF V7 AL FEE oG5t tht 2
oIt 4 glet.
A=U ¥ V! (C.7
mxXn mxXm MmXn nxn
919 4 C.7-2 A Theat o] A4 19 B ) S0 HYxEo R B AS ekl 4 ot
(©.5)

A = Jlul’vg + 0’2“2’03 + 0—7.

ERF 4 C.6 oA BolA 00] H= g AlLlshd A= r7lie] RA45T o] foj3l FEozrt Z4H SVD 24
o

A
% 9l

4}
ok

2 (C.9)

U, =1

919] 4] C.9 oflA F =
ol st detH o2 V, VL £ I, U, UL + Io|th

C.4.3. 0|32t SO|HEfQ| HAH
mxn3dP AQ SVD Ea| 4] C.7 2 & A A'AS} AA' S 23} Zo] Ve 2= Qi)
AtA = (VSIUHUSVY) = VEisv? 10
AA! = (USVYH(VSWUY) = USSU '

CES A CI0 S Y F gEo] BE QAQT 9

9o A ATASH AA' = R BB o] ek AR o] thr}, E5t 4
3} 2L A o 4 9lrt,

a0z BaHi A ¢ 4 9tk & ohe

b
>
1o
o
o
9
rC
=
Jo
EN
rlo
Q

. P A4}
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ToEA] ol A'A S IR AR EHT e 2 SVD #5)E Fot= i oltt (RHeF fE A7F 100000 x 5°l=td
AA'= 100000 x 100000 ©]TH)

el Thet 2 WHo R Solgha SoluE S ALY 4 ok, §19 WL £ WY A4 AA'E s
o o

WA A'AS] GEE vy, v, S ST 2 TR TguE o] o= WA P,

AtA’ka)\k’Uk :U]%:vk:’ k;: 1,2,...,T (C].].)

202 T30 Aoy, ... ,u, & 73t

A
u, =20k g =1,2,..,r (C.12)
O
4 C.12 614 T} 2ol w7t B AA' S TRME YL ST S o}

EG 4] C.11 014 v = BFATHE O] 2R th} 2ol uy = AFATFYL BY 5 gIek,

t .
u;;ul:<A”k> (AW):%zz(AtAzzl):qv 1 ik =
o] 010 Ok 0 lfk#l

QoA 25 0] v, @y Lol n — Tk m —r 7S] AR Awets YA vt ule 18 4 gl

C.4.4. SVD 23f9] 7|5}5t o|n|

the-2 SVD 29 7]skebs ojulg Aya aeld.

19 C.3.: SVD &sjjo] 7]5}5+4 ofn]
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n-2HQ e gt = [z, @y, ..., 2, ]| T HABED Ao] tiste] o]xFB 4] (quadratic form)-2 th&-T} Zro] A ojgct,
Qulx) =2'Az = 4T, (C.13)

HEdE= 340}11 O*O}E H 1‘?& deje] Yo disto] o2k 4] 9] ghol
/\

ztAx >0 forall zeR”

AE FHA (positive definite) 2t F-E2T,

goF ol 49 4] Q4 (x) = o' Az 7t FHE|7} obd RE WIE] go hste] 0 Hrk A7 2k

ztAx >0 forall zeR”

AE FHHAA] (positive semi-definite) 2kl F-E2t},
[ |

W] 22 Jog olG A2 el y o Pe okt 2ol MEet 4 k.

o|ZFgAle] AL HH AGustol A A Z FL A7} FHHA] PHo|n
B'ABT % (¥hAA] ol

o
nd
oy ]
N
N
o
»
o
i)
0,
g
)
i)

148



FHADY A& BE TFILE Folth Wb LG ngue o Aol 98] f=F 4 B of o5t
o 22 2871 7Hs st
A =PDP?
— PD1/2D1/2Pt
(C.14)

— [PD'/2P!] [PD'/?P!]

— A1/2A1/2
91e] 2ol DI/2= D o] tjzt 940 AFLS Y4 st izt dolr). ol FAA] PP Ifgho] BE
Fol7] 2ol 7St
dE S°l ttHZ & WY 334t 3 ¥ B+ AT E R & 5 AR oot mebA o3 22
2ell7h 7Hs st

Y =—%1251/2 R — RV2R\/? (C.15)

149



D. 7tskH| 8%

D.1. 7Is&H| 439 7|=

7F=&H] A (likelihood ratio test) -2 A2k Q= g3} HoF Q= 2 Y o] XU7F=E &4 (maximum likelihood
function) @] H|&E ©]-&dto] F 23S vlust= HA oM SAZH 7Hd AA ol de] AREE 1 St

M7 3HE W5 B 98w X 7} 38 Uk 94 f(X]0) S 20T Agekd. E9 0T 2 A% 714
AR e neskA. B RyuE § = A4 24 21O of ety A4HFT

H,:0c©, vs H,:0c6\6, (D.1)

Z (R "ieh AleFx2) <&

1
1o
N
X
2,
)
)
_{
N
2
=
c
H
-
ol
=
@
1o
4z
M
o
o
g
=2
ko
+
N
1B
e
ko)
l‘ll‘

ojugiet,

£ E X, X, 98 R B L) o
T Fol EL| ol thate] B4 9 o] P4

n

&
=
I
—
pas
>
=

oA At} Few FHE b F 7|9l Bl hstel wefe] wA,
1. A%kl 9 B9, =

Aoko] Sl 75l g A

0

2. Alofe] Qle -, = AT 7ol A3 B¢
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Aloke] gl 9o it el s FHFE thgo] 24L& MRk o

= L
0 = arg r;leaex )

oA F Aol et 2 7He k= FEF S °1-85te] 7kl A4 SAIF A £ tha3t o] Aot

_ SUPyeg, L(6)
SUP,. o L(0)
= I A) € (0,1]
L(0)
7HsEH] A = AT 7Ho] A wf 19 77k g 7HAIH, AA| BpTE AR 7 o] Ao ol Hoj A 0o
7WhE 2 7MY mebA AR 7P 7147 91kt 71492 A 7F A2 gho] He o w ARt EIt
7Hd A7) o2 flste] s eHlof =15 Fskal -2 & S ke A4l ol-8:itt.
A=—2logA =—2{¢(8,)—((8)} € [0,0) (D.2)
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